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ABSTRACT. Based on the recently developed finite integration method (FIM) for solving one-
dimensional linear partial differential equations, we extend in this paper the method to tackle multi-
dimensional nonlinear problems with shock wave. One of the main advantages of FIM is the use of
numerical integration instead of finite quotient formula in approximating the solution and its deriva-
tives. This completely avoids the well known roundoff-discretization error optimization problem in
Finite Difference Method (FDM) and hence can solve stiff problems with certain kinds of singularity.
In this paper, we further extend the FIM for multi-dimensional partial differential equations and
demonstrate this advantage by solving both 1D and 2D nonlinear Burgers’ equations with shock
waves. Numerical results indicate that the FIM gives a convergence order of O(h?) in using the
simplest trapezoidal rule for numerical integration. It is expected to achieve better convergence rate
if higher order numerical quadrature formula such as Simpson’s rule is adopted. The second main
advantage of the FIM is its nearly lower triangular resultant matrix system which can be inverted
easily by using standard matrix solver such as Matlab. In order to better capture the stiff shock
wave when the Reynold number is large in solving the nonlinear Burger’s equation, we adapt a high
order Lagrange interpolating scheme for fitting the boundary condition and transform the original
resultant coefficient matrix to get an improved FIM solution. Numerical 1D and 2D examples are
given and compared with the existing numerical methods of FDM, Finite Element Method (FEM)
and meshless Radial Basis Functions (RBFs) method. Sensitivity analyses on temporal and spatial

step lengths are also performed to indicate the stability of the FIM.
AMS (MOS) Subject Classification. 65M70.

1. Background

Partial differential equations arose from the studies of continuous physical phe-
nomena. Among these the modeling of advection and dispersion effects in ocean
hydrology to simulate the movement of shock wave resulted into a nonlinear Burger’s
equation [1]. In its simplest form, the Burger’s equation contains a nonlinear advec-

tion term and a dissipation term for the simulation of wave motion. It serves as a
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simplification of a more complex and sophistical model for physical phenomena such
as acoustic transmission; aerofoil flow; turbulence; and supersonic flow. In general,
if the initial concentration distribution and boundary condition are given, an ana-
lytical solution is attainable from solving a well-posed problem defined on regular
domain. In real application, however, the domain is usually irregular and some kinds
of numerical methods are inevitable for approximation of the solution. The most well
developed numerical methods for solving partial differential equations are FDM and
FEM. In simulating stiff shock wave from approximating the solution of nonlinear
Burger’s equation, the FDM encounters serious difficulty due to the use of finite quo-
tient formula which fails to tackle the discontinuity of the solution’s derivatives at
the peak of the shock. The FEM with moving nodes technique by Herbst et al. [2]
and Caldwell et al. [3] and least squares approach by Kutluay et al. [4] can better
capture the moving shock wave but becomes a tedious task for problems in higher
dimension. In the last decades, some meshless methods using RBFs by Hon & Mao
[5] and GRKPM by Hashemian and Shodja [6] have been developed as an alternative

numerical scheme for solving one-dimensional nonlinear Burger’s equation.

For two-dimensional problems, the existing works include the use of fully implicit
finite difference scheme by Bahadir [7]; extended FEM by [8, 9]; fourth order compact
finite element scheme with a fourth order Du Fort Frankel algorithm by Radwan [10];
generalized Boundary Element Method (BEM) by Kakuda and Tosaka [11]; dual
reciprocity BEM by Tosaka [12]; modified RBFs by Li et al. [13]; and Method of
Fundamental Solutions (MFS) by Young et al. [14].

Recently, Wen et al. [15, 16] developed a new FIM to solve one-dimensional par-
tial differential equations. Unlike FDM which uses finite quotient formula, the FIM
uses numerical quadratic integration rule and hence avoids the well-known roundoft-
discretization error optimization problem in using FDM. Numerical results given in
this paper show that, even with the simplest trapezoidal rule for numerical inte-
gration, the FIM provides a very stable, efficient, and highly accurate solution for
solving the multi-dimensional nonlinear Burger’s equation with shock wave. Simi-
lar to the finite difference method, the FIM approximates the solution at the grid
points, equally or unequally distributed, by using numerical integration and hence
can provide a stable, accurate and efficient approximated solution to stiff problems
with shock wave. In order to better capture the stiff shock wave when the Reynold
number is large in solving the nonlinear Burger’s equation, we adapt a high order
Lagrange interpolating scheme for fitting the boundary condition and transform the
original resultant coefficient matrix to get an improved FIM solution. Numerical 1D
and 2D examples are given and compared with the existing numerical methods of
FDM, Finite Element Method (FEM) and meshless Radial Basis Functions (RBFs)
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method. Sensitivity analyses on temporal and spatial step lengths are also performed
to indicate the stability of the FIM.

The paper is organised as follow: In Section 2, a brief introduction on the finite
integration method for one-dimensional partial differential equation and its extension
for multi-dimensional partial differential equation are given. The application of this
improved FIM for solving multi-dimensional nonlinear Burgers’ equation is demon-
strated in Section 3 while numerical examples given in Section 4 for both 1D and 2D
problems with comparison to existing works and sensitivity analyses on temporary

and spatial step lengths. Conclusion is then given in the final Section 5.

2. Finite integration method

Assume that f(z) is defined on [a, b], which contains equally spaced nodes z), =
a+ (k—1)h where h = (b—a)/N, k =1,2,...,N — 1. In each subinterval, we use

the numerical quadrature formula by trapozoidal rule:

(2.1) /mk+1 F(z)dz ~ en +2f(£Ek+1) I

Ty

The integration of f(x) from z; to wy:

(2.2) FO () = / " Fe)de,

can be expressed in terms of function values f(x;) as:

ey PO =3 [ redes Y L) 0 57 ),

in which
ag) =0,
hj2 i=1,
h =2.3,....k—1, (k>2
(2.4) ol — 1=23 k=1 (k22),
h/2 =k,
0 otherwise.

In matrix form:

(2.5) F = ADF,
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where FO = [FW(2y), ..., FO(x3)]T, £ = [f(21),..., f(zy)]T, and AW is the single

layer integration matrix:

0 0 o o0 0 0
/2 1/2 0 0 0 O
1/2 1 1/2 0 0 0
(2.6) A0 | Y /
/2 1 1 1/2 0 0
(12 1 1 1 12 ]
The double layer integration of f(x) from x; to zy is:
(2.7) FO () / / f(&)dedn.
Using trapezoidal rule we have:
k i k
(2.8) FO () / f(&)d¢é ~ Z Z am flz;) = Za,(j)f(:)s
=1 j=1 =1
which can be written in matrix form:
(2.9) F? = ADf = (AW)?f,

where a\? = ()2, F® = [FO(xy),..., F@(zy)]", A® is the double layer integra-
tion matrix which can be derived from A1)

Similarly, for multiple layer integration of f(x) from z; to wy:

&o
FOO () / (e dey

(2.10) ~ Z i, I(QL allf Z ay

im=1  j=1

whose matrix form can be expressed as:
(2.11) F = Amf — (AWYf,

where a{™ = (al))™, F0m) = [FOm)(z,), .. FM(2)]7, A is the m!™ layer inte-
gration matrix which can be obtained by A

For better illustration of the proposed method in two-dimensional case, we assume
that the computation domain © = [a, b] X [¢, d] is meshed by a uniform grid with points
of M = N; X Ny (N7 and Ny are the total number of columns and rows, respectively)
with grid sizes h, and hy (h, = (b—a)/(Ny —1), hy = (d—c¢)/(N2—1)) in a-direction
and y-direction, respectively.

For the convenience of computation, we index the numbering of grid points along
a-direction by the global numbering system (Fig. 1(G))and the grid points along
y-direction by the local numbering system (Fig. 1(L)).
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F1GURE 1. Numbering of the grid points globally (G) and locally (L)

Denote F,(z,y)x and F,(x,y) to be the integration with respect to = and y,
respectively. The single and double layer integrations along x-direction in the global

numbering system are:

k
(2.12) FO (a4, 1) / FE e 2 S ol iy
1

1=

&2
Nk, ye) / f&1,y)dérde, = Zakmf(%,y),

where k = Ny x (j—1)+14, i and j represent numbers of column and row respectively.
Here, y is considered to be constant. When y is fixed, a,ﬂ ' equals ak Here subscript

x is used to denote computation along x-direction. In matrix form:

(2.13) F) = ADf,
(2.14) F = (AD),

where £ = [f(z1,01), ... f(zeye), - JTEY = [FP (), B (@), 7
FO = [FP (1, p1), ..., F (xr u), .. |7 and

A® 0 0
h o AM ... 0
2.15 AW =2
(2.15) 2 =
0 0o ... AM
]:[; 7

Here, AW is the integration matrix given in Eq. (2.6) with size N; x N;. Note that

these grid points are indexed by the global numerical system.

Similarly, the single and double layer integrations with respect to y can be ex-
pressed in the local numbering system using symbols with subscript y as:
l

(2.16) F) (@) / Flam)dn 23" al) f(@.y:),

=1
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yLn2 l
FO (2, ) = / / Fem)dmdn 2 "6 f (2. u),
Y1 Y1 =1

whose matrix forms are:

(2.17) F) = AVE,
(2 A (1)\2¢
(2.18) F® = (A,

where f‘ = [.f(xlayl)a"'af(zlayl)>"']Ta F?(Jl) = [Fy(l)(xlayl)a"'aFlgl)(zlayl)a"']Ta
Fy = (B @), B ),

_A(l) 0o --- 0 1
- h o A®M ... 0
1) _
(2.19) AY=T ]
0 0o ... AM
Ny

in which A is the integration matrix given in Eq. (2.6) with size Ny x N,. Here, z
is considered to be constant and [ = Ny x (i — 1) + j, ¢ and j are numbers of column
and row, respectively. Note that these grid points are indexed by the local numbering

system.

The integration matrix and integrand in the local system can be transformed to

the global one by using transformation matrix T:
(2.20) F) = TFW
(2.21) f = Tf.

For instance, if Ny = 4, Ny = 3, then the transformation matrix T is given by:

o
[aw]
[aw]
aw]
o]
o]
(@]
(@]
]
]
]

(2.22) T =

S O O O O O o o o =
O O O O O O o O = O

O O O O O O O o o o o+

S O O O O o o = o o Oo
S O O = O O O O o o o
SO O O O O O = O o o o
S O = O O O o o o o o
S O O O O+ O O o o o
S R O O O O O o o o ©o
S O O O O O o o+~ O O
S O O O = O O O o o o
_ o O O O O o o o o o

[aw]
o]

in which the point &k = Ny x (j — 1) 4+ i in the global numbering system becomes
the point | = Ny x (i — 1) + j in the local numbering system. It is trivial that
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T is nonsingular and all its elements vanish except Ty, x(j—1)4iNax(i-1)+; = 1 (I =
1,2, N, j=1,2,...,Ny).

Therefore, the integration matrix with respect to y in the global numbering sys-
tem can be obtained by a simple re-arrangement on the index number of the grid

points:
(2.23) AV =TAT,
where the inverse of matrix T is simply obtained by

(2.24) T ! =17

For some careful rearrangement of grid points, the matrix T becomes circulant

and related work can then be found from Kuo et al. [17].

Similarly, the higher order integration with respect to  and y can be expressed

in the following matrix form:

(2.25) F™ = (A", (m > 2),

Remark: The two-dimensional integration can be easily extended to multi-dimensional

case:
mM1,M2,...,Mn) __ 1)\m 1)\m 1)\m; 1)\mn
(226)  Fmen) = (AD)AD)™ - (AD)™ - (AL,
where AEC?, A;IQ), e AE}), e ,AEJ,} are single layer integration matrices in x; direc-
tion.

It is worth to note that all the integration matrices are lower-triangular whose
inversion can be obtained at very low computational cost. This gives the FIM the
distinct advantage in providing an efficient numerical scheme for solving partial dif-
ferential equations. Furthermore, the use of numerical integration instead of finite
quotient formula for the approximation of solutions and their derivatives at the grid

points avoids the well-known roundoff-discretization error optimization problem in
FDM.

To demonstrate these distinct advantages, we apply the FIM to solve the following

two-dimensional partial differential equation:

Pu(r,y)
0y?

D*u(z,y)

(2.27) a;(x,y) 97

+ Oég(l’,y) + Oég(l’,y)u(l’,y) - ﬁ(x,y), (x,y) € Qa

under boundary condition:

(2.28) Au(z,y) = w(x,y), (z,y) € 09,
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where A is a boundary operator, a;(z,y), as(x,y), as(x,y), f(z,y) and w(zx,y) are
given functions. Applying the FIM to Eq. (2.27) with four-layer integration, we

obtain:
« 82 (517771) 82“(517771)
// // a1 (&1,m) o€, 042(517771)787]12

(2.29) + a3 (&1, m)u(&r, m)dErdéadmdn,

// / gQﬂgl’nl Yd&1dEadndns.

Using integration by part, we have

(2.30) / y / " oatemputem) =2 [ P )

§2 52
/ /:Lj 0 Oélaéil 771 (§1aﬂ1)d§1d§2} d'rhdnz

52 0
/ / (%) 517 517 ) / % (é-lvlrh)
" 82062 517771>
w T e m

2 rr 2
d§1d§2+/y /77 / / as (&, m)u(€e, m)dérdEadndny

+xfo(y) + f1(y) +ygo(x) + g1(2)

// //62651’771 )d&1dEadny dnys

where fo(y), fi(y), go(x) and ¢i(x) are arbitrary functions assumed to be approxi-
mated by Lagrange interpolating polynomial:

(231) A =311 UL ),
S 7
ale) =3 TT =L@, (1=0.1
k=1 i=1 v
itk

where (7;,79;) (i =1,2,..., P, j=1,2,..., P) are interpolated points on the bound-
ary, fi(y1),..., filyp,) and g;(Z1),...,q/(Zp,) are unknown values on these interpo-

lated points which will be determined from the given boundary condition Eq. (2.28).

Eq. (2.30) can be written in matrix form:

{(A(l )2[O‘1 O‘I a T (A:(cl))2a1,m]
(2.32) + (A )Q[O@ —2A 0y, + (A ay,,] + (AD)?(AD)astu
= (ADP(AW)B - XB,f) — D,f — YR, — B8,
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where X = diag{x1,zs,...,z0}, Y = diag{y1,yo, -, ym b, = [f1 - fh o, lPZ]T>
g = [9117 . aglja .- '>glPl]T7 le = fl('gl)’ glj = gl(jj)’

_ T _ T
u= [u(xh yl)v U(LU2’ y2)7 LI U(.Z'M, yM)] and 6 - [ﬁ(xlv yl)v ﬂ(x% y2)7 R 6($M7 yM)] )
ai(xlu y1) 0 T 0
0 ai(r2,12) -+ 0 .
(2.33) a; = ’ (i=1,2,3),
0 0 e sl
i 2( M, yM) 1 s
(2.34)
9. Nz1y1) 0 0
o, = 0. I(x2,92) (i=1,2,3),
0 - 0
0 0 . Oai(z,y)
0. (xnr,ynr) M x M
72 iy Py yi1—yyg Po—1 y1—Yyp ]
H 2 H A H % e H %
k=27, -7, ’g;; U5~ k=1 7p, 7y
Pyoyi—yr P oyi—ye . Py—1 yi—yk
(2.35) @, = | Wtog=y H']g;} 7~ R T ;
HP2 YM—Vk ., HP2 YM—Yk .. HP2—1 YM —Yk
k=2 31—y k=1"g; - k=1 gp,—ys
- k#j 4 MxP,
r P x1—Tg . P x1—T . Pi—1 z1—7T, 7]
k=27, -z}, Hﬁz; T~ = Tpy —Tp,
P x;—Ty . P x;—Ty . P1—1 x;,—7y
(2.36) P, = k=27,—z, Hﬁ;} Tj—Tp Hk:l Tp Tk
Py oy —T Proozy -3 P1—1zp—Tg
I, Ty, Hk:l. Tj—Ty iz Tp —Tp
- k#j 4 MxPy

Eq. (2.32) can be simplified as:

(2.37) Ku = B,
where
L F B,
(2.38) K = , B = .
D o B,

Here, L = (Ag”)[on—2A0" 00 o+ (AP0 o+ (AL 0= 2( A5 sy (APt 4
(A§1>)2(A§1>)2a3 is a lower triangular matrix in which more than half of the elements
are zero, F = X®, + ®, + Y®, + ®_ is a almost full matrix, D is a nearly diagonal
matrix associated with boundary condition, 0 is a null matrix, B; = (A{”)2(A{”)23,

and By, = [fo; f1; 80; g1]. For illustration, we display in Fig. 2 the sparsity pattern of
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matrix K for the case when Ny = Ny = 5 and P, = P, = 4. Due to the fact that
all elements in the first row of the matrix L are zeroes and all its first elements are
less than unity, the use of the standard Gaussian elimination method with pivoting
strategy to solve the linear system Eq. (2.32) will fail to give a stable approximation.
In fact, if the size of the matrix K is large, there appears to have a rank deficiency
by using the rank check in Matlab. In our following computation, we overcome this
problem by exchanging matrices L with F and D with 0 and apply high order La-
grange interpolation scheme instead of simple linear interpolation in the original FIM
to obtain a very stable and accurate solution by using the MATLAB matrix solver.

After rearrangement,

0000 0000

[ X ] 0000 00000000

00 9000 090000000

0000 [ ] [ ] [ ] [ X ]

5 ;00000 [ ] L X B

[ ] [ J o

[ X ] [ X ] o [ X ]

00 00 [ ] [ X ]

0000 0000 [ ] [ X )
10 0000000000 (] 00

[ J [ J [ J [ J

[ X ] o0 o0 [ ] [ X ]

00 00 00 [ ] [ X ]

0000 0000 0000 [ ] [ X ]
15 ;000000 000000000 o 00

[ ] [ ) [ ) [ ] [ ]

[ X ] [ X ) [ X ) [ X ) [ ] [ X )

00 00 00 00 [ ] [ X )

0000 0000 0000 o0O0O0O [ J [ X ]
20 r00000000000000000000 [ ] o0

[ ] [ ) [ ] [ ] [ ] [ ]

[ X ] [ X J o0 [ X ) [ X ) [ X ]

000 00 000 [ XX ] [ XX ] [ X ]

0000 0000 0000 0000 0000 o [ X ]
25 ’=......................... L X B

[ J
[ )
30 °e
[ J
[ J
[ )
35 e
[ )
[ ]
[ J
40 °e
L L .
0 10 20 30 40

F1GURE 2. The sparsity pattern of matrix K when Ny = Ny, = 5 and
Pr=P =4

F L
0 D

By
B,

(2.39) K = =

Y

We display in Fig. 3 the new sparsity pattern of matrix K.

3. Numerical examples for one- and two- dimensional Burgers’ equation

To demonstrate the distinct integration advantage of the proposed FIM, we apply
in this section the method to solve both one- and two dimensional nonlinear Burger’s
equations with shock wave. Consider first the following one-dimensional Burgers’
equation:

ou  Ou 10%

3 % "o = RO
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0

°

°
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° ooo
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° ] ]

° eoe o000
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° eoe o000 o000
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20 e 0000000000000 00
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FiGURE 3. The sparsity pattern of matrix K after rearrangement.

subject to initial condition:

(3.2) u(z, ty) = ¢(x), = € [a,b],

and boundary conditions:

(3.3) u(a,t) = 1(t), u(b,t) =o(t), t > 0.

Using the first order forward difference approximation scheme for the time deriv-

ative [5], we have:

" o ou™ 1 QPum .
(3.4) u™ + §t(u 5 " B a2 y=u""t (m > 1),
m—1 th

where 0t is time step, © and u are numerical values in the m'* and (m — 1)

iterations. Appling FIM to Eq. (3.4), we obtain the following equation at point zy:

(3.5)
T N U™ 2qm T N
[ [0 - 25 dean = [ [ uriierdean

Using integration by part scheme we have:

k

(3.6) / / um(€)dgdn = 3 (),

i=1

Tk N ou™ k o oum
an [ [ee® =y o) [Turio®
1 1 = -
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I N LR TR [

i=1 Z j=1 2 J 05
1 k i—1
=52 agy Yl )+ )|l () — 0™ () + ol
na2 m
(3.8) / / 852 ) dedy = w (g + conn + e,

where ¢y and ¢; are arbitrary integration constants. By substituting Eqgs. (3.7)—(3.6)
into Eq. (3.5) we have:

1
(3.9) [(AMY? 45t (AVQ + EI)]um + cox + cre = (AW 2yt
where ¢y and ¢y are revised arbitrary constants, I is the identity matrix,
u™ = [u™(z1), u™(x2), ..., u™(xn)]T, wmT = W), ™ (), L u™  (ay)]E
x = [z1,29,...,2n5]T, e=[1,1,...,1]7, and Q = (¢;j)nxn. Here,
q1; = 07
—u™ () —u™ ), =1,
L) aa) Hum (), J=,
qz] 2 um_l(xj_l) —um_l(xj+1), j = 2,3,...,7:- 1,
0, otherwise.

From the given boundary condition (3.3) we then obtain the following system of

iterative linear equations for a total of (N + 2) unknowns including u™, ¢y and ¢;:

K x e u™ (AW)2ym-t
(3.10) e 00 o | = 109) ,
es 0 0 (&1 ¢2 (t)

where K = (AW)2 4+ §t(AWQ + £I), e; = [1,0,...,0l1xn, €2 = [0,0,...,1}1xn. The
solution u can then be approximated by solvmg the above system starting from the
given initial condition (3.2).
For two-dimensional case, we consider the following coupled Burgers’ equation:
@+u@+va_u:1(@+@)
ot ox dy ox? = Oy?

at " or oy R &52 EEA

subject to initial condition:

(312) u(x7y7t0) = ¢1(Ivy)7v(xayvt0) = ¢2($,y), (Iay) < Qv

and boundary condition:

(313) u(x,y,t) = w3($7yvt)>v(x>y>t) - ¢4(937?/7t)a (x,y) € 0Q.

(3.11)
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As the FIM solution process for v and v are similar, we only give the details in the

following for solving .

Using the forward difference scheme for the time derivative in Eq. (3.11), we have

ou™ ou™ 6t ,0Pum  OPum
m—1 m—1 _
(3.14) u™ + Stu e + ot o R( oz T 8y2)

m—1

Applying FIM two-layer integration, we obtain

/:k /yjz /: /:2[11’”(51,771)

(3.15) + tu"™ (&, ﬁl)%ﬁi’m) + Sto™ (&, nl)%f;’m)
m 2 m
5t(82 (&’nl) + (&’nl))]d&d&dmdﬁz

o

(3.16) // //& Y&, m1)de déadmdny.

Using integration by part technique, we have

Yk M2 [TR OS2
(3.17) / / / / u™ (&, m)d&dEadndny
Y1 Y1 1 z1
k

Yk 2 )
:/ / Zaki,wum(xivnl) drdns

_E :ak]yi :akzx xl’yj

(3.18) / / / /52 N m) éz Q€0 1) g gy

/ / [Z ak‘zz‘Z/wj+1 (&, 1)%%1} dn,dns
- Zakm/ /772 Z " (g, m) +2um_1(xj+17771)

Y1 ] 1

X [u™ (55j+17771) —u™(xj,m) + fo(m)|dndns
i—1

2 Zamzamz T ) T (@, )]

X [U (Z’j+1, yl) —Uu (ij,?/l) + fO(yl)] 5

Similarly, we then obtain:

s [ e 2 g



76 Y. LI, M. LI, AND Y. C. HON

_Za’kz,yza’klxz " 1($l>yj+1) +'Um_l(xl?yj)}

X [u (xl,yj+1) —u (xlayj) +90(xl)] )

(3.20) / " / N / h / ¢ wd&d&dmdng

/ / " (@ry ) +xfir(m) + f2(n)ldmdn

= Za,ﬂy u !L"k,yz) + il?kfl(?/z) + f2(yz)] )

and
(3.21)

Yk 2 prE &2 82um(§1,7]1) k @ rm
/yl /y1 /xl /xl Td&d&dmdm:;am[u (25, Yr) + yrg1(z:) + g2(24)],

where fo(y), fi(y), fa(y) and go(x), g1(x), g2(x) are arbitrary one-dimensional func-
tions whose values to be determined from the given boundary condition as introduced

in Eq. (2.31). Finally, we need to solve a system of iterative linear equations:
Ku™ =B,

where K and B are the matrices introduced previously in Eq. (2.38)

Remark: The forward difference technique has the convergence order of O(dt).
Therefore, the error estimate for the nonlinear time-dependent Burgers’ equation is
expected to be O(6t)+O(h?). Better convergence rate will be achieved by higher
order time integration scheme and numerical quadrature formula such as Simpson’s

rule and Lagrange formula.

4. Numerical results

For numerical verification of the effectiveness of the proposed FIM, we give in
this section both 1D and 2D examples on solving the nonlinear Burger’s equations
with shock wave. Comparisons with analytical solution and previous works by FEM,
FDM and RBFs are made.

The accuracy of the numerical results are measured in terms of absolute error

E,, relative error norm E,, maximum error E., and root mean square error F,.,,q.

defined as:

(4.1) B, = |uf —u?|, (1<i<N),
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1/2
(4.2) b | T —um?]
Zﬁil(u?)2
(4.3) Eo = |[u® — u"]|oo = max |ul —u?|, (1 <i<N),
N a __ ,,n\2 1/2
(1.4) Brse = [[u® = u"|l2 = Fi:l“f;v o) ] ,

where uf and u]" are analytical and numerical solutions at the ¢-th grid point.

Example 1. Consider the one-dimensional Burgers’ equation Egs. (3.1-3.3) with
a=0,b=1, ¢(x) =sin(nx), and ¥1(t) = s (t) = 0:

(4.5) u(z,0) =sin(nz), =z €10,1],

(4.6) u(0,t) =u(l,t) =0, t>0.

The analytical solution provided by Cole [18] is

21 Yo nagexp(—n’r°t/R) sin(nmx)
~ Rag+ > apexp(—n2m?t/R) cos(nmx)’

(4.7) u(z,t)
where

(4.8) ag = /0 exp {—(2m/R)"[1 — cos(nmz)]}dx,
ay, = 2/0 exp{—(27/R)"'[1 — cos(7x)]} cos(nmz)dr (n=1,2,3,...).

The FIM approximation for the solution u is then obtained by solving iteratively the
linear system (3.10) in which ¢y (t) = 5(t) = 0, u’(x) = sin7z. In the computation,
we choose ot = 0.0001, h = 0.0125. We display in Fig. 3 the profiles of u at different
times with a wide range of Reynolds number R. It can be observed that when R > 100
a sharp wave front developed near z = 1 at time ¢ = 0.5 and afterwards it starts to
decay. The comparison of numerical results with FDM[19], FEM[4] and FIM for
R = 10 and 100 is shown in Table 1. It is evident that the improved FIM gives a

better approximation when both methods using the same value 6t and h.

In order to better capture the moving shock wave when Reynolds number R is
large, Caldwell et al. [3] adopted the technique of altering the size of elements at each
stage to ensure more elements located closer to the peak. Hon and Zhao [5] developed
an algorithm based on using meshless MQ method with a technique ‘chasing the peak’
to capture the shock wave. In this paper, we develop an adaptive FIM to locate the
peak at each iterative time step and redistribute the grid points evenly on both sides
of the peak. Precisely, more points will be located in the region with large gradient

where the moving shock wave occurs.
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TABLE 1. Comparison of numerical and analytical solutions of Exam-
ple 1 for R = 100.

FEM FDM FIM

[4] E, 18] E, u" E,

0.25 0.4 0.34191 0.34819 6.28e-03 0.34244 5.30e-04 0.34183 8.00e-05
0.6 0.26896 0.27536 6.40e-03 0.26905 9.00e-05 0.26891 5.00e-05
0.8 0.22148 0.22752 6.04e-03 0.22145 3.00e-05 0.22145 3.00e-05
1.0 018819 0.19375 5.56e-03 0.18813 6.00e-05 0.18817 2.00e-05
3.0 0.07511 0.07754 2.43e-03 0.07509 2.00e-05 0.07511 0

0.5 0.4 0.66071 0.66543 4.72e-03 0.67152 1.08e-02 0.66054 1.70e-04
0.6 0.52942 0.53525 5.83e-03 0.53406 4.64e-03 0.52931 1.10e-04
0.8 0.43914 0.44526 6.12¢-03 0.44143 2.29e-03 0.43906 8.00e-05
1.0 0.37442 0.38047 6.05e-03 0.37568 1.26e-03 0.37437 5.00e-05
3.0 0.15018 0.15362 3.44e-03 0.15020 2.00e-05 0.15017 1.00e-05

0.75 0.4 0.91026 0.91201 1.75e-03 0.94675 3.65e-02 0.90998 2.80e-04
0.6 0.76724 0.77132 4.08e-03 0.78474 1.75e-02 0.76705 1.90e-04
0.8 0.64740 0.65254 5.14e-03 0.65659 9.19e-03 0.64727 1.30e-04
1.0 0.55605 0.56157 5.52e-03 0.56135 5.30e-03 0.55596 9.00e-05
3.0 0.22481 0.22874 3.92e-03 0.22502 2.10e-04 0.22483 2.00e-05

In this adaptive finite integration method, the integration matrix A is modified

to:
0 0 0 0
ha hi
3 5 0 0
1) hi hiths ho
(4'9) AW = 2 2 2 )
hi  hithy  hethy . hy-a
L 2 2 2 2 4 NxN

where h; (i = 1,..., N —1) is the size of the i-th sub-interval. Assume x* is the point

closest to the peak, N is an odd number and h; = U)\(fiﬁ’ h, = %, hence we
have hy = hg = -+ - = h(N—l)/2 = Iy, h(N—l)/2+l = hN/2 =--=hy_1=h,.

Comparisons among FEM with moving node technique [3], multiquadric (MQ)
[5], Forth-order FDM [20] and FIM for large Reynolds number R = 10,000 are pre-
sented in Table 2. It can be seen that FIM not only achieves most accurate but
also can give stable approximation to the solution up to x = 0.9999. Except FEM
with moving node technique all the methods failed to produce approximation of the
solution beyond x = 0.95. It is clear that the approximation by FEM, however, is

not accurate in comparing with the FIM.
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TABLE 2. Results of different methods of Example 1 for R = 10, 000

Christie FDM MQ FIM FEM FIM (adaptive)
accurate forth-order 6t =0.001 6t =0.001 moving node ot = 0.001
solution 6t = 0.01, N = 180 N =10 N =400 6t = 0.001¢ N =130
0.0556 0.0422 0.0379 0.0424 0.0421 0.0422 0.0421
0.1111 0.0843 0.0834 0.0843 0.0843 0.0844 0.0842
0.1667 0.1263 0.1213 0.1263 0.1263 0.1266 0.1263
0.2222 0.1684 0.1667 0.1684 0.1684 0.1687 0.1684
0.2778 0.2103 0.2044 0.2103 0.2103 0.2108 0.2104
0.3333 0.2522 0.2469 0.2522 0.2522 0.2527 0.2522
0.3889 0.2939 0.2872 0.2939 0.2939 0.2946 0.2938
0.4444 0.3355 0.3322 0.3355 0.3355 0.3362 0.3354
0.5000 0.3769 0.3769 0.3769 0.3769 0.3778 0.3769
0.5556 0.4182 0.4140 0.4182 0.4182 0.4191 0.4183
0.6111 0.4592 0.4584 0.4592 0.4592 0.4601 0.4592
0.6667 0.5000 0.4951 0.4999 0.4999 0.5009 0.4998
0.7222 0.5404 0.5388 0.5404 0.5404 0.5414 0.5401
0.7778 0.5806 0.5749 0.5805 0.5805 0.5816 0.5804
0.8333 0.6203 0.6179 0.6201 0.6202 0.6213 0.6203
0.8889 0.6596 0.6533 0.6600 0.6594 0.6605 0.6596
0.9444 0.6983 0.6952 0.6957 0.6967 0.6992 0.6981
0.952820 - - - - 0.7049 0.7043
0.983549 - - - - 0.7260 0.7265
0.993873 - - - - 0.7330 0.7295
0.999155 - - - - 0.7335 0.7297
0.999386 - - - - 0.7208 0.7168
0.999550 - - - - 0.6850 0.6808
0.999708 - - - - 0.5837 0.5789
0.999819 - - - - 0.4299 0.4258
0.999906 - - - - 0.2461 0.2431

a:with 16 intervals.

Fig. 5 shows the enlarged profile of waves in the vicinity of the right boundary at
various times and the distribution of grid points near the peak at a specific time. It
clearly shows that the improved FIM gives robust results even in the very vicinity of
the right margin with extraordinary high gradient. It makes this scheme very useful

when it comes to deal with problem shock wave.

Example 2. Consider the two-dimensional coupled Burgers’ equation Eq. (3.11)
with analytical solution in computational domain © = [0, 1] x [0, 1] obtained using a

Hopf-Cole transformation [21]:

3 1

(410) U(LL’, Y, t) = Z - 4(1 + eR(—t—4x+4y)/32)’
3 1

(411) U(xvyat) = Z + 4(1 4 eR(—t—4m+4y)/32) ’

The initial and boundary condition can be derived from the analytical solution. For
simplicity, only component w is considered in the following computation in which we
let 6t = 0.01, h = 0.025.
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FIGURE 4. Profiles of u at different times when R=10; 100; 1000; 10000
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FIGURE 5. (a) Profile of u in the vicinity of z = 1 for R = 10,000; (b)
Distribution of grid points near the peak at time ¢ = 0.8.
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Fig. 6 shows numerical solutions of u for a wide range of R from 10 to 1000
whereas Fig. 7 presents the absolute error between numerical and analytical solution
for different value of R with the same 1601 grid points. It can be observed from these
figures that the improved FIM can simulate well the moving shock wave for higher
dimensional Burgers’ equation with large Reynolds number. To further demonstrate

the accuracy of the FIM, we present these errors F.,, F.nse and E,. of u in Table 3.

R=10 R=100

FIGURE 6. Numerical solutions of « for various R at ¢ = 0.1.

TABLE 3. Errors of v with h = 0.025 at t = 0.1.

Reynolds number E Erse E,
10 5.07e-05 2.98e-05 2.13e-04
100 7.74e-04 2.41e-04 3.84e-04
200 5.40e-03 7.98e-04 1.30e-03
1000 4.72e-02  5.50e-03 8.70e-03

Detailed numerical solutions and associated absolute errors at some specified
points for R = 100 at different times are displayed in Table 4. It is evident that the
proposed FIM is stable and accurate. For comparison, Table 5 presents numerical re-
sults calculated by FDM [7]. The improved FIM can obtain a almost similar accuracy
while using spatial step only half of that by FDM.
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X 10‘5 R=10 X 10‘3 R=100

Error of u
Error of u

Error of u
Error of u

FIGURE 7. Absolute error of w for various R at ¢t = 0.1.

TABLE 4. Numerical solutions and errors of u at some specified points

for R = 100.
t=0.1 t=0.75 t=1.25
(z,y)
u® u™ Fa u® u™ Fa u® u™ o.

(0.1, 0.1) 0.50119 0.50119 5.45e-06 0.50016 0.50016 1.09e-06 0.50003 0.50003 2.27e-07
(0.9, 0.1) 0.50001 0.50001 1.58e-09 0.50000 0.50000 1.65e-08 0.50000 0.50000 2.21e-09
(0.3,0.3) 0.60373 0.60362 1.05e-04 0.52189 0.52217 2.82¢-04 0.50493 0.50502 8.62¢-05
(0.7,0.3) 0.50119 0.50120 6.45e¢-06 0.50016 0.50017 3.29¢-06 0.50003 0.50004 7.12¢-07
(0.1, 0.5) 0.74765 0.74761 3.71e-05 0.73360 0.73321 3.85e¢-04 0.68727 0.68659 6.79¢-04
(0.5, 0.5) 0.60373 0.60362 1.06e-04 0.52189 0.52224 3.44e-04 0.50493 0.50507 1.37e-04
(0.9, 0.5) 0.50119 0.50120 6.48e-06 0.50016 0.50017 5.15e-06 0.50003 0.50004 1.14e-06
(0.3,0.7) 0.74765 0.74761 4.12¢-05 0.73360 0.73259 1.01e-03 0.68727 0.68546 1.81e-03
(0.7,0.7) 0.60373 0.60362 1.06e-04 0.52189 0.52226 3.64e-04 0.50493 0.50510 1.66e-04
(0.1, 0.9) 0.74998 0.74998 2.44e-07 0.74988 0.74988 3.71e-06 0.74944 0.74942 1.75e-05
(0.5, 0.9) 0.74765 0.74761 4.12¢-05 0.73360 0.73221 1.39¢-03  0.68727 0.68447 2.80e-03
(0.9, 0.9) 0.60373 0.60362 1.06e-04 0.52189 0.52226 3.73e-04 0.50493 0.50511 1.77e-04

Sensitivity analysis: Finally, we perform a sensitivity of the FIM on the lengths
of time step ot and grid size h. The sensitivity is measured by the following rates of

convergence:

logyo(]] u® — u® |loo / || u® — w1 || )
logyo(0ts/6tiy1) ’

(4.12) Orders; =
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TABLE 5. Numerical solutions and errors of u at t = 2 at some specific
points for R = 100 with A = 0.05, 6t = 0.01.

FDM FIM

a

(z,9) u

h =0.05 E, h=0.1 £, h =0.05 E,
( ) 0.50048 0.49983 6.52e-04 0.50005 4.23e-04 0.50048 3.07e-06
( ) 0.50000 0.49930 7.03e-04 0.49933 6.76e-04 0.50000 6.17e-07
( ) 0.50000 0.49930 7.00e-04 0.49982 1.75e-04 0.50000 1.06e-06
( ) 0.50048 0.49977 7.12e-04 0.49949 9.87e-04 0.50048 9.05e-06
(0.7, 0.3) 0.50000 0.49930 7.03e-04 0.49912 8.80e-04 0.50001 1.02e-05
(0.1, 0.5) 0.55568 0.55461 1.07e-04 0.55423 7.70e-04 0.55505 4.95e-05
(0.5, 0.5) 0.50048 0.49973 7.52e-04 0.49727 3.20e-03 0.50048 1.03e-05
( )
( )
( )
( )
( )
( )

0.1, 0.1
0.5, 0.1
0.9, 0.1
0.3, 0.3

0.9, 0.5) 0.50000 0.49931 6.93e-04 0.49967 3.31e-04 0.50000 2.46e-07
0.3, 0.7) 0.55568 0.55429 1.39e-03 0.55179 3.21e-03 0.55447 5.27e-04
0.7, 0.7) 0.50048 0.49970 7.82e-04 0.49965 8.23e-04 0.50048 8.78e-06
0.1, 0.9) 0.74426 0.74340 8.56e-04 0.74341 7.60e-04 0.74394 2.26e-04
0.5, 0.9) 0.55568 0.556413 1.55e-03 0.54482 1.02e-02 0.55407 9.26e-04
0.9, 0.9) 0.50048 0.50001 4.72e-04 0.50002 4.57e-04 0.50048 6.70e-06

hi

log o (|| u® —uM [l / || u® — u"+ || 5)
logyo(hi/his1) ’

where u and u% are numerical solutions with spatial step size h; and time step 0t;,

(4.13) Ordery, =

respectively. Tables 6 and 7 shows their rates of convergence. It can be seen from
these tables that the optimal convergence depends on the ratio of 6t and h, which is

a well known fact in using FDM.

TABLE 6. Temporal rate of convergence when t = 1 and 2 for R = 100.

t=1 t=2
ot

FEy Orders; FEy Orders;
0.10 0.01852 - 0.01845 -
0.08 0.01385 1.30  0.01399 1.24
0.06 0.00923 1.41  0.00943 1.37
0.04 0.00610 1.02  0.00506 1.54

5. Conclusion

In this paper, an improved FIM is presented for solving multi-dimensional Burg-
ers’ equation with shock wave. The improved FIM uses quadrature formulas with
trapezoidal rule for numerical integration at each discrete point in the computational

domain. Comparing with FDMthe FIM uses integration operator instead of finite
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TABLE 7. Spatial rate of convergence when 6t = 0.04 and 0.03 for R = 100.

t=1,6t =004 t=2,0t=0.03

FEy Ordery, FEy Ordery,
0.10 0.01902 - 0.01219 -
0.08 0.01284 1.76  0.00983  0.96
0.06 0.00814 1.58 0.00643  1.48
0.04 0.00522 1.10 0.00346  1.53

quotient formula. This completely avoids the well known roundoff-discretization er-
ror optimization problem SSin FDM. This allows the improved FIM to provide an
accurate and stable approximation to these kinds of stiff problems. Numerical re-
sults indicate that the convergence order of the improved FIM in using the simplest
trapezoidal rule for solving partial differential equations is proportional to O(h?),
where h is spatial step. A higher convergence order is expected by using higher order
numerical quadrature such as Simpson’s and Lagrange rule. This will be our future

work.
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