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ABSTRACT. In this paper we analyze a two priority queueing system generated as under: arrival
of customers to high priority(P;) queue constitutes a Poisson process of rate A. The waiting room
has infinite capacity. They are served one at a time according to FIFO discipline. The service time
for each customer of this category follows exponential distribution with parameter p;. While in
service customers have a tendency to interrupt own service. This occurs according to a Poisson
process of rate ;. Self interrupted customers are sent to an infinite capacity low priority(P2) queue.
When at a service completion epoch of a high priority customer, if there is none left behind in P;
line, then the server goes to serve customers in Po. Their service time duration has exponential
distribution with parameter po. For the two priority system we assume that Py customers are not
allowed to interrupt their service. Thus the system consists of a high priority waiting line and a
second waiting line which is generated from the first. No customers from outside joins Ps. We
consider both preemptive and non preemptive service discipline. The joint system state distribution
is obtained from which the marginals are computed. Waiting time distribution of both type of
customers are derived. We then extend the results to three priority non preemptive case. Finally

the case of N + 1 priorities is briefly discussed.

AMS (MOS) Subject Classification. 60K25.

1. Introduction

In queueing literature priority queues stands for customers belonging to different
classes joining distinct waiting lines(one for each class) to receive service. The high-
est class of customers have priority(preemptive or non preemptive) over the rest; the
next in the order gets priority over all lower class customers and so on. The arrival
streams are independent. The dependence between queues is only through preference
of service. In contrast, the priority queueing system considered in this paper is a
highly dependent one even in its evolution. Each waiting line is generated by the
customers in the immediately preceding queue except the highest priority customers.

The generation of new queues is due to self interruption: the customer in service may
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interrupt his own and consequently sent to next lower priority queue. Self interrup-
tion of service by customers (‘customer induced interruption’ as is coined by Jacob
et al. [13]) is discussed in Dudin et al. [2] and Krishnamoorthy, Jacob[6]. Priority
queues were first considered by White and Christie [14] as a queue with interruption
of service of low priority customers to provide service to higher priority customers. It
may be preemptive or non preemptive. A priority queue with preemptive service can
be regarded as a queue with service interruption. Jaiswal [3] is on preemptive prior-
ity queue with resumption of service of the low priority customer. Time dependent
solution in priority queues is discussed in Jaiswal [4]. A detailed discussion of devel-
opment in priority queues until 1968 is given in Jaiswal [5]. More recent developments

on priority queues could be found in Takagi [11].

Cobham [1] considered the non-preemptive priority queue and derived equilibrium
expected waiting time. The first published results for the preemptive discipline were
by White and Christie [14]. The notion of preemptive distance is introduced by Takagi
and Kodera [12] and they analyze preemptive loss priority queues in which customers
of each priority class arrive in a Poisson process and have general service time distri-
bution. Customer induced interruption is introduced by Jacob et al.[13] for the single
server case, where service interrupted customers are given priority over primary cus-
tomers; self interrupted customer takes an exponentially distributed time to get out of
interruption. This is extended to the multi-server case in Krishnamoorthy and Jacob
[6]. All underlying distributions (inter-arrival time, service time, inter-interruption
time, interruption fixation time) are assumed to be independent exponential random
variables. Dudin et al.[2] extend the above case to Markovian Arrival Process and
Phase type service with ¢ servers and negative customers with a few protected service

phases.

The priority queue considered by Miller [7] has two waiting lines, each of infinite
capacity and served by a single server. The arrival process to the two queues form
two independent Poisson streams with parameters A; and Ay. The low as well as
high priority customers, whether in service or in queue, is counted as the number
of such customers in the system. The service time duration for high(low) priority
customer has exponential distribution with parameter p(u9). Both preemptive and
non-preemptive service disciplines are considered. The system is analyzed as a three
dimensional continuous time Markov chain. The condition for system stability is
given by ;% + % < 1. As an extension of the above, Sapna and Stanford [10] studied
a single server queue with arrivals from N classes of customers on a non-preemptive
priority basis. Each of these arrivals follow independent Poisson processes with rate
Aiyi = 1,2,..., N and service is class dependent phase type. The capacity of each

waiting line is assumed to be infinite. They analyze the queue length and waiting
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time processes by deriving a matrix geometric solution for the stationary distribution

of the underlying Markov chain.

All the above models consider distinct streams of independent Poisson arrivals
to the system. In contrast the present paper considers mainly a 2 priority queueing
system where input streams are dependent. The high priority(P;) line has input
from outside the system (external arrival) according to a Poisson process of rate A,
whereas the low priority(P2) line has input from the high priority waiting line. Thus,
low priority queue is generated from within the system. Hence the system that we
consider is a highly dependent one as far as the formation of the low priority waiting
line is concerned unlike the priority queues with infinite waiting lines that are so far
considered in the literature. The same server serves different customers one at a time
according to their priority. As an example consider the queue of patients(P;) waiting
to consult a physician. A patient while being examined may have to be referred to
a specialist. After consulting the specialist the patient returns to the first physician
and waits in the second queue(P,). Unlike in [2, 6, 13] here we do not associate any
specific distribution for the duration of interruption of a customer; rather we assume

that, once an interrupted customer comes to Ps, he is ready to receive service.

We do an extensive analysis in the two priority case: high priority of external
(primary or P;) customers and a second queue (low priority or P,) of customers
who interrupted their service while being served in the high priority queue. With
a maximum of a single interruption permitted, we analyze the system as a three
dimensional continuous time Markov Chain. Customers from each waiting class will
be taken for service according to the head of the queue discipline. When no high
priority customer is available at a service completion epoch the server starts service
of the head of the low priority queue. By a suitable arrangement and adjustment,
we produce an upper triangular (infinite dimensional) rate matrix R. Once this is
achieved, we will be in a position to compute the steady state probability vector. Then
this is utilized in the computation of performance of the system. The performance
measures here, unlike in other set up, will be of a bit of curiosity as well. This is due to
the dependence of the second queue on the first for its generation. Having done these,
we proceed to the case of 3 queues (one primary and the other two generated from
previous higher priority). Finally we briefly extend our results to the case of N + 1
queues N > 3. In all these the systems are studied under steady state. Therefore
first we establish the condition for stability of the system and then proceed to the
analysis. A special feature of the present model, unlike in classical priority models,
is that when the server is in P; queue all P; queues except P; queue turn out to be

empty for i > j.

The rest of the paper is arranged as under: In section 2, the case of two priorities

is extensively analyzed for the preemptive case. Section 3 is devoted to the study
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of two priority, non preemptive service discipline. The discussions in section 3 is
extended to three priority set up in section 4 and finally section 5 provides a brief

description of N + 1 priority system with N > 3.

2. Two priority -Preemptive case

Model Description: This section considers a single server infinite capacity
queuing system in which customers from outside arrive according to a Poisson process
with rate A. Service times of the external customers (P;) are exponentially distributed
with parameter p;. Customers in primary queue interrupt their service according to
an exponentially distributed time with parameter #;, in which case they have to go
to the lower priority(Py) queue. Else, complete service and leaves the system forever.
Suppose at the time when a P; customer leaves the server by self interruption, and
hence joins Ps, finds that none is ahead of him and there was none left behind him in
P,. In this case we assume that this customer is not permitted to have an interruption
time, rather he is immediately taken for service in P,. Lower priority customers are
taken for service one at a time from the head of the line whenever the queue of external
customers is found to be empty at a service completion epoch. The service of such
customers is according to a preemptive service discipline following an exponential
distribution with parameter py. That is the arrival of a P; customer interrupts the
ongoing service of a P, customer and hence he joins back as the head of the P, queue.
Consider the case where not more than one interruption is permitted, that is N = 1.
Let Ni(t) be the number of Py customers including the one in service if any, Ny(t)
the number of P, customers waiting to get service. Whenever P; is nonempty, the

head of that line will be under service.

Then Q = {(N:(t), Na(t)) /t > 0} is a CTMC with state space {(i,7)/i > 0,7 > 0}
U {0}. Here 0 represents the state where there is no customer in the system(neither

Py nor Py) and (0,0) is the state where a Py customer is in service .

The infinitesimal generator () has as entries block matrices of infinite dimension
since the phases (capacity of waiting line for interrupted customers) is infinite. It is

given by

BOO BOI
By Bi By

(2.1) Q= B, B, By
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with

By = H2 —(A+ p2) ;Bip =By = O

B(]l = B(] = )\Iooand B1 = —()\ + p1 + 01)[00

We now establish the system stability requirement.

A A6
pi+61) © (p1+01)p2

Theorem 2.1. The condition for stability of the system is p = ( < 1.

Proof. By interchanging the level and phase in the model, the matrices By, B; and
( . .
_()‘+M2)7Z:J:0

—A i +61), i=j=1,2,..
917 Z:17273,]:'L—1 ( M1 1) ]

By are By = ,Bi=<¢ X\ i=0,1,2,..;j=1+1
0, elsewhere _ .
e =1,2,3..;75=1—1

0, elsewhere

and By = ,u2,2:]:0‘
0, elsewhere

Let = (mo, 71, 2, ...) be the steady state probability vector of the matrix B(=
Byo+B1+By) . Solving the relations 7B = 0 and we = 1, we get 7; = (ﬁ)] Ty J >
1. As we have a level independent QBD model, the system is stable if wAge < wAse,
which simplifies to p < 1. O

The infinitesimal generator () constitutes a quasi birth and death(QBD) pro-
cess with exceptional boundary behavior and an infinite number of sub-levels. The
matrix geometric form of the steady state distributions for both preemptive and non-
preemptive priority single server queues were investigated by Neuts [8] in the case
when number of phases in each level is finite. This is extended to blocks of infinite

size in Miller [7] and is contained in the following theorem.

Theorem 2.2. Let y = (y,, Yy, Yo, - - -) denote the invariant probability vector for the
Q)BD process @), where y; is the probability vector of infinite dimension corresponding

to level i . Then the solution for y possesses a matriz geometric structure
(2.2) Y =y, 1> L
where the rate matriz R is the minimal non negative solution to

(2.3) R?By + RB; + By = 0.
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The matriz geometric structure in equation (2.2) extended to level ‘0’ is

1
(2.4) Y=Y (XBM) R.

Proof. The relations (2.2) and (2.3) are proved in [7].

From y@ = 0, the two boundary equations involving y, are

(2.5) YoBoo +y1B1o =0,

(26) yQB()1 +y1[B1 -+ RBQ] =0.

From (2.3) it follows that
R|RBs 4+ By| = —By.
Since By = A, the matrix R is invertible and (2.6) now simplifies to (2.4). O

Theorem 2.3. The infinite matriz R possesses the Toeplitz structure

o T ) T3
0 ro 11 1
R = 0 0 o T
0 0 0 7o

where 1, are computed as

(A+u1+91)—\/(A+u1+61)2—4Au1

ro = ,
’ 2
20

r = TO ! )

\/(A +un+01)7 — A\

k-1 k-1

01 [Z Tirk—l—z‘:| + {Z W”k—z}

Ty = =0 =1 ,k > 1.

\/(A + i+ 61)* — 4

Proof. The structure of the process revealed by matrices in Q* and the interpretation
of rate matrix imply the special structure of R. On expanding (2.3), the following
relations are obtained;

(27) Tg/il—()\+ﬂl+€1)To+)\:0.

k-1 k
(28) (Z Tz’ﬁg—l—z’) 6)1 + (Z Tih@—i) H1 — ()\ + 1251 + 01) T = 0, k Z 1.

=0 =0
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Solving these, the expressions for r, k = 0,1, 2..., are established. [l
2.1. The Joint and Marginal Probabilities.

2.1.1. The Joint Probabilities: The steady state probability vector y = (Yo, ¥1,Y2,- - -)
of @ is computed first. Here yo = (yo, Yoo, Yo1, Yoz, --..) where 7, is the probability of
the idle state and g is the probability of providing service to a P, customer when
none is waiting in either queues. y; = (Yo, ¥i1, Yi2, ....) With y;; representing the
probability that the number of P; customers in the system is ¢ and that in Py queue
is 7. Equations (2.4) and (2.5) give
A A0y
p +01) - (f1 4 01) po”

Yo =1—p; pz(
1

Yoo = — (>\ - 7’0#1) Yo,
2

1
vor = M_ {(A =+ p2 = ropr) Yoo — (161 +r1pe1) Yo
2

7j—2
Yoj = t{@ + fia — To1) Yo,i—1 — b1 kz_:orkyo,j—2—k_

Jj—1 ’
P Y TeYoj—1—k — (1j—161 + Tjﬂl)fUO}a Jj>1
k=1

Thus we can compute y; recursively up to the desired range of values.

Substituting for y, in equation (2.4) and expanding, y1;,7 = 0,1, 2, 3... are computed

as
Yo = (1 - P) 70,
Yy = (1 = p) 71+ Yoo 70,
j—1
Y15 = (1 — ,0) r; + Z Yok Tj—1—k, J=2,3,..
k=0

Let y;; represent the probability that there are ¢ high priority customers in the system
and j low priority customers waiting in queue, ¢ > 1. Expression (2.2) on expansion

results in

J
(29) Yij = Zyi_l’k T‘j_k,i > 1.
k=0

After obtaining yo; and y;; for j = 0,1,2, ..., y;5,% > 1 is recursively computed using
(2.9).

2.1.2. The Marginal Probabilities: The marginal probabilities of the number of high-
priority(P; ) customers in the system be denoted by y, = Z;’io Yij» © > 0. 80

0o oo J 00 0o
(2.10)  y;. = Zyij = Z Zyi—l,k Tj—k = (Z yi—l,j) (Z Ti) = Y(-1). P1-
=0 =0 =0

=0 k=0

Remark: As an arrival of a P; customer preempts a P, customer in service, the
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system behaves as an M/M/1 queue as far as marginal probabilities of P; customers
are concerned. Hence

: A

2.11 = (1 — i > 0; =
(2.11) vi=pl=p),i =0 o=y

The marginal distribution of Py customers is computed numerically from

(2.12) Y= Zyij7 J=0.
i=0

2.2. Waiting time Analysis.

Waiting time of High priority customers. As an arriving P; customer preempts the
Py customer if any under service, the waiting time distribution is same as in the case
of an M/M/1 queue. Hence expected waiting time of P, in the system is

P1 1
E == =
(Wpl) )\(1—p1) M1—|—91—)\

Waiting time of Low priority customers. Expected waiting time of a P, customer,
provided he is the head of the P line, is the sum of the following: expected busy
cycle generated by the primary customers left behind by this customer when he
interrupted own service while in Py, the sum of the expected busy cycles generated
at each preemption while chosen for service from P, line and expected time taken to
complete service without a preemption. We get

1 P1 1
E(Wp) = +
(Wy) (1 +61) (1—p1)*  pe(l—p1)

Expected waiting time of a Py customer if he is anywhere in the P line is
1 o1 11

E(sz) = 10 +91 (1 . p1)2 + E(l _ pl)E</P2)’ E(PZ) = Tzlryﬂ”

3. Two priority -Non preemptive case

Model Description: We consider a two-priority queueing model similar to that
in the previous section, except that service to the Py customers is according to a non-
preemptive service discipline. That is the arrival of a P; customer does not interrupt
the ongoing service of a P, customer. We follow the same notations. Let Ny () be the
number of P; customers in the system including the one in service if any, Ny(t) be
the number of P, waiting to get service and S(t) the status of the server which is 1 or
2 according as the server is busy with P; customers or Py customers . Thus we get a
continuous time Markov chain Q = {X (¢t),¢t > 0} = {(N1(¢), Na(t), S(t)) /t > 0}. Its
state space is given as {(0,0)} U {(0,7,2)/5 > 0y U{(4,j,k)/i > 0,5 > 0,k =1,2}.

A + A6
pi+61) 1 (p1401)pe

It is not hard to derive the condition for system stability as ( < 1,
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The infinitesimal generator of this continuous time Markov chain consists of block

entries of infinite dimension and is obtained as

A Aot
o | An A A
- Ay A Ag
where,
A
) [A] -
po —(A+ p2)
A()O: M _(>\+u ) aAOIZ [)\ 0] )
.2 . 2 I:A O]
M1 91 O
0 0 0
251 th
y 0 0
10 — L 91 ’
0 0
M2 M3 Ml
A2 = M2 M3 , Al = Ml , AO = )\Iooa
My — | A HmE o) 0 M= | MO a2 | O
H2 —(A+ p2) 0 0 0 0

The infinitesimal generator * constitutes a quasi birth and death(QBD) process
with infinite number of sub-levels. As Q* is irreducible and recurrent, following a

similar argument to theorem 3 of Miller [7] we have,

Theorem 3.1. Let x = [z, %1, &, ...] denote the invariant probability vector for the
QBD process Q* with infinite number of sub levels(phases), where x; is the probability
vector corresponding to level i of infinite dimension. Then the solution for x possesses

a matrix geometric structure
(31) T, =x;,_ 1R, 1> 1.
where the rate matrix R is the minimal non negative solution to

(3.2) R*Ay + RA, + Ay = 0.
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Theorem 3.2. The R matrixz, which is the minimal non negative solution to equation
(8.2) possesses a Toeplitz structure (Ry, Ry, Ry, ...). That is R has the form

Ry Ri Ry Rs

0 Ry R Ry

R= 0 0 Ry R
0 0 0 Ry

where each of the matrices Ry, is of order 2 represented as Ry, =

Qg 0
bk Cr .
Proof. The interpretation of R in Neuts [8] and the structure of the matrices in the

generator matrix () proves the theorem. [l

Theorem 3.3. The elements Ry(k > 0) in theorem 3.2 are computed as,

) asa-1-0)0 + (O asa—i)m

= (A4 1 +0) — 2a0

b — (3ofoy @ibrori + b (a0 + €0))0 + (305 aibi—i)n
(A + 1+ 0) — (ag + co) ’

cr =0, k=1,23,...

and entries of Ry are

A+ +0) — VA + 1+ 0)2 — 4y A

ag = 2,&1 ;
by = H2Co ’
(A =+ 1 +0) — (ap + co)
A
Co = b\ T 12 .

Proof. Upon expansion of (3.2), we obtain the following relations:

(3.3) R3My + RoM, + M\ =0,
l
(3.4) R2M; + (Z Rle_k> My + R;M, =0, for | > 1.

k=0
The result is established when these equations are expanded with respect to the

phases. O

3.1. The joint and marginal probabilities. In this section, the recursive formulas
for the joint distribution of ¢ number of P; customers in the system and j number of
Py customers in the queue and marginal distributions of each are derived. First we

establish the following.
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Theorem 3.4. The matriz geometric structure
T, = mi_lR, 1>1

given in theorem 3.1 extended to level 0 s

1 .
X, =X (XAOl) Rl, 1 Z 1.

Proof. From zQ)* = 0, the two boundary equations involving z, are

(3.5) ZoAgo + 21410 =0,

(36) (L'OA(H —|—£L‘1[A1 + RA2] =0.
From (3.2) it follows that

Since Ag = A\, , R is invertible.
From (3.6) and (3.7) we get

1
(38) T =Xy (XA(HR) .

Combining relations (3.1) and (3.8) we obtain

1 .
(39) T, =X (XAOI) RZ, 1> 1.

469

O

3.1.1. The Joint Probability Distribution. Let x;; be the probability that there are i

high priority customers in the system and j low priority customers waiting in queue.

Further let the marginal distribution of the number of high-priority customers in

system be denoted by
(3.10) T, =) wy;, i>0.
5=0

To get to know the type of customer in service we partition x;; as

(3.11) Ti; = (2ij(1), 755(2)).

We proceed to the determination of the joint probability vectors z;;. Considering

the interrupted customers and the type of customer under service, equation (3.1)

gives
(312) X;; = il:i_lij , 1> ]_,] > 0.
where

(3.13) Ty = (245(1), 245(2)).
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Expanding (3.12) w.r.t. j

Ry Ry Ry
0 Ry Ry
<3'14) ( Li0, L1, " ) = < Ti-1,0, Ti-1,1, > X 0 0 Ry
0 0 O
In general,
J
(315) X;; = in—l,k Rj_k s 7> 1,] > 0.

k=0

Expanding these equations once more to reveal the dependence on the type of service,

we obtain
j
(3.16) 2ii(1) = > laj & @1 k(1) +bjg 21 4(2)]
k=0
(317) $1j<2) = Cy xifl,j(Q); 7> 1,] > 0.

Equation (3.8) on expansion gives

(3.18) £1j(1) = a;(1 — p) + i bj—r Tok(2)

(3.19) 21(2) = ¢o T;(2); 1=1,7=20.

Hence the joint probabilities depend on xo(2) for £ = 0, 1,2, ... j. We compute z(2)

in the desired range in the next section.

3.1.2. Marginal Distribution of High Priority customers. Adding equation(3.15) over
j, the low priority queue length, the marginal distribution z; for the number of high

priority customers in the system is

00 oo 7] 00 00
x;, = g X;; = g E Ti—1k Rj—lc: E Ti—1k E Rj
=0 k=0 =0

j=0 k=0
(320) = m(i,l)_RJF
(3.21) = Ry, i>2
where
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Now, expanding (3.20) based on the type of service, we have

(2. 22 ) = (20, 2.2)) [%Z 2)],2'21

= (2 (T a) + 22 (b, 2i2(2) o )

So we obtain

(1) = =i, (1) (X ar) +2i-1,.(2) 2 0r)
1(2) = 27,‘_1’.(2) Co
Adding equations (3.18) and (3.19) over j

(3:22) n() = (-9 (X a)+z@ (X b)

(3.23) 21 (2) = ¢ox0(2)

T
T

which in turn gives

(3.24) 2= ((1-p). 20(2) )Ry
Combining equations (3.21) and (3.24) we get
(3.25) go=((-p). 2@ )R ; iz

Write zy = ( (1—0p), 0.(2) ), then
(3.26) z;, =xg R, ; i>1

On expansion of equation (3.26) we get the high priority marginals as

(Xa) (o)

0

—

71—

B2 z() = (-9 (Xa) +20)

(3.28) z.(2) = =z (2)c

B
Il

From equations (3.27) and (3.28) it is clear that the marginal probabilities depend on

the probability that no P; customer and a P, customer in service, which is given by

(3.29) T0.(2) = > x;(2).
=0
To compute xy (2): Substituting equation (3.8 ) in (3.5 )
1
(330) Xy |:A00 + X(A01RA10):| =0

2, being given bya:():( (1=p), 200(2), Zor(2), Zo2(2) ) wo .. )
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Expanding(3.30), the following relations are obtained:

(3.31) (1= p) laopr — Al + 2o0(2) [bopr + p2] =0
(1 = p) laods + arpua] + Too(2) [bobh + bipgr — (A + p2)]
(332) + Zo1 (2) [bo/il + /JQ] =0
j—2
Forj > 2; (1= p) [aj 161 + ajpn) + > xox(2) [bj k161 + by
k=0
(333) + xo(j,l)(2) [b001 + blul — ()\ + HQ)] + To; (2) [boul + /.1/2] =0.

On solving these, the following are obtained.

(A — aopa) (1 = p)

(3.34) Too(2) =

bopir + p2
(3.35)
z01(2) = m{w T a) — (o + bug)]@on(2) — (1~ p) faobh + am}
27(2) = {10+ ) = ot + )]s = (1= 9) g + e
(336) — ji.’]}ok(Q) [bj_k_lé’l + bj_k/ubl]}, j Z 2.
k=0

Hence z (2) in equation(3.29) is computed. Also the joint probabilities given by
relations (3.16) to (3.19) are evaluated.

3.1.3. Marginal Distribution of Low Priority customers. Define x j(1) = >, x;;(1)
and z ;(2) = Y2 z;;(2) for j > 0.
Summing equations (3.16) from ¢ = 2 to co and adding this to (3.18) we obtain
(3.37)
zi(1) = a;(1=p)+ 3725 Yoo @k T-vw(l) + 2272 2ok bjmk Z-1i(2)
= a;(1 = p) + X lajn 24(1) +bji 2.4(2)]

Similarly adding equations (3.17) from i = 2 to oo and adding this to (3.19),

z;(2) =3 2xi(2)
= 20;(2) + 202, %i(2)
=20;(2) 4+ co Doy T(i—1);(2)
= Z0;(2) + co z;(2).

1

(3.38) = 2;(2) = T

$0j<2).
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Hence the marginal probabilities of low priority customers while a P, customer is
under service, is determined once we determine x;(2) for the desired range of values
of j, which is done through equations (3.34) and (3.36). The marginal probabilities of
low priority customers, while a P; customer is under service, is determined as follows.
Substituting for zy;(2) and putting £ =0,1,2,...,j in (3.37) we get

ag (1 — p) + b() $0(2>

(3.39)  zo(l) =

1— ap
i1 i
aj(L—=p)+ >0 ajr T(1) + > bjy T4(2)
(340)  z;(1) = A0 =0 , j=>1

1—(10

3.2. Waiting time distribution.

3.2.1. Huigh priority waiting time distribution. First we compute the expected waiting
time of a P; customer who joins as the n'" customer n(> 0), in the queue at the time
when he joins. We construct a Markov chain {N(¢),t > 0}, where N(¢) is the rank
of the customer at time t. The rank of a customer is r if he is the r** customer in
the queue at time t. His rank decreases by 1 as the customers ahead of him leave the
system after completing/ self interrupting service. Two cases are to be considered
according as whether a P; or a Py customer is under service when the tagged customer
joins.

State space of the Markov chain when a P; customer is in serviceis {n: 1 <n < r}u
{(r,1)}U{0} and that when a Py customer is in service is {n: 1 <n <r}U{(r,2)}U
{0}, where {0} is the absorbing state indicating that the tagged customer is selected
for service. The corresponding infinitesimal generator matrices of dimension r+ 1 are

denoted by W, and W, respectively, and are

W = LT WAV S 5 ] where,
0 0 0 0
—po,i=j=1
=G =1,2, fo i=1,j=2
To={ i, j=i+li=12..r—1 .8 =% —u,i=j=12 ..r
0, elsewhere i, j=i+1,i=12..,r—1
| 0, elsewhere

and 70 = SO =10 ... 0 py]" .

If e is a column vector of ones of appropriate order, then the expected waiting

time of the r*" tagged customer is —(T.7! + S )e.



474 A. KRISHNAMOORTHY AND MANJUNATH A. S.

Hence the expected waiting time of a P; customer in the queue, with ac = [1 0 ... 0]

a row vector of dimension r is,

[e.9]

Wp, = Z [(—aTr_le) g (1) + (—ozST_le) xr.(Z)}
r=1
3.2.2. Low priority waiting time distribution. We compute the bounds on the dis-
tribution of waiting time of an arriving(tagged) customer in the system. When the
tagged customer arrives either a P; or a Py will be under service or the server is free.
Suppose the tagged customer joins as 7" in the system. The probability of observing

these events are z_(2), z (1) and 1 — p.

Service time distribution S; of the customer under service if it is a Py ~ exp(pus)
and service time distribution S; of the customer under service if it is a Py ~ exp(p1).
But S, is clubbed with the distribution of service time of P; customers in the queue

since his service is followed by customers if any, in the P; line.

The waiting time distribution of these r P; customers is the r— fold convolution
of exp(py1), that is E(r, uq1). Hence the distribution of service(wait) time until the

tagged customer interrupts own service

Sy = Z E(r, 1) 2-1).(1) + exp(p1).(1 = p)

So, the distribution of waiting time of a customer in the system until interruption is
FO = (L‘(Q)Sl * 82

Now assume that the tagged customer interrupts. Probability to interrupt is 6;.
We may assume without loss of generality, that the tagged customer leave behind
‘i” P, customers at his service interruption and join as j** in the P, line. Each of
these ¢ P; customers generate a busy cycle exponentially distributed with parameter
(1 + 601 — A). So their service time is i—fold convolution of exp(u; + 61 — ) with
itself. The probability to see ¢ customers behind the tagged customer in P; line is

z;.(1). Thus the distribution of service time of these i customers is

Fi=> E(i,p+6; — \) z;.(1)

i=0
where E(i, o) stands for Erlang distribution of order i and parameter . When i = 0,

that is when no P; behind him at the time of interruption ; (1) = 0.

The lower bound.

The waiting time of the tagged customer is minimum if no P; customers arrive
during the service of all the (j — 1) customers ahead of the tagged customer in P

line. Now, suppose that once the server is at the Ps line it returns to P; line only
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after serving the tagged Po(that is, all the j — 1 Py and tagged P, complete service in

a row). This is possible if no P; customer arrives once the service in P line started.

The probability of finding (j — 1) P, ahead of tagged Ps,

q; = To(-2)(2) +.-1)(1)
The probability that no P; arrived during the service time of a P, customer, which
is exponentially distributed with pus is

00—\t bV 0 e8]
poz/ - (1 ) /~L2€_M2tdt:/ e Mpge 2t dt
0 0! 0

Therefore the probability that no P; arrived during their((j — 1) Py) service time is

qj—1 = péfl

Note: When j = 1, qo = 1 indicating that if tagged Po is the head of the Py line,
then he is taken for service (prob.=1) immediately(no Py arrival when no Py ahead

of tagged Ps) when the server is at Po line.

Therefore the corresponding service time distribution is j—fold convolution of
exp(pz) with itself multiplied by the probabilities ¢ and ¢;_;. Therefore the service
time of j Py is

F, = ZE(j, 12) 4 Gj-1.
j=1

So we get the distribution of the lower bound of waiting time in the system as
the convolution

Frinwait = Fo * 01F1 % F.

The upper bound.

The waiting time of the tagged customer is maximum if P; customers arrive
during the service of each of (j — 1) customers ahead of the tagged customer in P
line. Hence immediately after the service of each P, the server goes to P; line and
returns to Py line till the tagged P, get service. Suppose k P; customers lined up
during the service of a Py. The probability that &£ P; arrived during the service time
of one Py customer, which is exponentially distributed with s is

00—t M\ k
P :/ . )—Mze_’mdt
Y

Distribution of waiting time(service time) due to these k P, is k—fold convolution of
exp(py + 01 — \) with itself. Therefore distribution of waiting time after the service

of each P, from among the j — 1 P5 is

ZE(kZ,Ml + 81 — )\) Pk
k=1
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Waiting time distribution generated by the service of all 7 — 1 P, ahead of the tagged

customer is

F3 = Z eXp(,ug) * ZE(k, M1 + 91 - )\) Pk q;v

k=1

J=1

* stands for the convolution with *r denoting the r— fold convolution. Hence the
distribution of Maximum waiting time of a customer in the system if he interrupts
own service is

Fiaxwait = Fo*x 01 Fi1 xFg % eXP(M2)-

3.3. Additional Performance Measures and their numerical illustrations.

1. The probability that all the PP; customers served in a given cycle complete service
without any interruption
P — pa(ps + 61— A)
AC = 5 .
(11 +01) = A

This is equivalent to seeking the probability that there is no inflow to Py from

P1 during that cycle.
2. The probability that all the P; customers served in a given cycle interrupt before
completing service and hence go to P,
P = O (g + 61 — N)
(1 + 01)% — M0y
This is the probability for the other extreme case of 1.

We demonstrate below the impact of fixed values of A, p11, andpuy on Pae and P4y with
variations of #;. In tables 1 and 2, P4c and P4; have identical values corresponding
to 91 = U1 = 6.

Pic (A=5, H,=6, |.12:5)
PA‘ (A=5, |.11=S, u2=5)

F'Ac (A\=4, u1=6, u2=5) -
P (=4, 11,26, 1,=5) | |

0.9

0.8

* O O %

0.7

0.6
0.5
0.4t x
0.3
0.2

0.1

FIGURE 1

The figure clearly shows that as the value of 6; increases Pyc decreases and Pay

increases.
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6 |0 1 2 3 4 ) 6 7
Pyc | 1].6316 | .5294 | .4706 | .4286 | .3954 | .3684 | .3453

Py; | 0].0455 | . 1111 | .1818 | .2500 | .3125 | .3684 | .4179
TABLE 1. A =51 =6,u0 =5

0, (0] 1 2 3 4 ) 6 7
Pyc | 1].7200 | .6000 | .5263 | .4737 | .4330 | .4000 | .3724

P4r | 01].0667 | .1429 | .2174 | .2857 | .3465 | .4000 | .4468
TABLE 2. A=4,uy =6, =5

4. Case of three priorities, non-preemptive:

Model Description: In this section we consider a single server infinite capacity
queuing system in which customers from outside arrive according to a Poisson process
with rate A and form a queue(P;) if server is busy. Service times are exponentially
distributed with parameter p;. Customers in primary queue interrupt service accord-
ing to a Poisson process of rate 61, in which case he has to go to the lower priority
queue(Ps). Else, he completes service and leaves the system forever. P, customers
are taken for service according to head of the line priority whenever the queue of
external customers is found to be empty at a service completion epoch. The service
of such customers is according to a non-preemptive service discipline and the service
times are independent and identically distributed exponential random variables with
parameter ps. A customer from Py queue may interrupt his service according to a
Poisson process of rate 2, up on which he has to go to a third waiting line P (of
infinite capacity) and wait for his turn for service. The service time of customers in
the third queue are independent and identically distributed exponential random vari-
ables with parameter ps. Their service is also according to non-preemptive service
discipline and customers leave the system after completing service without further
interruption. When the server is in Pj line, Ps line will be empty whereas in P; there

may be none, one or more customers.

Let Ni(t) be the number of P; customers in the system, N;(t) that of P; cus-
tomers in the queue for j = 2,3; S(t) the status of the server which is 1, 2 or 3
according as the server is busy with a P;, Py or Ps customer respectively. Then
Q = {(Ny(t), No(t), N5(t),S(t)) /t > 0} is a CTMC with state space {0} |
{(0,n2,n3,k)/ne > 0,n3 >0,k =23}

{(n1,n2,n3,k)/ny > 0,ny > 0,n3 >0,k =1,2,3}.
The condition for stability of the system is given by
A A0y 6105

+ + < 1.
(1 +061) (o +01) (p2+02)  (pa +61) (2 + 62) ps
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The infinitesimal generator is obtained as

3 3 3
AY A 4P

Q = 3 3 3
AP AP AP
where,
AY = Mo
Ly U®
Ly UY
Agg) = I ® H3, Hy = Ly U?E2)

dim(Ls) = 3,dim(U{Y) = 3

~AFm+6)  si=j=12
—(A+ ) ji=j=3.

(L3)ij = L (UD); = {

02
0 ; otherwise

Ioo®M3 [oo®N3
I ® Ms I, ® Nj
A =

dim(Ms) = 3,dim(N3) = 3

i=7=1 0 i=7=1
(Ms)ij:{ . / a(Ns)z'j:{ ' /

0 ; otherwise 0 ; otherwise
K
Ioo ® K3

I ® K3

1=2,7=1

; otherwise
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N, j=i+1,i=12

K?%:<A 0 0 m>aﬂmUﬁ)=2X3iK@r:
J 0; elsewhere.

c; O+ 1,00l

Ag?é) = 3 ) 3 ) ,Ci=10
0
b L i=1,j=2
CSEO) - Bl 5 dlm(Bl) =3 x 2, (Bl>z'j = K P LI =
B 0 ; elsewhere
1

dim(C{") = dim(C{?) = 3 x 2

0; i=j5=1 iy, t=7=1
(ngl))ij:{ ! >(C§2))ij:{ '

0; elsewhere 0; elsewhere

-2 0
M E?EO) [ K2 ]

E(Q) E(l) H3
AR = 3 M=| o
00 E§2) E?El) ) 0

iv1, J=1,1=12
B = Low DY dim(DY) = 2, (DY) :{ 0" e

ij 0 ; elsewhere
0 g(2)
S dimiof?) =
B = N ; (g(z)) _ )0 ==l
' > i 0 ; elsewhere
J5)
J(H) J(l)
E?EO) . 3 3
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<J<1)) ) (At s i=j=2 <J(11)> ) i i=1,255=2
3 - . . ) 3 -
ij 0o ;o i=1,7= ij 0 ; elsewhere
0 ;  elsewhere
Theorem 4.1. Let x = [z, %1, X2, ...] denote the invariant probability vector for the

QBD process with infinite number of sub levels, where x; is the probability vector of
infinite dimension corresponding to level i . Then the solution for x possesses a matrix

geometric structure
(41) T, =x;,_1R, 1> 1.
where the rate matrix R is the minimal non negative solution to

(4.2) R?*Ay + RA; + Ay = 0.

Theorem 4.2. The rate matriz R in the above theorem possesses a block upper tri-

angular structure given by

Ry Ry Ry --- Rjo Rji Rj
Ry Ry - Rjo R, ,
= RO ,U)h@?”@Rj: Rj a.]Zou
Qj; 0 0
in which Rj; are matrices of the form Ry = | b ¢ 0 ;1 > 0, whose entries
dji 0 fji
are as follows: Let t = X+ py + 601, y = A+ ps + 6, and 2 = XA+ p3. Then,
T — A\ r?— 4\ b 2/i2\ A
Qa, = s = s C = —,
" 2/ % Y+ y\/x? — A A — 2u1 )\ o Y
2[1,3)\ A
d = ) = —a - 07 k 2 ]-7
% xz 4 2/ — 4 A — 21\ Juo 2
6
bo1 = 200 , bor =0k > 2,cop = dor = for =0; k> 1,

-1 -1
01 ) aroa—1-k)0 + M1 Y AroGI—k)0
ap = A=0 k=l ; l Z 17
T — 2ap0f41

! -1
p Y aioba—iyo + 01 | D ajobu—1—j)0 + ba—1)0coo
. ~

=1 J=

x — (ago + coo) 1

bl(): ;ZZL
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-1
> ajoda-1-j) + d(ll)OfOO]
j=0

!
1Y aioda—po + 0
i=1

dyp = ; L>1,

x — (ago + foo) i1
co=fio=0; 1 >1,

Qmn = Cmn = dmn = fmn = 0? m,n > ]-7
l m—
pa Y @iobam—iyn + 01 | D ajobum—1-jn + b(m—l)lCOO]
i=1 =0

b1 = rm > 1,
! x — (ago + coo)

by =0; m>1,n> 2.

1

Proof: Expansion of equation (4.2) gives the following system of equations:

(4.3) R3 M3 + RooLs + A3 =0
(4.4) > RojRom-Ms + Ron-1Us” + RomLs =0
j=0
-1 l
(4.5) > RuRii-koNs + Y RioRi_goMs + RigM; =0
k=0 k=0
(4.6)
-1 m l m
A7) IS  RiyRicikm—iNs + Y RigRi—jym—iMs + Ryp-1Us” + Ry Ls = 0.
k=0 j=0 k=0 j=0

Solving the system required result is obtained.

4.1. Joint and Marginal Probabilities. Let z;;; be the probability of ¢ high pri-
ority customers in the system, j customers waiting in the Py queue and k customers

waiting in the Ps queue.

Then the marginal probability of ¢ number of P; customers is

o0 o0
X; = E E Zij-

j=0 k=0

We have, from theorem (4.1) ; = z;_1 R and proceeding as in the section 3,

ik
Tijp = Z Zmi—l,lij—l,k—m forj, k > 0.

=0 m=0
To know the type of customer under service, we expand the above equation to get
the recursive formulas,
J J 1 J
Zij(1) = > ajr0%icin (1) + 20 Y bjmti—m®Tic1im(2) + D dj—10Ti—1x(3),
1=0 1=0 m=0 1=0
xijk(2) = C[)Omifl,jk(2)7

Zi1(3) = fooxi—1,x(3); 4,k >0,i> 1.
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4.2. High Priority Marginal Distribution. Marginal distribution of high priority

customers in the system is

T, = Z;io > o Tih

= xifl,..RJr

where
R+ - Z]Oio Rj
= Z;io ZZO:O Rjp.

Expanding the above equation in lowest phases gives,

i = [2:.(1), 2;.(2), z:.(3)] = [(1 = p), 20(2), 2o(3)] R}, i>1.

5. Case of N + 1 priorities, non-preemptive:

Model Description: Here also we consider a single server infinite capacity queu-
ing system in which customers from outside arrive according to a Poisson process with
rate A and form a queue if server is busy. Service times are exponentially distributed
with parameter p;. Customers in primary queue interrupt service according to a
Poisson process of rate 67, in which case he has to go to a lower priority queue. Else,
he completes service and leaves the system forever. Lower priority customers are
taken for service according to head of the line priority whenever the queue of external
customers is found to be empty at a service completion epoch. The service of such
customers is according to a non-preemptive service discipline. A customer from this
low priority queue may interrupt his service according to a Poisson process of rate
up on which he has to go to a third waiting line (of infinite capacity) and wait for his
turn for service. The service time of customers in the #;;, queue are independent and
identically distributed exponential random variables with parameter ;. Customers
in the " priority queue also interrupt their service according to a Poisson process
with rate 6; or else completes service with service time exponentially distributed with
parameter u;. A maximum of N service interruptions is allowed for any customer so
that ¢ = 2,3,..., N. Thus there are N + 1 queues, the first one constituted solely by
external (primary) customers and the remaining queues are generated by customers
from the just preceding higher priority queue. Thus N dependent queues and one
independent stream of customers served by a single server, form our system. At the
service completion epoch of a low priority customer, the server checks whether there
is any higher priority customer in the system. If there is one in the highest priority,
he takes the head in that queue; else takes the one, if any, from the second queue
and so on. From the (N + 1) queue, a customer in service leaves on completion of
service (following an exponential distribution with parameter py,1) or interrupts his
service according to a Poisson process of rate fy;. In the latter case the customer

leaves the system paying a heavy penalty.
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The infinitesimal generator is

A Al

Q= (n) 4 4(n)
AP AP Al
where,
n n
AP =Moo, A = 1o H,
L, U™ 0 o U 0 LU0 L u® o0
0 L. UMY o vl o . oU® o .. U@ o
H, =

dim(Ln) =n, n >3, dim(Un®) =n, k=2,3,..,n—1

— (A + pn == 0, j=1,i=k
(Ln);; = (4 o) e (Un®); =4 *
J L j=1,1=23,...,n 0 otherwise
0 otherwise
dim(Mn) = dim(Nn) =n
Io®M, I.®N,
A — (M) 1) = 0 - .
5 = , ; otherwise
N,)ij =
(Na) i { 0 ;otherwise
C: O+ Iow OV
Lo ®CYY Lo@C
0
~ [.®B
0 I°°®Bl dim(By) =nx (n—1),1 <k < (n—k),
C, = 0 ’07(10): > ’ ) p; i=1lj=n—k
: (Br)ij = .
0 ; elsewhere
Ioo ®Bn72
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dim(C") = dim(C?) = n x (n — 1)

0; elsewhere

<c,9>>ij={9“ - <0£2>>ij:{““ ]

K
I ® K,
I ® K,
EO=[X 0 0 ..|dimK,)=([n-1) xn,
Ay j=i+1Li=12..(n—1).
(Kﬂ)ij - .
0; elsewhere.

_)\ H2

M EY s

00 = E® g M = fin
0

0

— (A prig1 +0i41) 1<4,5<n—2

Y = (A His1) i=j=n-1

ED = [o@Dyy, dim(Dpa) = n—1, (Dpa);; = {

E7(12) _ E£L21) + Er(?z)

B = LoD, dim(DY ) = -1, (D), = ¢ Mot J = =E
" S " 7 " . 0 elsewhere

o ¢r b clr=2 a?
alr=b a2 el
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dlm(G( )) — (’)’L — 1)7 (G;))U = { 0 : elsewhere,k — 273, ...,n — 1

J
J'r(zll) JT(LU
ngLll) J’I(ll)
J7(121) J7(122) . Jy(lQ)
(21) (22) (2)
J, J, J,
(0) . n n n
B =1 . .
‘]’I(L31) J7<L32> e J7(L33) e J7<L3>
Je=2D  g(n=22) Jin=23) J{n=2)

k=1,2,.., (n—2)

dim(J™) = dim(JF™) =n —1;
m=1,2,....,k

_(>\+ﬂl+1+el+l) ; sz:17277(n_2)

(70 = At pina) 5 i=j=(n—-1)
A 041 =i+ 1,i=12..,(n—k+1)
0 ;. elsewhere

(J(kl)) _ ) i1 i=1,2,..,(n—1);5=n—k
i 0 ; elsewhere

(J(km)) _ en—m—f—l; i:n_ma 7]:n_k
g 0 ; elsewhere, :m=23,...k,

The stability of the system is given to be

N—-1 1 0 N-1
N
T+ <1
H1 + 91 Z H 1 Mg+t ‘|‘ 93-1—1 HN+1 ]1_‘[ Hj+1 ‘|‘ 9]—1—1

CONCLUSION

In this paper we considered a highly dependent priority queueing system where
low priority customers join the queue from immediately preceding waiting lines. We
assumed that all the underlying distributions are exponential. Analytical expressions
for system state probabilities were computed. The case where external customers
joining low priority queues, depending on their priority, is being analyzed. Further
the presented model is extended to the case where service times are distinct phase

type distributions, depending on the priority class.
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