Neural, Parallel, and Scientific Computations 24 (2016) 505-522

A CLASS OF METHODS FOR THE NUMERICAL SOLUTIONS
OF 3D MULTI-HARMONIC ELLIPTIC EQUATIONS ON A
GRADED MESH

R. K. MOHANTY! AND GUNJAN KHURANA?

L2Department of Applied Mathematics, South Asian University,
Akbar Bhawan, Chanakyapuri, New Delhi 110021, India
2Present address: Department of Mathematics, I.P. College for Women,
University of Delhi, Delhi 110054, India
!Corresponding author (E-mail: rmohanty@sau.ac.in)

2(E-mail:gunjankhurana84@gmail.com)

ABSTRACT. In this paper, we report new numerical methods of order two and three for the
solution of 3D multi-harmonic elliptic equations on a graded mesh. We first develop numerical
methods for 3D Poisson equation on a graded mesh, then we extend our methods to solve 3D bi-
harmonic and tri-harmonic equations. Numerical methods for (Ou/dn) are also developed, which are
quite often of interest in many areas of Science and Engineering. Numerical results demonstrating

the usefulness of proposed methods are presented.
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1. INTRODUCTION

In the past various numerical methods for the solution of 3D linear and non-
linear elliptic equations have been discussed in the literature [1, 2, 3, 4, 5, 6, 7, 8, 9,
10, 11, 12, 13, 14] on uniform mesh. Even methods for bi-harmonic and tri-harmonic
equations for 3D elliptic equations have also been developed (see [15, 16, 17, 18, 19, 20,
21]) on constant mesh. To the author’s knowledge, no numerical methods of order
two and three have been developed for multi-harmonic equations on non uniform
mesh so far. In this paper, we propose compact methods of order two and three for
the solution of multi-harmonic elliptic equations on a graded mesh. We have also
developed numerical methods of order three for the estimates of normal derivatives
which help in solving many applied mathematics problems. In all the cases we use
only nineteen point compact cell. In case of bi- and tri-harmonic problems, we do
not discretize the boundary conditions. Numerical solutions of Laplacian and bi-

Laplacian are obtained as by-product of the methods. In these cases also we use
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nineteen point compact cell. Our paper is arranged as follows. In section 2, we give
mathematical derivation of the method for 3D Poisson equation. In Section 3, we
discuss stability analysis of a model problem. In Section 4, we extend our technique
to derive methods for 3D bi- and tri-harmonic problems. In Section 5, we present
numerical results to illustrate the utility of methods developed. In Section 6, we give

concluding remarks of our work.

2. VARITIABLE MESH METHODS FOR 3D POISSON’S EQUATION

We consider the 3D Poisson equation of the form
(2.1) V2u(z,y, 2) = Upy + Uyy + 1wz = f(2,y,2), (2,9,2) €L,
subject to Dirichlet boundary conditions:

(2'2) u(x7 y? Z) = g(x7 y? Z)’ (x7 y? Z) E aQ?

where Q = {(z,y,2) | 0 < z,y,z < 1} is the solution domain with boundary 02 and
V2u(x,y, 2) represents the 3D Laplacian of the function u(x,y,z). We assume that
the solution wu(z,y, z) is smooth enough to maintain the order and accuracy of the
scheme as high as possible. We discretize the solution domain €2 by a set of grid points
(1, Ym, 2n), Where 0 = g < 17 < - < ayy1 =1L, 0=y <y < < yns1 =1
and 0 = 29 < 21 < -+ < zy41 = 1, N being a positive integer with variable mesh
spacing Ax; = o —x-1 > 0, AYpm = Y — Y1 > 0, Az, = 2z, — 2,1 > 0,
Ibm,n=12 ..., N+1. Let a #1, 8 # 1 and v # 1 are mesh ratio parameters
in x-, y- and z-directions respectively, defined Az, 1 = aAx;, Ay, = BAYy, and
Az, =vAz,. For « = f =~ =1, the variable mesh reduces to uniform mesh.

Let wm . and Uy, be the approximate and exact solutions of u(x,y, z) at the
grid point (27, Ym, z,) respectively.

The value of f(x,y,z) at the grid point (x;, Yum, 2,) is defined by fimn.

We denote:
(2.3)
ap=(a—1)/3, oy =1/a(a+1), as=(1—-a+a*)/12, as=1—-0* a,=1+a,
Bo=(B-1)/3, B=1/8(6+1), fa=(1=F+°)/12, fs=1-03 fa=1+0,
Yo=0-1/3 n=110+1), n=>0-7+7")/12, 3 =1-7" =1+

At the grid point (x;, Yum, 2,), we define:
8i+j+ku ai-l—j-i—kf
Oxtoyi 0z’ fiak = Oxt oyl 0k’

We need the following approximations:

(24) UZ]k - 'é,j, k’ - 0, ]_, 2, .

(25&) U = al(Ul+1,m,n — Oé3Ul,m,n — OézUl_l,m’n)/ALL’l = le,m,n + O(AI%)

Tl m,n
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(2-5b> Uyz,m,n = 61(Ul,m+1,n - 53Ul,m,n - 52Ul,m—1,n)/Aym = Uytmn + O(Ay;)
(2.5¢) Uzl)mm =M Umnt1 — ¥3Uimn — 72U17m7n_1)/Azn = Ui + O(Azi)
(2.5d)  Usatmn = 200 (Uiptmn — WU + QU1 mn) /(A2
= Usay ., + 0ATUso + O(Ax?)
(2.5¢) Uy = 261(Uimsrn — BalUimn + BUim-1.)/ (Ay2)
= Uyy, ... + BoAymUsso + O(Ay2,)
(2.5f) U.tmn = 2% Uimnsr — YaUiman + YUimm-1)/(A22)
=U.2y . + BoA2,Ugos + O(AZ?)
(2.5¢)  Usyimn = a1 (U —asU —o*U
= Upyiomm + O(Az? + Ay?, + AZ2)
(2.5h)  Uyormn = (Uzlymﬂ,n — ﬂsﬁzl,m,n — 52Uzlym,1’n)/Aym
= Uyatmn + O(Az] + Ay2, + A22)
(251)  Teatamnn = 1 Tanir = V3Ua1mn = VT imns )/ A
= Usstann + O(A} + Ayy, + Azy)
(25)  Usayrman = 200(Uypyy s =Ty, + Uy, ) /(D)
= Usay, ., + @02 Usio + O(Ax7])
(2.55)  Uyystann = 261Uy 10 =BT + BT 1)/ (D)
= Uypyz,,.. + BoAYmUos1 + O(Ayz,)
(25)  Ussotimn = 20Uy irs =910 + Wayr )/ (A27)
= Uszay . T 70A2,U103 + O(Az)
(25m)  Uayyy = 261(Uas i1 = BilUsy + U100/ (D)
= Usyy, .. T B0AYmUiz0 + O(Ayz,)
(250)  Upeappn = 2010y = 10y + VW gr)/ (A27)
=Uyzz,,, . T 7082,.Un13 + O(AZ?)
(250)  Usoay,,, =200(Usy,y 0 —aaUs,,  +aU., )/ (Axf)
= Usay + 00 Az Usgr + O(Ax7),
(2.5p) Umyyl,m = 20‘1(Uyyz+1,m,n - O‘4Uyyz,m,n + O‘UyyH,m,n)/(Ale)
= Usayy, .. T 00ATUsz0 + BoAymUazo + O(Az} + Ayl + Az,
(250)  Uyyosin = 261Uz irn — BaUspy 4 BU s 1)/ (Ay2)
= Uyyzz, . + B0AYmUos2 + 70A2,Un2s + O(Ax} + Ayl + Az)),
(2.50)  U.zawtimn = 2% Usay s — 140200 T VU animn i)/ (A22)

)/ Az

Yi+1,m,n Yi,m,n Yi—1,m,n



508 R. K. MOHANTY AND G. KHURANA

= Uszaay . T 70282,U203 + 9Az Uspz + O(Az} + Ays, + Az7).

Similarly, replacing U by V and W, we can define the approximations V. %4

Tl m,n? Tl m,n?

.. ete.

Now we consider the linear combination fooo 4+ poAx; fi00 + QA Ym foro + 7022, foor,

where fooo = Ua00 + Un20 + Uooz2, fi00 = Usoo + Ui2o + Uio2, foro = Uaio + Upzo + Uniz,
and foo1 = Usg1 + Ugor + Ugos and py, qo, 7o are parameters to be determined. By the
help of (2.5a)—(2.5r), we obtain

(2.6)
Jooo + oAz f100 + G0 AYm foro + roAzm fon
= [Uml,m,n — CYOAIL”JU?,OO} + [Uyylym’n - ﬁoAmeogo} + [Uzzl,m,n - 'VOAZnUOO?)}
+ poAxy(Uspo + nyylym’n + Uszzyn) + G0 AYm(Unso + U:{:xylym’n + Uzzylym’n)
+ 70820 (Uoos + Usazy o + Uiy, ) + O(Ax? 4+ Ay? + AZ2).

Equating to zero the coefficients of Az, Ay, and Az, in (2.6), we get py = vy,
qo = Bo and rg = 7. Thus the numerical method of order two for the differential

equation (2.1) on the variable mesh is given by

(27> SLU = wal,m,n + Uyyl,m,n + Uzzl,m,n _'_ O{OA.:C[ (U‘ryyl,m,n _'_ U‘rzzl,m,n>
+ ﬁOAym(_Uxxylym + Uzzyl’myn) + ’VOAZn(_U
= fooo + @Az froo + BoAYm foro + 10D 2 foor + O(Aiflz + Ayib + Azi)

= SRH; + O(Ax] + Ay?, + AZ2).

m + szxl,m,n )

Yy,

Similarly, a numerical method of order three for the equation (2.1) on the variable

mesh may be written as

(2.8)
TLU = U-'E-'El,m,n + Uyyl,m,n _'_ Uzzl,mw + OKOA,Tl (Uwyyl,m,n + Uwzzlym,n)

+ BoAYm(Usay,,,, + Uyezy ) + 70820 (Usyy o + Uiy )

+ (wAz} + ﬁZAyfn)Uxxyyl’myn + (BAyz, + 72Azr2L)Uyyzzlym’n

+ (12AZ2 + A2}V .o,

= fooo + AL f100 + BoAYm foro + Y02 %Zn foor + 2 Az faoo + B2y, fozo

+ 7222 fooz + Q0B AL AYm f110 + o0 AYmAzn for1 + Yo Az Az, fion

+ O(Ax} + Ayl + AZD).
Note that, replacing U by V and W, we can write the expressions for SLy, SLy,
TLy and T Ly, .

Once the numerical solution of the Poisson equation has been obtained, one

may compute the values of the first order derivatives (normal derivatives) using the
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standard differences.

(29&) le,m = Oél[UH_me — Oé3Ul,m,n — OzzUl_l,m,n]/ASL’l + O(Ax%),
(29b) Uyz,m,n = 51 [Ul,m—i—l,n - 63Ul,m,n - B2Ul,m—1,n]/Aym + O(Ay;),
(29(3) Uzl,m,n =M [Ul,m,n—‘rl - 73Ul,m,n - 72Ul,m,n—l]/AZn + O(Azi)

It is found that the formulas (2.9a)-(2.9¢c) yield second-order accurate results irre-
spective of whether equation (2.7) or (2.8) is used to solve the equation (2.1). A
new difference method for computing the numerical values of these first order partial
derivatives is discussed. These approximations found to yield O(Ax} + Ay3 + Az3)-
accuracy, when used in conjunction with nineteen point formula (2.8). By the help of
the approximations (2.5a)-(2.5r), we may obtain the third order difference schemes
for the numerical solution of (Ju/dz), (Ou/dy) and (Ju/0z) as:

2
aAx; [— —
[ U U
Tl,m,n 6 [ LYY, m,n TZZl,m,n - flOO]

+ O(Al’? + Ayf’n + Azfl),

(2.10a) Ustnn = U

= BAYm [7 o
(210b) Uyl,m,n = Uyl,m,n _I_ 6 [Uxxyl,m + UZZyl,m - fou)]
+ O(Az] + Ay? + A23),
— A2 — —
(210C> Uzl,m,n = Uzlym,n + 1 6 - [Ummzlym + Uyyzl,m - fOOl]

+ O(Az} + Ayl + A22).

3. STABILITY ANALYSIS
Consider 3-D Laplace equation
(3.1) V2u(,Y, 2) = Upy + Uyy +u. =0, (2,9,2) €Q.

subject to Dirichlet boundary conditions prescribed by (2.2).

For convenience, let us denote:

UO = Ul,m,m Ul = Ul+1,m,n7 U2 = Ul—l,m,m U3 = Ul,m+1,n7

U4 = Ul,m—l,m U5 = Ul,m,n—l—la UG = Ul,m,n—la U7 = Ul+1,m+1,n7

Us = Uirim—1,ns Us = Ui—ims1,ns Uro = Uimim—1m, Uit = Uip1,mns1s
U2 = Uiimn—1, Uiz = U—impn+1, Us = Uimimmn—1, Uis = Upmgins,

U16 = Ul,m—l—l,n—la U17 = Ul,m—l,n—l—la U18 = Ul,m—l,n—h
1 1 1

2)  Hi=———) Hy— —— Hy— —.
(3:2) ! AV 2 Ay2’ 3 Az2
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Applying the difference scheme (2.7) to the equation (3.1) and using the notations in
(3.2), we get

(3.3) CoUy + C1U; + CoUs 4 C3Us + CyUy + C5Us + CeUg + C7U7 + CsUsy
+ CoUg + CroUro + C11Un1 + Cr2Usz + Ci3Uss + Craliy
+ C15U15 + C16Uss + CirUrr + CisUis = Thm

where,

(3.4)
Co = 2(—ayon Hy — BufrHo — yan Hs + aponas By BaHo + sy yaHs

+ BoBrBsaraaHy + Bof1Bsy1vaHs + Yoy vscnaaHy + yoy17361 80 Hz),
C = Q(QIHI — apo BB Hy — Oéoal’Yl’MHs)
Cy = 2(aa Hy + o*apon 1 B1Ha + o agany1vaHs — B B Hy — cen fo51 B3 Hy ),

(

= 2(B1Hy — acponaz i Hy — o Si Hy — Borimivats — vomysBiHa),

= 2(601Hy — apenasBBHa + B 32 cnHy — yom1ysB61Ha + BoBiBeyivaHs),
Cs = 2(n1Hs — avonazyi Hs — Bof1 83y Hz — voyranaaHy — vom1 8184 Hz),
Ce = 2(ynHs — avanasyyHs — oS BanyHs + yony ancaHy + yo1172 1 0aH),
Cr = 2(apar S Hy + BoBrar Hy),
Cs = 2(coar BB Ha — B f2on Hy),
Cy = 2(BofraraH; — apara® B Hy),
Cio = 2(04004104 biBHy — 5051ﬂ204104H1)7
Ci1 = 2(apan 1 Hz + yoyrcn Hy),
Cia = 2(waryy1Hs — vomy a1 Hy),
Ci3 = 2(yomonaHy — agayay Hs),

Cha = —2(nyaoena®Hs + yony onaHy),
Ci5 = 2(Bory1Hz + 07161 Ha),
Ci6 = 2(Bofry71Hs — Yoy’ b1 Hs),
Cir = 2(oy1 1 3Ha — B 3271 H),
Cis = =2(Bof1B*y 11 Hs + o601 Ha),
Tmm = O(Ax] + Ay2, + AZ2)
From equation (3.3), we get
(3.5) Uy =AU + A—2Uy + A3Us + AUy + AsUs + AgUg + A7U7 + AgUs
+ AgUg + A1gUrg + A11Ur1 + ApUss + A13Uss + A1qUrs + A15Uss
+ A16Uss + A17Ur7 + A1sUss + Simn -
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where,
Ci . T‘l,m,n 2 2 2
(3.6) A; = R i=1(1)18, Cy#0, Simn= o = O(Ax; + Ay;, + Az).

Neglecting the error term from (3.5), we may obtain

(37) Uy = A1u1 + A2u2 + A3U3 + A4U4 + A5u5 + A6U6 + A7U7 + AgUg
+ Agug + Ajourg + Anuin + Argugs + Aizuig + Ay
+ Arsuis + Arguie + Arrunr + Arguss
where,
(3.8) Uo = Ulmn, UL = Ul mmns - - -€LC.
Assume that an error of the form €;,,, = Wmn — Upmn exist at each grid point
(@1, Ym, 2n), then on subtracting (3.5) from (3.7), we get the error equation as follows
Etlmn = A1€141,mmn + A2€1-1mm + AsEimiin + As€im—1n + As€imnt1 + A6Cimn—1
+ Averiimtin + As€ivtm—1n + Aoi—tmi1n T Ar0€1-1m—10 + A11€141,mnt1
+ Avscitimn—1 + Ais€i—tmmnt1 + Ara€i—1mmn—1 + A1s€m+1,n41
+ A6 mi1n—1 + Arr€im—1n+1 + A1s€im—1n-1 + Stmn-

The above is a system of N3 number of linear equations in N? unknowns, which may
be expressed in the matrix form. Now applying the Jacobi iteration to the above

system of equations and neglecting the error term, we obtain

(3.9)
l(snt;) = Algl(-si-)l,m,n + A2€l(i)1,m,n + A3€z(,5731+1,n + A4€l(78721—1,n + A56l(,3731,n+1 + Aﬁgl(,srzm,n—l
+ A7€l(j-)1,m+1,n + A8€l(j—)1,m—1,n + A951(i)1,m+1,n + Alogl(i)l,m—l,n + Allgl(j—)l,m,n—‘rl
+ 4126 et AE ) st T AU it T ALE 1 1
+ Alﬁgl(,sg@—l-l,n—l + A17€l(,sr)n—1,n+1 + AlSEl(,sr)n—l,n—l
where 51(21771, is the error at each grid point (I, m,n), at the sth iteration.

We analyse the behavior of 51(:2%", by assuming it to be of the form:

s : ! : .
(3.10) 5l(73m = 1fa'b™ " sin (]\f)iﬂ) sin (]37:7_711) sin (1\7;7?1) , 1<pgqgr<N

where a and b are constants to be determined and p is the propagating factor for

the Jacobi iteration method which determines the rate of growth of the errors. The

necessary and sufficient condition for the iterative method to be stable is
< 1.

For convenience, let us put
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Now substituting (3.10) in (3.9) we get

(3.11)

pesin(ple) sin(gme) sin(rng)

= Ay[asin(p(l + 1)¢) sin(gme) sin(rng)] + Asla™" sin(p(l — 1)@) sin(gme) sin(rng)]
+ Ay[bsin(pl) sin(g(m + 1)) sin(rng)] + Ay[5~1 sin(pls) sin(g(m — 1)) sin(rne)]
+ As[esin(plg) sin(gme) sin(r(n + 1)¢)] + Ag[c™ sin(plg) sin(gme) sin(r(n — 1)¢)]
+ Arfabsin(p(l + 1)6) sin(g(m + 1)6) sin(rng)]
+ Aslabsin(p(I + 1)) sin(g(m — 1)) sin(rng)]
+ Agla™bsin(p(l — 1)¢) sin(q(m + 1)¢) sin(rne)]

+ Agola™ b sin(p(l — 1)¢) sin(q(m — 1)¢) sin(rng)]

+ Ay [acsin(p(l + 1)¢) sin(gme) sin(r(n + 1)¢)]

+ Aplac™sin(p(l + 1)¢) sin(gme) sin(r(n — 1)¢)

+ Agslatesin(p(l — 1)¢) sin(gme) sin(r(n + 1)¢)

[

[

[ (

[ (
+ Aula™ ¢ sin(p(l — 1)¢) sin(gme) sin(r(n — 1)¢)]

[

[

[

[

]
]
+ Ajs[besin(ple) sin(g(m + 1)) sin(r(n + 1)¢)]
+ Ag[be sin(ple) sin(g(m + 1)¢) sin(r(n — 1)¢)
q(m —1)¢)sin(r(n +1)¢)
+ Ag[b et sin(plo) sin(g(m — 1)¢) sin(r(n — 1)¢)].

( ]
+ Ayz[b esin(ple) sin( ]

Equation (3.11) is difficult to solve, therefore for simplicity, we consider « = f =~ =1
and Az; = Ay,, = Az, = h. Simplifying (3.11), we get

(3.12)
psin(ple) sin(gme) sin(rng)
= <lasin(p(1 + 1)¢) sin(gma) sin(rng) + ™ sin(p(l — 1)) singme) sin(rn)
+ bsin(ple) sin(g(m + 1)) sin(rng) + b~ sin(ple) sin(g(m — 1)) sin(rno)
+ esin(plg) sin(gme) sin(r(n + 1)6) + ¢ sin(ple) sin(gmo) sin(r(n — 1)¢)
(3.13)
pusin(pls) sin(qme) sin(rn)
= < fsin(plg) sin(gmo) sin(rm6){(a + ) cos(pg) + b+ b) cos(ga) + (e + ) cos(ra)}
+ cos(pl) singme) sin(rng){ (a — a~1) sin(pg)}
+ sin(ple) cos(gme) sin(rng){ (b — b~1) sin(q4)}
+ sin(pls) sin(gmo) cos(rma){ (¢ — 1) sin(ré) .
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On comparing the coefficients in (3.13), we get

(3.14a) = é[(a +a ') cos(pp) + (b+b71) cos(qgp) + (c+ 1) cos(re)]
(3.14Db) a—at=b-blt=c—c'=0

On solving (3.14b), we get
(3.15) a=b=c=1

Using (3.15) in (3.14a) and putting back the value ¢ = we get

N+1’

_ _cos(@y) + cos(3hT) + cos(Fi)

3.16
(3.16) !
The necessary and sufficient condition for the iteration method to be stable is given
as
(3.17) p'=max|u| <1
The maximum value of cos(3757), cos(§47), cos(x7y), occur when p =gq =17 =1 or
For p=qg=r =1, we have
T
3.18 t = = — ] <1
(3.8 = maxly = os (7 )

4. APPLICATION TO BI- AND TRI-HARMONIC PROBLEMS

We consider the 3D biharmonic elliptic partial differential equation with a forcing

function of the form

(4.1) V4u(:c, Y, 2) = Upggr + Uyyyy + Uszzz + 2(Ugzyy + Uyyer + Uszee) = f(2,9, 2),
(z,y,2) € Q

The values of u, u,, are prescribed on the boundary x = 0, x = 1, the values of u, u,,
are prescribed on the boundary y = 0, y = 1 and the values of u, u,, are prescribed
on the boundary z = 0, z = 1. As the grid lines are parallel to coordinate axes
and the values of u are exactly known on the boundary, this implies, the successive
tangential partial derivatives of u are known exactly on the boundary. For example,
on the line y = 0, the values of u(x,0), u,,(z,0) and u,,(z,0) are known, i.e., the
values of u,(z,0), uz.(2,0),...etc. are known on the line y = 0. This implies the
values of u(z,0) and V?u(z,0) = uz(x,0) + uyy(z,0) + u,.(x,0) are known on the
line y = 0. Similarly, the values of u and V?u are known on all sides of the cubic
region §2.

Let us denote V2u = v. Then we can rewrite the equation (4.1) in a coupled

manner as

(4.2a) VU = Uy + Uy + Uy = 0(2,y,2),  (2,9,2) € L,
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(4.2b) V20 = Vg + Uy + 02 = f(2,,2), (2,9,2) €,

In this case, the values of v and v are exactly known on the boundary of €.

Applying the methods (2.7) and (2.8) to the system of equations (4.2a)-(4.2b), a
numerical method of order two on the variable mesh for the solution of bi-harmonic

equation (4.1) can be written as

(4.3a) SLy = Vigmn + OéoAZElvaw + BoAynV + YAz, V
+ O(Az} + Ay2, + A22)
= SRy + O(Ax] + Ay2, + Az2),

(4.3b) SLV = SRH; + O(Ax} + AyZ, + Az2).

Yi,m,n 21, m,n

and a numerical method of order three for the equation (4.1) on the variable mesh

may be written as

TLU = ‘/l,m,n + aOA:):lel’m’n + ﬁoAymV + ’}/()AZnV

+ ATV g+ B AYEV g 1AV

+ O‘OﬂOAxlAymvmyl’mw + B0y AymAz,V

+ VoaoAZnﬁl'szxl,mm + O(Ax] + Ay + AZ2)
(4.4a) = TRy + O(Az] + Ay? + A23),

(4.4b) TLV = TRH; + O(Az} + Ay + AZ2).

Yi,m,n 2l,m,n

yzl,m,n

Note that, replacing V' by W, we can write the expression for SRy and T Ry .

Next we consider the tri-harmonic equation with a forcing function of the form

6 _
\% U(ZIZ’, Y, Z) = Ugzzzax + Uyyyyyy + Uzzzzzz + 6uxxyyzz + 3(uxxxxyy
+ Ugzzyyyy + Uyyyyzz + Uyyzzzz + Uzzzzax + uzzxxxx)

(4.5) = fz,y,2), (v,y,2) €Q

For this equation, the boundary values of u, ., U,zze are prescribed on the line
x = 0, x = 1; the boundary values u, w,,, Uy, are prescribed on the line y = 0,
y = 1 and the boundary values of u, u,,, u,,.. are prescribed on the line z = 0, z = 1.
As discussed in bi-harmonic case, the values of u, V2u and V*u are known on all

sides of the cubic region §2.
Let V2u = v and Vv = w. Then, we rewrite the equation (4.5) in a system of
three Poisson equations of the form
(4.6a) VU = Uy + Uy + Uz = v(2,y, 2), (2,y,2) € Q,
(4.6b) V20 = Uy + Uy + 0. = w(z, 9, 2), (7,y,2) € Q,
(4.6¢) V20 = Wyyp + wyy +w., = f(2,y,2), (7,y,2) €
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Applying the methods (2.7) and (2.8) to the system of equations (4.6a)-(4.6c), a
numerical method of order two on the variable mesh for the solution of tri-harmonic

equation (4.5) can be written as

(4.7a) SLy = SRy + O(Ax? + Ay + AZ?),
(4.7b) SLy = SRy + O(Ax] + AyZ, + Az2),
(4.7¢) SLw = SRH; + O(Az} + Ay2 + AZ2).

and a numerical method of order three for the tri-harmonic equation (4.5) on the

variable mesh may be written as

(4.8a) TLy = TRy + O(Az} + Ay + A23),
(4.8b) TLy = TRy + O(Az} + Ay, + A22),
(4.8¢) TLw =TRH; + O(Az} + Ay? + A23).

By the help of boundary values, writing all methods at every interior grid points, one
obtains sparse systems of linear algebraic equations for the solution of multi-harmonic
equations (2.1), (4.1) and (4.5). Direct solution of these linear systems is impractical
because of the large size of the coefficient matrix and enormous storage requirements
even for moderate values of grid size. Classical iterative methods such as Gauss-Seidel
and successive over relaxation are attractive for their low storage requirements as long

as convergence is guaranteed.

5. NUMERICAL ILLUSTRATIONS

In this section, we have solved the equations (2.1), (4.1) and (4.5) subject to
prescribed appropriate boundary conditions, using the methods described in the sec-
tions 2 and 3. The exact solutions are provided in each case. The right-hand side
homogeneous functions and boundary conditions may be obtained using the exact
solution as a test procedure. The linear difference equations have been solved using
Gauss-Seidel iterative methods ([22, 23, 24, 25]). For iteration method, we have cho-
sen zero vector as the initial guess and the iterations were stopped when the error
tolerance < 107'% was achieved. All computations were carried out using double

precision arithmetic. All computations were done using MATLAB codes.

The starting values of first step lengths in z-, y- and z-directions are given by

(5.1a) Ar; = (1—a)/(1 -, a#1,
(5.1b) Ayr=(1-0)/1=p"), B#1,
(5.1c) Azp=(1=7)/1 =", y#1L

Hence, by prescribing the total number of grid points N + 2 in z-direction, N + 2 in

y-direction and N + 2 in z-direction we can compute the value of Az, Ay, and Az
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from (5.1). The remaining mesh is determined by Ax; 11 = aAz;, Aypmi1 = BAY,
and Az, 1 =vAz,; ,m,n=1,2,..., N.

Test Example 1. The equation (2.1) is to be solved with the exact solution u = e™¥=.
The maximum absolute errors are tabulated in Table 1 for various values of o, 3 and 7.
Figures 1 and 2 give the plot of numerical and exact solutions at y = 0.5 respectively
fora=1.04, 8 = .96, v = .98, N = 12.

TABLE 1
Test Example 1
N+1 Viu=f, u=e"?
a=.95 =97, 7v=98 |a=101,3=1.02,y=1.03 | a=1.04, 5 =.96, vy= .98
Second order | Third order | Second order | Third order | Second order | Third order
10 U 6.1332(-6) 1.2422(-6) 9.3213(-6) 1.7945(-6) 7.7204(-6) 7.9728(-7)
u. | 1.4327(-3) | 1.4228(-3) | 1.5889(-3) 1.6224(-3) | 2.5129(-3) | 2.5334(-3)
u, | LA112(-3) | 1.4250(-3) | 1.7662(-3) 1.7971(-3) 1.1788(-3) 1.764(-3)
Uz 1.5653(-3) 1.5927(-3) 1.9570(-3) 1.9856(-3) 1.3317(-3) 1.3644(-3)
15 u 2.9198(-6) 4.7790(-7) 4.8904(-6) 5.4539(-7) 3.9793(-6) 2.9485(-7)
Ug 1.0007(-3) 9.9618(-4) 1.0154(-3) 1.0387(-3) 1.8364(-3) 1.8466(-3)
Uy 7.9825(-4) 7.9782(-4) 1.1840(-3) 1.2049(-3) 7.8816(-4) 7.8310(-4)
Uz 8.6297(-4) 8.7336(-4) 1.3721(-3) 1.3908(-3) 7.4094(-4) 7.4753(-4)
20 u 1.6666(-6) 2.4121(-7) 3.0941(-6) 2.4842(-7) 2.4460(-6) 1.6257(-7)
Ug 7.8279(-4) 7.8030(-4) 7.0527(-4) 7.2188(-4) 1.4466(-3) 1.4519(-3)
Uy 5.6730(-4) 5.6548(-1) 8.6146(-4) 8.7594(-3) 5.9304(-4) 5.8997(-4)
Uy 5.2368(-4) 5.2315(-4) 1.0417(-3) 1.0544(-3) 4.5447(-4) 4.5282(-4)
1.8
»n 1.6
)
2
<
>
< 1.4
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0.5
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Test Example 2. The equation (4.1) is to be solved with the exact solution u =
(1 —cos2mz)(1 — cos 2my)(1 — cos 27z). The maximum absolute errors are tabulated
in Table 2 for various values of «, § and . Figures 3 and 4 give the plot of numerical

and exact solution at y = 0.5 respectively for a = 1.1, =.9, v = .8, N = 16.
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TABLE 2

Test Example 2
N+1 V2u = f, u=(1—cos2rz)(1— cos 2my)(1 — cos 272)
a=289,8=95,7=97 |a=1058=1067=107] a=11,3=.9~v=.8

Second order | Third order | Second order | Third order | Second order | Third order
10 U 6.1917(-2) 4.5236(-3) 5.7852(-2) 3.3405(-3) 8.2898(-2) 1.7442(-2)
Vu 1.6680(00) 2.3426(-1) 1.5500(00) 1.6990(-1) 2.1942(00) 9.7146(-1)
15 U 3.1970(-2) 1.7981(-3) 2.9404(-2) 1.0922(-3) 5.4776(-2) 1.1289(-2)
Viu 8.6924(-1) 1.0354(-1) 8.0377(-1) 5.4840(-2) 1.4676(00) 6.8143(-1)
20 U 2.1347(-2) 1.1084(-3) 1.8540(-2) 5.5491(-4) 4.4913(-2) 9.5090(-3)
Viu 5.8836(-1) 6.7305(-2) 5.1119(-1) 2.7816(-2) 1.2020(00) 6.0176(-1)

Test Example 3. The equation (4.5) is to be solved with the exact solution u =
sin(mz) sin(my) sin(7z). The maximum absolute errors are tabulated in Table 3 for
various values of o, # and . Figures 5 and 6 give the plot of numerical and exact

solution at x = 0.5 respectively for a = 1.1, 6 =.9, v = .8, N = 10.
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TABLE 3
Test Example 2
N+1 Vou = f, u = sin(mwz) sin(ry) sin(7rz)
a=.96,3=.98 v=.99 |a=103, f=1.04,v=1.05 a=11,8=.9v=.38
Second order | Third order | Second order | Third order | Second order | Third order
10 U 2.0845(-3) 3.7073(-5) 2.1301(-3) 4.1255(-5) 3.3559(-3) 1.8839(-4)
V3 4.0989(-2) 9.1941(-4) 4.1822(-2) 1.0492(-3) 6.5602(-2) 5.8500(-3)
vy 6.0430(-1) 2.1839(-2) 6.1531(-1) 2.6151(-2) 9.4352(-1) 2.2403(-1)
15 U 9.9679(-4) 9.1920(-6) 1.0454(-3) 1.3100(-5) 2.3107(-3) 1.1092(-4)
Viu 1.9668(-2) 2.3291(-4) 2.0589(-2) 2.9931(-4) 4.5430(-2) 3.7603(-3)
Viu 2.9107(-1) 5.9208(-3) 3.0454(-1) 7.9429(-3) 6.5397(-1) 1.6000(-1)
20 U 5.9777(-4) 3.5345(-6) 6.4003(-4) 4.8541(-6) 1.9629(-3) 9.0544(-5)
V3 1.1791(-2) 9.2535(-5) 1.2634(-2) 1.3219(-4) 3.8729(-2) 3.1394(-3)
viy 1.7439(-1) 2.4961(-3) 1.8707(-1) 3.6550(-3) 5.5822(-1) 1.4202(-1)
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6. Conclusions

Using 19-grid points and a single computational cell on a variable mesh, we have
derived numerical methods of order two and three for the solution of multi-harmonic
elliptic partial differential equations. We do not need to discretize the boundary con-
ditions and boundary values were exactly used in the difference schemes. Numerical
solutions of Laplacian and bi-Laplacian are obtained as by-product of the methods

discussed in this paper. Further, using same 19-grid points and variable mesh, we have
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also discussed numerical methods of order two and three for the estimates of (Qu/0n).

Numerical results confirm the utility of the proposed methods on the variable mesh.
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