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ABSTRACT. This paper deals dynamical study of Mays Prey-Predator Model in the case of two
preys and two predators. The local stability analysis of the equilibrium points are studied. The
study is further carried out simulating the behavior exhibited by the interaction two preys and two

predators.
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1. INTRODUCTION

The Mathematician of 20th century claim that most of the research activities
in late twenties and twenty first century will be in the field of mathematical biology
and ecology. The volume of knowledge of mathematics in biology and ecology will be
far more than the existing literature in mathematics. The field of bio-mathematical
research is fast growing day by day and its applications and usefulness are related to
the mutual existence of flora and fauna and ecological balance of the nature. Most of
these problems and their mathematical models are described by the interaction be-
tween different species of animals, micro-organisms and plants in various forms. The
prey-predator model in different forms are mostly used models for such ecological
problems. The main objective of these models are to describe the dynamical behav-
ior of interacting populations. The natural balance and their stability are described
by such models.

The population modeling drew the attention of the biologist and ecologist in 20th cen-
tury as human civilization faced the pressure on limited sustenance food and resources
and imbalance in ecological system due to human population growth. According to
Pulley[5] the European biologist Remond Pearl in 1921 started the modeling study
in collaborations with physicist Alfred Lotka (1880-1949). Lotka, fascinated by the
molecular dynamics in certain chemical reaction has already published an article with

the title “analytical note on certain rhythmic relation in organic system”. He made
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and study of the biological system and its dynamics of the species inside it. He
had considered the herbivore feeding on plants as predator and prey and published
a model in 1920. During the same period an Italian Mathematician Vito Volterra
(1860-1940) independently published a model in 1926 considering the population dy-
namics of two species first as prey and second as predator, in order to analyze the
cyclic variations observed in the Shark and Food fish populations in the Adriatic
sea. After 1926, the above model developed independently is recognized among the

researchers as Lotka-Volterra model.

1.1. LOTKA-VOLTERRA MODEL. Let H(t) and P(t) denote the population of
Prey and predator species at time t. In the absence of predators, the prey population

would grow at natural way, that is proportional to the population of the prey, with

dH(t
%:CMH, a; >0

where a; is per capita rate or intrinsic rate of increase.

In the absence of prey, the predator population would decline at a natural way, with
%f) =—-06P, b >0

where b, is death rate.

When both predator and prey are present, the presence of both is beneficial to growth

predator species and decline in the prey species.consequently the consumption of prey

by predators results in an interaction rate of decline —ay HP (a; > 0) in the prey

population H , where a; measures the attack rate of predators on their prey, and an

interaction rate of growth $; H P (/31 > 0) in predator population P, where 5; measure

of conversion efficiency (the rate at which the predator converts prey biomass in to

new predator offspring ).

When we combine the natural and interaction rates a;H and —ay H P for the prey

population H, as well as the natural and interaction rates —b; P and ;HP for the

predator population, we get the predator-prey system

dH

%:H(al—alP), CLl,Oé1>0
(1.1)

dP

o P(=by + i H), b1,5 >0

The equation (1.1) along with initial conditions
(1.2) H(0)=H,, P(0)=F

are known as Lokta-Volterra equations.
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2. MAY’S GENERAL MODEL

In 1971 Robert M May [6] proposed multi species prey-predator model under
Lotka-Volterra assumptions. That is, he made the assumptions of interaction between

preys and predators having no interactions on the same species.
Let H;(t) and P;(t),i =1,2,3,--- ,n be the population of n-prey and n-predator
species (or of host and parasite Species) at time ¢. There is an interaction between

preys and predators only, then the May’s general prey-predator model [6] is given by

2.) = Hi<t>{ai—éaijﬂ<t>},

(2.2) g H(t){—bﬁZ@jHj(t)},

1=1,2,3,--- ,n with a; are natural birth rate for prey, b; are natural death rate for
predator, a;; are attack rate of predator j on prey ¢ and 3;; are conversion efficiency of
predator ¢ into its offspring by attacking prey j. Also all a;, b;, o5, B;; > 0. But there

is a complexity in dynamical study of interactions among multi-species prey-predator.

After May’s model, various researchers [1, 2, 3, 4, 7, 8| studied the dynamical
behavior of prey-predator interactions in various aspects. But we focused on the
interaction of two prey and two predator having no interactions between the same

species.

2.1. MAY’S TWO PREY AND TWO PREDATOR MODEL. When n =1,
the model reduce to Lotka-Volterra prey-predator model. For the case of two prey

and two predator, we use n = 2 then the model equation becomes

(23) Ch — H){a - onPi() — awPi(0)
(2.4) % — Hy(t){as — an Pi(t) — anPy(t))
(2.5) U0 = RO+ BuHa(0) + raHa(r))
(2.6) U2 = PO ba+ B H(0) + B (1))

2.2. EQUILIBRIUM POSITIONS. The equilibrium positions means time inde-
pendent solution, so solutions of the system of equations (2.3) - (2.6) when time deriv-

ative of state variable is set as zero, is called equilibrium positions. Let Hy, Hy, Py, P;
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be the equilibrium position of prey-predator. Then

ﬁl{al — o1 P — 0412152} =
ﬁ2{a2 —an P — 0122152} =
P{—by + BuHi + f12Hs} =
Py{—bo + Bo1 Hy + 2 Hy} =

o o o O

Now above four equations imply

(2.7) H =0 or a;—apP—apP, = 0
(2.8) Hy=0 or ay—anP,—anP, = 0
(2.9) Pi=0 or —by+pBuH +BiHy = 0
(2.10) Po=0 or —by+ By Hi + PosHy = 0

(a)

The first possible equilibrium is
(2.11) LEP = (Hy, Hy, P, P5) = (0,0,0,0)

(b) If H; =0, P, = 0, then from equations (2.8) and (2.10),

_ - b
we obtain P, = E,Hg =2
Qo B2
The second possible equilibrium is
- b
(2.12) 2EP = (Hl,Hg,Pl,P2> - (0,—2,0,2)
B2 Q22
(¢) If Hy =0, P, = 0, then from equations (2.7) and (2.9),
_ - b
we obtain P} = £,Hl =L
11 11
The third possible equilibrium is
T 7B D by (3]
(2.13) 3EP = (Hl,Hg,Pl,P2> = (—,0,—,0)
Bt a1

(d) If H; =0, P, = 0, then from equations (2.8) and (2.9),
- - b
we obtain P, = &,Hg =1

Q21 12
The fourth possible equilibrium is

(2.14) AEP = (ﬁl,ﬁg,ﬁ,g) - (0 by ﬂ,o)

’ 5127 Q21
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(e) If Hy =0, P, = 0, then from equations (2.7) and (2.10),

Yofg, = ﬁ'
12 P

The fifth possible equilibrium is

we obtain P, =

. b
(2.15) SEP = (Hl,HQ,Pl,PQ) - (—2 0,0 ﬂ)
(f) Now from equations (2.7) and (2.8)

an P +apP—a; = 0
P+ anPy—ay; = 0

Using by cross-multiplication method.
A B 1

1022 — Q20¢12 Qo011 — A10e91 Q11092 — (ig1 (V12

These results,

5 _  G1Qo2 — Q2002 P, — Ao11 — 10021
1 — ) 2 —
Q1109 — (ka1 (X2 Q1109 — (ka1 (X712

Also from equations (2.9) and (2.10)

BiHy + BioHy — by = 0
Bor Hy + BagHy — by = 0

using cross-multiplication method
H, _ H, _ 1
biB2a — bafia  bafin — b1 Bi1faz — P12

these results,

H _ 61522 - b2ﬁ12 Hz _ 62611 - b1ﬁ21
' 511622 - 621612’ 611522 - 621512

Thus the sixth possible equilibrium is

b1Ba2 — baSha
H, 511822 — Ba1 Sz

2 ll_bl 21

(2.16) 6EP = | * | = | Prufa2 — Barfro
P a1Qp2 — 42012
P, Q1G9 — Q1002

Ao — Q1021

Q11022 — (112

which is only a non zero equilibrium position.

439
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Let us introduce the new six parameters Ay, As, A3, By, By and Bs defined by

a1 a2
A = —-—2
12 92
a2 ai
A = 2 ——
Q21 a1
As = oo — ajpom
by by
Bl = S5 T 5
Bi2 Baz
by by
By = - — -,
Ba1 B

B3 = ﬁ11522_512521

to reduce the non-zero equilibrium position into simplified form.

Then equation (2.16) becomes

b b
Bi2522 (—1 - =
i, = Bi2 Baz — B1of3 B,
1= = P12P2 75~
B11522 — Bi2b21 B3
b b
B11B21 (—2 -
H, — Ba1 B — B f3 By
2 = = P11P21 5~
B11522 — P12 B3
(o)
19QY _
5 12 (03P Q29 Ay
P = = Q1202 ——
Q11022 — (V120021 A3
a9 ay
11 _
5 HE Q21 aqq Ay
P, = = 011001 ——
Q11022 — (12021 A3
Therefore
gl 512522%
H By
(2.17) CEP — 72 _ BllﬁQlig
Pil Q12022 %
P, 04110621%

We assume that each of A;, As, A3, By, By, B3 is either positive or negative so that
there are apparently 64 cases. We now further illustrate the above cases under the
following conditions:

Condition 1:

If A >0, Ay > 0 then

a a9 a9 ay
—~ _2>0 —=Z-—>0

5P (85 Q21 aqq
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which imply

a1 Q12 ] Q11
—_ > , — <
a2 (65)) a2 Qo1

The above two inequalities become

11 a 12
> R
Q21 a2 (6D))]

which results,
10y — Qg0 > 0
It means

A3 >0

441

This implies that we can neglect the case for (A;, Ay, A3) having sign pattern (4, +, —).

Condition 2:

If A <0, Ay <0
3] a2 a2 ]
— - 2<0, —--—2<0
12 (65)) Qo1 11
ai Q9 ai aqq
)
a2 (65)) a2 Qa1

The above two inequalities become

11 a 12
< R

Q91 a2 (65))]

which results,

10y — g < 0

It means

Ag <0
This implies that we can neglect the case for (A, Ay, A3) having sign pattern (—, —, +).
Condition 3:
If By >0, By >0

b b b b

_1 — _2 > 07 _2 — _1 > (0

Pz B2 Ba1 Pu

b
b Pu P
b2 522 62 521

The above two inequality become

/811 bl BIQ
s - > &
621 b2 ﬁ22
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which results,

Br1f22 — Br2f21 > 0

It means
B3 >0

This implies that we can neglect the case for (By, By, Bs) having sign pattern (+, +, —).

Condition 4:

If  Bi<0,  By<0
by by by b
Lo 20 2ot <o
B12 ﬁ22 ﬁ21 511

b b

b _ P b

by D by Bxn
The above two inequalities become

511 bl 612
ML g
521 b2 ﬁ22

which results,

B11B22 — Prafar < 0
It means

B3 <0

This implies that we can neglect the case for (By, By, Bs) having sign pattern (+, +, —).

The above four conditions shows that if A;, Ay are positive then Az must be positive.
Also, if Ay, Ay are negative then A3 must be negative. This implies (A, Ag, A3) can
not have the signs
++-) (-4
Therefore (A;, Ay, A3) can have the signs
+++), =—--) =+, +--) (++), (+-)

Similarly if By, B, are positive then Bs must be positive. Also if By, By are negative

then B3 must be negative.This implies (By, By, Bs) can not have the signs
(+>+a_)7 (_a_7+)
Therefore (By, By, Bs) can have the signs

(+7+7+)’ (_7_7_)7 (+’_7+)7 (+7_7_)7 (_7+7+)7 (_7+7_)

Thus instead of 64 cases there are only 36 cases of signs of (A;, Az, A3)and(By, By, Bs).
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2.3. STABILITY ANALYSIS OF EQUILIBRIUM POSITIONS. The coef-
ficient matrix of prey-predator model equations (2.3) — (2.6) is

C 0 —ap Hy —aHy
0 D —OZ21HQ —CYQQHQ

A=
PPy pr2Py E 0
PnPa Pl 0 F
where
C = a1 —anbP —aph
D = ay—anbP —anh
E = —by+ BuH: + Bi2H,

F = —by+ BorHi + BaHo

The characteristic equation coefficients matrix A is |A — AI| = 0 where [ is a 4 x 4
identity matrix and X is the eigenvalues of coefficient matrix A. The determinants
|A — M| is the Jacobian of Hy, Hy, P;, P, which we denote by J(H,, Ha, Py, P,).
That is

C 0 —anH, —apH,
0 D —anH, —axnH,

(2.18)  J(Hi, Hy, Py, Py) = 6P BuB B > =0
Bor1 Py oo Py 0 F
where
C = a1—0411p1—a12pz—>\
D = ay— a9y P, — anPy— )\
E = —bi+ BiiHi + Bi2Hy — A
F = —by+ fBnHi+ faaHy — A

Now we analyze the different equilibrium positions.
Case 1:
For the first equilibrium position 1EP = (ﬁl, H,, P, 152) = (O, 0,0, 0)

a; — A 0 0 0
0 - A 0 0
7(0,0,0,0) = 2 —0
0 0 —b; — A\ 0
0 0 0 —by — A
(2.19) (a1 — A)(az = A)(=b1 = A)(=b2 = A) = 0
This equation gives \; = ai, Ao = a2, A3 = —by, \y = —by which are real and distinct.

Therefore the equilibrium position 1EP = (O, 0,0, O) is always unstable.
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Case 2: ,
For the second equilibrium position 2EP = (Hl, H,, P, P2) = <O, 5—2, 0 @2 )
22

C g
Here,
J(O’bi’ojﬂ) = 0
522 (6 D))

This implies

a; — 0612;—222 - A 0 0 0
0 ag — az — A _a21% —0422% — 0
0 0 —b1 + Brags — A 0
Bo1 o= Pz o= 0 —by + by — A
apAr—A 0 0 0
0 —A —0421% —0422% — 0
0 0 —61231 - A 0
o o e s 0 -

On expanding we get
(2.20) (0512141 — /\) (51231 + )\)()\2 + &ng) =0

which yields

A= opA1, A= =281, A3 = Vaghy i, Ay = —/agby i

If Ay <0, By > 0 then A{, Ay are negative real roots and A3 and A\, are imaginary.

. b
Therefore the second equilibrium position 2EP = (H 1, Ho, Py, P2> = (0, 5_27 0, 2)
22 Q22

(i) is neutral if A; <0, B; > 0.

(ii) otherwise it is unstable.

Case 3: )
For the third equilibrium position 3EP = (Hl, H,, Py, pg) = (ﬁ—l, 0, ﬂ, O)
1

11 Qg
b1 ay )
J|—-—,0,—,0 =0
(511 11

—A 0 —a11% —04125%

0 ag — @21;—111 - A 0 0 — 0
Pt Pragt —b1 +0;1 — A 0

0 0 0 —by — 5215)—111 -

(221) (—52132 — )\)(0621142 — )\)()\2 + albl) =0
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On solving

AL = 0421142, Ao = —512327 /\3 =V arby (8 A = -V aby 1

If Ay <0, By > 0 then Aj, Ay are negative real roots and A3 and )\, are imaginary.
- b
Therefore the equilibrium position 3SEP = (Hl, Hy, Py, P2> = (6—1, 0, £, 0)
11 a1

(1) is neutral if Ay <0, By > 0.

(ii) otherwise it is unstable.

Case 4: ;
For the fourth equilibrium position 4EP = ([171, H,, P, PQ) = (0, ﬁ—l, @2 ,0)
12 G21
Here,
b1 a9 )
J10,—,—,0 0
< 512 o1
a; — 04115_221 - A 0 0 0
0 ag —az — A —0421% —0622%
1y Pragz —b1 +0b;p — A 0
0 0 0 —by + Paa g — A
(222) (OéllAQ + )\) (ngBl — )\)()\2 + agbl)
On solving

M = —o1As, Ao = [2B1, A3 = Vab i, Ay = —+/agb i

If A, > 0, B; <0 then A{, Ay are negative real roots and A3 and )\, are imaginary.
- b
Therefore the equilibrium position 4EP = <H1, f,, P, Pz) - (0, oL@ 0)
Bi2 o
(i) is neutral if A, >0, B; <0.

(i) otherwise it is unstable.

Case 5:

- = = b
For the fifth equilibrium position 5EP = (Hl,Hg,Pl,Pg) = < 20,0 ﬁ)

5217 o (65P)
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Here,
b
J< 20,0, al) S
Ba1 12
a; —a; — A 0 —au% —0412%
0 ap — <24 0 0
N B11b2 =0
0 0 —by + o A 0
2107—112 225—112 0 —by + b2 — A
(2.23) (2241 + N) (BB — A) (XN + aiby) = 0
On solving,

~.

A= —ageAy, A= 511327 Az = vV arby i, Ay = -V a1by

If Ay >0, By <0 then Aj, \y are negative real roots and A3 and A\, are imaginary.

. b
Therefore the equilibrium position 5EP = <H1, H,, Py, P2> = (—2, 0,0, £)
Ba1 a2
(i) is neutral if Ay >0, By < 0.
(ii) otherwise it is unstable.
Case 6:
For the sixth equilibrium position
H, 512522%
H By
6EP = | 2] = 51152153 ’
Ji1 04120622,4—;
Py 04110421%
In this case,
- 0 —0411]']1 —0[12H1
o 0 ~\ —apHy —agnH
J(H17H27P17P2): = = an @2 = 0
Bubr BrbPr = 0
Ba1 Py PP 0 -\

On expanding we get

—)\[—AS - 0422[172522152)\ - 0421[172512151] -
allﬁl[—a22ﬁ2511131522p2 + Oé22ﬁ2512f31521f_’2 — 511151)\2] +
CY12H1 [521]52)\2 - a21ﬁ2511]51522]52 + 04211[]2512}51521}52] = 0
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M+ N PiBiHi + a1aPofor Hi + o1 P BraHy + aa Py o Hy)  +
04111510422]525111171522}72 - 04111510422]525211[71512}72 -
0412]52(1211515111[]1522}]2 + 04211510612]525211171512[172 =0

A+ )\2(06111515111:71 + a2 PafBor Hy + oy P B12Ha + 0422152522]‘72) +
(ﬁnﬁlﬁmﬁz - ﬁ21ﬁlﬁ12ﬁ2>(allpla22p2 - 0612]520421151) =0

H, 512522%
i By
Substituting | _° | = P Ps | in above equation, we get
1?1 12022 %
Py 06110421%
A B A B
PSS )\2(0411(1120622A—1511512522§1 + Q112091 A—2521512522§1 +
3 3 3 3
A B A B
(11 Q1 (o0 == P11 B Bar — + 011204210422—1511512521—2) + (B11f2e —
Az B As By

B B A A
512&21)512522 E;ﬁnﬁmgz(auom - 04120621)04120422A—;Oé110421A—z

I
o

A3B3\* + )\2(CV1104126¥22511512522A131 + ar1a120001 B12/821 fa2 Ao By
061104216@251152152214232 + a12a21a22511512ﬁ2114132)
(2-24) 0411061204210422511512@1522141AQB1Bz = 0

If Ay >0,4A4, >0 = A3 >0andif B; > 0,By, >0 = B3 > 0. In this case all

the coefficient of polynomial equation (2.24) are positive and bi-quadratic form. So

_I_
_|_

all the roots are complex conjugate.Thus equilibrium position

7 B

H, 5125223—;

Hz 511521&

6FEP = _ = ﬁ‘i
P &120422A—3

> A
P, 04110421A—§

(i) is neutral if A3 >0,B3 >0or A3 <0,B3<0 .
(ii) is unstable if A3 >0, B3 < 0 or A3 <0, Bs > 0.

The above discussion is summarized as the Table 1. The numbers 1 to 6 in the table
corresponds the equilibrium positions 1EP to 6P respectively, where red colored
number denotes the neutral equilibrium position and other denote the unstable equi-
librium positions.

At the intersection of rows and columns, there appears only one neutral equilibrium
except at the intersection of the row-columns positions (1,6) and (6,1). At that po-
sitions there appears two neutral equilibriums.

Thus, out of 36 cases, as presented in Table 1, we observe the following facts.
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TABLE 1. Stability analysis with sign of Ay, Ay, A3, By, By and Bs.
By, By, By
Ay, Ag, As |+, 4, + +,—,+ —+,+ +,— = —+,— - ==
+,4+,+ | 1,2,3456 123456 123,456 123456 123456 1,2,3,4,5,6
+,—+ 123456 123456 12,3456 123456 12,3456 1,2,3,4,5,6
— 4+ 1,234,506 1,23456 123456 1,23456 1,23456 1,23,4,56
+,—— (123456 123456 123456 123456 123456 1234506
—+,— | 1,2345,6 1,23456 123456 1,23456 1,23456 1,23,4,5,6
- —,— |11,2,3456 123456 12,3456 1,23456 123456 1,234,56

(i) Equilibrium positions 2EP,3EP,4EP and 5EP, are in neutral equilibrium in
nine cases.
(ii) Equilibrium position 6 E'P is in neutral equilibrium in two cases.
(iii) There are two cases in which two equilibrium positions 2EP,3EP or 4EP,5EP

can be in neutral equilibrium at the same time.

The facts observed then follows that there are 34 outcome cases which are inde-
pendent of initial conditions and can be predicted only if the signs of (Al, Ag, Ag),
(Bl, By, Bg) are known. In two cases the outcome dependents on initial conditions

besides sign of (Al, A, Ag),(Bl, B, Bg). That is,

(a) Independent on initial condition

Condition 1:

(+, +, —i—),(—i—, +, +) or (—, -, —),(—, -, —) implies that all four species Hy, Hy, Py, P»
will survive and there will be conservative oscillation about the non zero equi-
librium point.

Condition 2:

(+, -, +),(+, -, +) implies that the second prey species Hy and first predator
specie P; will be die out. Thus the first prey species H; and the second predator

specie P, will be survive. There will be conservative oscillations about the prey

- b — a
population H; = 2 and predator populations P, = —L  Similar behavior will

12 a2
be true for other 31 cases.
(b) Dependent on initial condition
Condition 3:
(—i—,—l—,—l—),(—, -, —) implies that either Hs, P; will die out and there will be
- — a
conservative oscillation about H; = —2, b, = — or H,, P, will die out and
21 a2
b1 — aq

there will be conservative oscillation about Hy = —, P, = —.
P2 Q21
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Condition 4:

(—, -, —),(+,+,—|—) implies that either Hy, P, will die out and there will be
_ by
conservative oscillation about Hy = —2, P, = a2 or Hy, P, will die out and
22 5Y)
- a
there will be conservative oscillation about H; = —1, P = .
B a1

3. NUMERICAL RESULTS AND DISCUSSIONS

The model is analyzed numerically and graphically using Runge-Kutta fourth

order method based on the parameter value from literatures published by researchers

[6, 9]. The numerical and graphical results help to understand the qualitative behavior

of each compartment of preys and predators. The conditions 1 and 3 described above

are numerically and graphically presented below.

(a) Independent on initial condition:

Condition 1:
a1 =ay =3, ;1 = = 2, a1 = g = 1

by =4,by =2,611 =3,B12=Po1 = Pr=1

Also,
3 3
A= 22 2 1559
Q12 %)) ;) %
Ay =22 2 2455
Q91 a1 1 2
A = aq1iog — Qaie; = 2%x2—1%x1=3>0
by 4 2
B=——-—"2=-_-2-292>0
R
32:—2——12———:—>O
Bor P 1 3 3

B3 = 311022 — P21 =31 —-1x1=2>0

Here the sign of (A, Az, A3) are (+, +,+) and Sign of (By, By, Bs) are (+, +, +).
The non zero equilibrium points are:

Hl:@mﬂmg—;:l*l*g:

H2:511521%:1*3*—§*%:1

Py = o3 gy %

PQZQ{llanﬁ_i:Q*l*é*—:l

Hence the nonzero equilibrium points (Hy, Ha, P1, Py) = (1,1,1,1) exists and

neutral. Now the characteristic equation is

—A 0 —Oénﬁl —04121171

0 X —apHy —axnH,
BuPy PraPy —A 0
BorPy Py 0 —A
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-2 0 -2 -1
0 - -1 =2
3 1 —-X 0
1 0 =X

ME1002+6=0
—10 4 /100 — 24
2\ = 0 200 = -5+19

Case 1:

If we take initial condition of preys and predators as follows
H,(0) = 1.25, Hy(0) = .75, P1(0) = 1.25, P,(0) = .75

Then the graphical results obtained are shown in Figures 1 to 3.

— H,®
— Hy®

Time (0

FIGURE 1. Conservation oscillations of Hi(t), Hs(t), Pi(t) and Py(t)
about the equilibrium position (1, 1,1, 1).

1.5

1.4 -

1.2 B

1.1 —

0.9 B

0.8 b

o7} L},

FIGURE 2. Projection of the trajectory on the P; P,—plane.
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0.6 -

0.4

FIGURE 3. Projection of the trajectory on the H; Hy—plane.

Case 2:

If we change initial condition of preys and predators as follows.

Then the graphical results obtained are shown in Figures 4 to 6.

Time (7)

FIGURE 4. Conservation oscillations of H;(t), Hs(t), Pi(t) and Py(t)
about the equilibrium position (1,1,1,1).

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
PL®

FIGURE 5. Projection of the trajectory on the P, P,—plane.
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1.8

T
!

1.6 b

1.4

H(

0.6

T
!

0.4 . : :
0.4 0.6 0.8 1

1.2 1.4 1.6 1.8 2
H ()

FIGURE 6. Projection of the trajectory on the H; Hy—plane.

From graphical representations of Case 1 and Case 2 of condition 1, we ob-
serve the same behavior of population dynamics. So this condition is clearly
independent of initial populations of preys and predators. That is, for any ini-
tial data value, all four species will survive and will oscillates about the nonzero
equilibrium point.

Dependent on initial condition:

Condition 3:

ap=ay =1, a1 = a9y =1, a9 = gy = 0.5

b1 =2,00=2,81=1,012= P21 =2, =1

Also,
ap ag 1 1
A= -2 - 150
! 19 99 015 %
a9 aq
Ap="2 L o — _Z o150
2 921 11 0.5 1
Ag = 199 — Qipaie; = 1% 1 —0.5%x0.5=0.75< 0
b b 2 2
gt bk _2 2
e
By=—2>—-L=2_2—-_1<0
BQI ﬁll 2 1

B3 = B11P22 — P12f21 = 1
This implies (Al, As, A3) having sign pattern (+, 4+, +) and (Bl, B, Bg) having
sign pattern (—, —, —).

The nonzero equilibrium position (6EP) is

_ B, 1 2
H, = 91— =12
1 512 522 Bs * 1ok 3 3
_ B, -1 2
H, = 22 494 %
2 511 521 Bs * 4ok 3 3
P 05l 2
= 09— = 0. — ==
TR 0.75 3
_ 1 2
Py = 2 1405 — =
P X

Hence, the nonzero equilibrium position 6 P = (%, %, %, %) exists and unstable
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but the equilibrium positions 4EP = (0,1,2,0) and 5EP = (1,0,0,2) exits and
neutral. Since Ay >0, By <0and A; >0, By <0.

Here sign of Ay, Ay, A3 and B, B,, Bsare (+, —|—,+),(—, -, —). Thus out come
is dependent on initial condition which implies that either H,, P; will die out
- _ a
and there will be conservative oscillation about H; = —2, P, = L or H 1, P
21 a2
- a

will die out and there will be conservative oscillation about Hy = L P = L.

12 Qo1
Case 1:

If we take initial condition of preys and predators as follows.
H,(0) = 1.25, Hy(0) = .75, P,(0) = 1.25, P5(0) = .75

Then the graphical results obtained are shown in Figures 7 to 9

— H,
3.5 Hz(t) 1
3t —P,® 1
2.5} — P 1

-

HY, Hf, PO, Py
N

T

() 5 10 15 20
Time ( ?)

N ANANNANAN
NN~

FIGURE 7. Conservation oscillations of H;(t) about the equilibrium
point H; = 1 and P,(t) about the equilibrium point P, = 2. But Hy(t)
and Py (t) die out.

3.5 b
3 - <
2.5 b
-
a2
1.5 b
1 = -
0.5 b
0 . . . . . .
0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
H, ()

F1GURE 8. Projection of the trajectory on the H;P,—plane.
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1.5

P

0.5 b

0] 0.2 0.4 0.6 0.8 1
H,(t)

FIGURE 9. Projection of the trajectory on the Hy P, —plane.

Case 2:

If we change initial condition of preys and predators as follows.
H1(0) = 0.5, Hy(0) = 1.25, P;(0) = 0.5, P»(0) = 1.25

The graphical result shown in Figures 10 to 12.

3—— —— H,®

B BOAA
P,
%\/ =~

00 5 10 15 20
Time ( ?)

Ht, Hf), PO, PY

FIGURE 10. Conservation oscillations of Hy(t) about the equilibrium
point Hy = 1 and P;(t) about the equilibrium point P, = 2. But H;(t)
and P»(t) die out.

From graphical representations of Case 1 and Case 2 of condition 3, we observe the
different behavior of population dynamics. So this condition is dependent of initial

populations of preys and predators.
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1.4

1.2 b

P

0.3 0.4
H,(t)

(o] 0.1 0.2 0.7

FIGURE 11. Projection of the trajectory on the H; P,—plane.

=
o 151
1 - =
0.5+ C — g
) . A . A . .
0.7 0.8 0.9 1.1 1.2 1.3 1.4
H,(®)

F1GURE 12. Projection of the trajectory on the H,P;—plane.
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