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1. INTRODUCTION

Let F,,, U, and T, be the nth Fibonacci number, Chebyshev polynomials of the first
kind and the second kind, respectively. Foata [12] used combinatorial techniques to
give generating functions of squared Fibonacci numbers Z;io F jQZj , and products of
Chebyshev polynomials of first and second kinds. Foata also obtained the following
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series
o0 o0 o0
i NI i ] TT. -0
E U; P27, g T;F;27, E T;U;27.
=0 =0 =0

Lascaux [14] later found an identity of Ramanujan by means of the divided differences.

Boussayoud, Kerada and Abderrezzak [11] have recovered the generating functions

o0 o0 o0
E Fj27, E 1527, E U;27,
Jj=0 j=0 j=0

by using the definition of a symmetric operator L* Since then, more generating

eiez”

functions had been rediscovered [8, 10],

(o] o0 o0 o0 o0 o0 (o]

o o o 2.7 ) i NI NI
E F;27, E T2, E U;2, E Fiz g U;F;27, E T;F;z27, E T;U; 7.
=0 =0 =0 =0 =0 =0 =0

In this paper, we shall combine all these results in a unified way. All the results

can be treated as special cases of the following theorem.

Theorem 1. Given an alphabet set A = {ay,as, ...}, we have

> S (AL, (D)2 =

Sh S Si(—A)el L., (&) = ekebet T2 Sy (AL, (1)
(520 S5 (=A)ed =) (520 Si(—A)ehe )

Theorem 1 generalizes several results published in [4, 5, 6, 7, 8, 9, 10, 11, 12]. In
addition, we also find the generating function of the Stirling numbers of the second
kind based on [2].

(1)

2. PRELIMINARIES

In the paper we need a lot of known results, quoted here for convenience to the reader.

Dfinition 2 ([1]). Given two sets of indeterminate A and B (called alphabets), we
define S;(A — B) as follows:

[ ~ 5 g

with S;(A— B) =0 for j <O0.

j=0
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All the alphabets considered in this article are finite.

Remarque 3. By taking A =0 in (2.1), we obtain
oo
[T =20 => s;(-
beB §=0

Proposition 4 ([2]). Considering successively the case of A = ® or B = ®, we can

derive the following factorization

ZS (A= B)z Zs jisj(—
j=0
Thus,

- B) = zn:Sn—k(A)Sk(—B)-
k=0

The summation is in fact limited to a finite number of nonzero terms. In particular,

we have

[[@—b) = Su(z = B) = So(~B)a" + S1(=B)a" ' + Sy(~B)a" > + -+ + Sn(~B),

beB

where S;(—B) are the coefficients of polynomials S, (z — B) for 0 < j < n. We note
that S;(—B) =0 for j > n.
Thus, the special case of B = {1,1,1,...,1} gives the two binomial coefficients

Si(=n) = (=1) (’;) and S, (n) = (”+j - 1).

Dfinition 5 ([16]). Given a function g on R", the divided difference operator is
defined as follows:

9(551, s Xgy L, an) - g(x1, o Ui—1, Li41,Th, Tig2 SUn)
Ti — Ti41

8riri+1 (g) =

Dfinition 6 ([8]). Given a function g(ey,e2), the symmetrizing operator L . is
defined by
ef g(er,e2) — ef g(ea, e1)

er— ez '

Lk g(er,e2) =

Proposition 7 ([11, Proposition 14.1]). Given an alphabet E = {ey, e}, the oper-

ator nglez satisfies the following formula

L’;ezf(el) = Sk_1(e1 +ea)f(er) + eé@elezf(el)7 for all k € N.
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3. THE PROOF OF THEOREM 1

In this section, we present a proof of Theorem 1.

Proof of Theorem 1. Let

1
M M=oy
On one hand, since
fler) =Y Si(A)eis’,
j=0

we have that

nglez el@ (ZS )e zj>

e1 Zj o 5;(A )€1ZJ_62 Z] 0 (A2)€22']

€1 — €2

Jtk J+k
e —e ;
i(A) 1 2 ]
=0 €1 — €2

which is the left hand side of (1).
On the other hand, since

I
()¢
N

520 Sj(—A)et
we have that
1 1 1
ae e € = ' .
el =0 (z;’io SAda Y, Sj<—A>e;zJ>

3 5(—A) 2 o

(520 Si(=A)el=r ) (2520 Si(—A)ed=?)

- 2520 Si(=A)Sj1(e1 + e)7!
(520 S (= A)ed =) (50 Si(—A)ehe )

By Proposition 7, it follows that

Lk . fler) =Sk_1(e1 +e2)f(e1) + €h Oe e, fle1)
S—1(e1 + e2) dore0 Si(—=A)Sj—1(er +e2)z?

S0 S AT (S5, 85~ A)el ) (T30 S5(~A)efd )
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52520 5i(—A) (el Siien +e2) — €S, 1(er +e2))
(S50 Si(-A)el=d) (S Si(-A)ed=r)

Hence, we have that

52020 S5(=A) (edSkoaler + e2) = ebSjaer + e2)) 29
(520 Si(-A)el27) (320 Si(—A)ef =)
5251 53 (—A) (ASk-1(er + e2) — ehSjo(er + e2))
(z Si(=A)el27 ) (2520 Si(—A)ehs)
S0 Si(—Ael L, (L) # = ekebF X S (AL (1)
(520 8i(—A)el=) (zj 0 Si(=A)eha )

which is the right hand side of (1). This completes the proof. O

L];:legf(el) =

)

4. APPLICATIONS TO THE GENERATING FUNCTIONS

In this section, we attempt to give results for some well-known generating functions. In
fact, we will use Theorem 1 to derive Fibonacci numbers and Chebychev polynomials
of second kind. Moreover, the generating functions for some special cases of Fibonacci

numbers and Chebychev polynomials are given.
4.1. THE CASE A = {a1}

If k=1 and A = {a;}, the next result gives a generating function [7, 11].
Corollaire 8. Given two alphabets E = {e1,ea} and A = {a1}, we have

1
(1 —are12)(1 — ajeaz)’

Zale e1 +eg)2’

7=0

3)

If Kk =2 and A = {a1}, the next result gives a generating function for Lucas

numbers.
Corollaire 9. Given two alphabets E = {ey,es} and A = {a1}, we have

e1 + ey —ejesarz

oo
1S I = .
Jzz:oa jrilertez)z (I —are1z)(1 —arezz)
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If ay = 1, replacing es by (—e2) in (3) and (4), we obtain

ZS er+ [—ea])?/ (1 — 2’61)1(1 + ze3)’ 5)

e1 — ey +e1e9z2
(1—2zey) (1 + zez)

6162:1,
61—6221,

and substituting in (5) and (6), we end up with

ZSJ+1 1+ [—es))2’ =
7=0

Choosing e; and es such that

> : 1

D Siler+ el = 7= )
7=0

- ; 1+=2
> Spmler + [mea) = g ®)

Il
o

J

which were given by Boussayoud et al. [7, 8, 11].
Remarque 10. For all j € N,
Sjvi(er + [—e2]) = Sjer + [—ea]) + Sj-1(e1 + [—e2])).

Multiplying the equation (7) by 3 and subtracting it from (8), we obtain

Z i(e1 + [—ea]) — Sjy1(er + [—ea])) 27 = 2;22’

1—2z—2
7=0
which represents a generating function for Lucas numbers such that
Lj =35j(e1 + [—e2]) — Sjza(er + [—e2]).

On the other hand, when replacing e; and ey by 2e; and (—2es) respectively in

(5) and (6), and under the condition 4ejes = —1, we obtain, for y = e; — eq, that
is (261 4 [~2e5))2d = — L ©)
J 1 —2yz + 22’
7=0
i S'+1(261 + [ 262])ZJ L (10)
L") 1—2yz + 22’

I
o

j
where (9) represents a generating function for Chebychev polynomials of the second

kind [7, 8, 11], and (10) represents a new generating function.
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Remarque 11. For all j € N:
Sj+1(2€1 + [—262]) = Zij (261 + [—262]) — Sj_1(2€1 + [262]).

Moreover, we deduce from (9) that

o0

Z (261 + [~2e2]) — yS;_1(2e1 + [—2e2])) 27 =
7=0

1—-yz
1—2yz + 22’

which represents a generating function for Chebychev polynomials of the first kind
[7, 8, 11], such that

Ti(y) = S;(2e1 + [—2e2]) — ySj-1(2e1 + [—2e2)).
4.2. THE CASE E = {ej,e2},A = {a1,a2}

If k=1 and A = {a1, a2}, the next result gives a generating function [8, 10, 11, 12].
Corollaire 12 ([10, Theorem 4]).  Given two alphabets E = {ej,ea} and A =
{a1, a2}, then

> . 1 — aiazeie92?
Sj(A)Sj(e1 + e2)2’ = =

=0 (Z;io Sj(—A)e{zj) (Ziio Sj(—A)eJQ’Zj)'

If k =2 and A = {a1,a2}, the next result gives a new generating function for

(11)

Stirling numbers of the second kind.

Corollaire 13. Given two alphabets E = {e1,e2} and A = {a1, a2}, we have

oo

Z Siti(er +e2)z I = @1t er —erealas ¥ ay)z
alaQ J

=0 (E;io Sj(—A)elzI ) (Z;?‘;O sj(_A)egzj) '

Case 1: Substituting e; = a; = 1, e = 2 and as = y in (11), we obtain the

(12)

following identity of Ramanujan [7, 9, 14]:

1—zyz?

ZS (1+x)S 1+y)zj:(1fz)(17zx)(1*2’y)(1*293y).

Case 2: Replacing e; by (—e2) and ag by (—az) in (12) yields

> Sjar+ [—az))S;(er + [—ez)2’
7=0

_ 1 — ejesaqa92? (13)
(I —arer2) (1 +age12) (1 +areaz) (1 — agesz)’
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This case consists of three related parts.
Firstly, the substitutions of

ap —az =1, and er —ex =1,
ayas =1, eres =1,
in (13) give

S 8(ar + [~as]) S er + [—eal)s? =————"

‘ 1—2—422 — 23 24
Jj=0
o0
5
:E F727,
=0

which represents a generating function for squared Fibonacci numbers [7, 10, 12], such
that

F? = Sj(a1 + [—a2])S;(e1 + [—e2)).

Secondly, making the substitution of

61—62:1,
eres =1,

4 a1 ag = 71,
in (13) and setting for ease on notations & = a; — as, we reach

1+ 22
3 —4x2)22 + 2223 + 2%’

F;Uj(2)2 =

which corresponds to a generating function for the product of Fibonacci numbers and
Chebychev polynomials of the second kind [7, 10].

Thirdly, recall that for y = e; — ey, the substitution of
depeg = —1,
dayas =—1,
in (13) results in

1—22
a2 + 4y? — 2)22 — dyx2d + 24’

jZ::OUj(y)Uj(x)zj = T her T

which represents a generating function for Chebychev polynomials of the second kind
[7, 9, 10].
According to formulas (9) and (11), and based on the fact that

(2a1)” — (—2az)’
2@1 + 2@2

Sj_1(2a1 =+ [—2&2]) =
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we have

o
, 1—2yxz + (222 —1)22
U:(\T: ()27 —
Z i )T ()2 1 —dyzz + (422 + 4y? — 2)22 — dyaz3 + 247

which represents a generating function for the combined Chebychev polynomials of
the second and first kinds.

Finally, we have

= : 1—3yxz + (222 +2y? — 1)22 — ya2?
ST () Ty(a)ed = o PR RE AR e S
— —dyzz + (422 + 4y? — 2)22 — dyxz3 + 2

<

that corresponds to a generating function for Chebychev polynomials of the first kind
7, 9, 10).
Case 3: The Stirling numbers of the second kind S(j, k) are defined by generating

function
> . 1
. j—k _
;S(]’k)z 1—2)1—22)-(1—kz)

These numbers can be interpreted as the numbers of & partitions of a set of j elements.
The Stirling numbers of the second kind S(j, k) can be expressed as

1 k .
0.1 = 35 30 ()t o
T s=0
Abderrezzak [1] showed that
S(j+k, k)= 5;(Ny),

with N = {1,2,...,k}. Thus,

S(j+2,2) =8;(1+2) =2/ Tt 1.

If ay = e; = 1 and ag = ez = 2 in formulas (11) and (12), then new generating
functions are derived,

1+22
(1—2)(1—-22)(1 —4z)’

S+ 1,1) + iS(j +2,2)%0 =
3
(1—2)(1—-22)(1 —4z)’

oo
SGHLY)+Y S(G+2,2) (2 1) =
j=1
1 — 84z + 43222 — 6722% — 51224
(1—2)(1—22)3(1 —42)3(1 —8z2)°

SGHL)+Y S +2,2)°% =

Jj=1
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4.3. THE CASE A = {(11, az, a3}

Corollaire 14. Given two alphabets E = {e1,ea} and A = {ay,a2,a3}, we have

> Si(ALE (1))

=0

<

1 —erez (araz + aras + azas) 2* + eezarazas (e + €2) 2°
(520 S5(=A)ed =) (520 Si(~A)ehe )

Case 1: For ey =ay; =1, a2 =y and e; =z , ag = a in Corollary 14, we have

i S; (1 +2)S;(1+y+a)?
7=0
1—2(y+ a+ ay)z? + zya(l + )23
(1—2)(1—22)(1—2y) (1 —zzy) (1 — az)(1 — zaz)’

Remarque 15. Notice that for « = 0, we find the identity (11) of Lascoux in [14].

Case 2: By replacing e; by (—e2) and making the following specialization

€1 ey = 1,
€1 — ey = ].,
in Corollary 14, we obtain the following identity involving Fibonacci numbers and

symmetric functions in several variables

1+ (aras + ajasz + azaz) z° + ajazasz®
(1—a1z —a32?) (1 —azz — a3z?) (1 — agz — a32?)’

(o]
> Si(A)F =
j =0
Case 3: By replacing e; by 2e; and ey by (—2e2) making the following special-
ization 4e;es = —1 in Corollary 14, gives us an identity involving Chebyshev polyno-
mials of second kind and the symmetric functions in several variables, as follows for
Yy =e1 — ey,

1 — (a1a2 + a1as + azaz) 2> + 2ajaza3yz3

Z Si(A)U;(y)2’ = 3 3

(1 = 2a1yz — a?z?) (1 — 2a2yz — a32?) (1 — 2a3yz — a3z?)’

j=0

5. CONCLUSION

In this paper, we proposed a new theorem (Theorem 1) to determine certain gener-
ating functions, which is based on the concepts of symmetric functions. The results
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are consistent with results obtained in some previous work [7, 8, 9, 10, 11, 12]. The

results obtained in this work are promising, but there are other perspictives to follow
in the field. Future work should be based on the extension of the alphabet F and the

study of k& parameter values.
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