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ABSTRACT: A mathematical model has been developed to explore the co-infection
of rotavirus and malaria. A qualitative and comprehensive mathematical analysis has
been carried out. A rotavirus only model is considered first. In its analysis, the
basic reproduction number (Ry) is calculated. The existence of a disease free and a
unique positive endemic equilibria is established and are proved to be both globally
stable when Ry < 1 and Ry > 1 respectively. The basic reproduction number (R, )
of the co-infection model has also been established. The disease free equilibrium is
proved to be locally stable whenever R,,, < 1 but not globally stable due to co-
infection. However, it has been observed that if maximum protection is given against
co-infection, then global stability may be achieved. Analysis of co-infection model
indicates that it may undergo a forward bifurcation. Numerical simulations using
reasonable parameter values indicate that the co-infection persists whenever R,,, is
greater than unity and dies out when R,,, is less than unity.
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1. INTRODUCTION

Humans acquire malaria following infective bites from infected female anopheles mosqui-
toes during blood feeding. Four parasite species account for most human malaria
infections worldwide, with Plasmodium falciparum being the most common cause of
malaria in Africa. In 2015, about 214 million cases of malaria were reported (range:
149-303 million) with the African region leading with 88%, followed by South-East
Asia at 10% and Eastern Mediterranean region at 2%. The number of malaria deaths
were reported to be 438,000 (range:236,000-635,000), most of the deaths were children
of under five years of age, that is, 306,000 [1]. Malaria was the fourth cause of death
in children in developing countries in 2002. In 2001, malaria was responsible for 22%
of all hospital admissions, 26% of all outpatient visits and 28% of all hospital deaths in
Malawi. In Kenya it accounts for 19% of all hospital admissions, 30% of all outpatient
visits, with an estimate of 20% of all deaths in children less than five years of age being
attributed to the disease [2, 3]. Rotavirus is a pathogen of the gastrointestinal tract
that causes severe acute gastroenteritis and diarrhea in infants and young children
[4]. Rotavirus is known as the main cause of diarrhoeal disease which is the second
leading cause of deaths in children under five years old. Each year diarrhoea kills
around 760,000 children worldwide [5]. There are seven species of rotavirus, referred
to as A, B, C, D, E, F and G. Humans are primarily infected by species A, B and
C, most commonly by species A. All the seven species cause disease in other animals
[6]. Rotavirus is transmitted by the faecal-oral route, via contact with contaminated
hands, surfaces and objects [7] and possibly by the respiratory route [8]. Rotavirus
disease incidence is similar worldwide, regardless of infrastructure and other levels of
development [9], which suggests that traditional diarrheal disease control measures,
such as safe water and improved hygienic standards, are inadequate. Once a child is
infected by the virus, there is an incubation period of about two days before symptoms
appear [10]. However, with each infection, immunity develops, subsequent infections
are less severe [11]. Severe rotavirus infections occur most commonly in infants and
children between 3 and 24 months of age. Rotavirus-related hospitalizations can ac-
count for as many as 2.5% of all hospitalizations of children. Some review analyses
show that rotavirus accounted for 6% of diarrhea episodes and 20% of deaths caused
by diarrhea in children less than five years of age in developing countries [9].

In industrialized counties, hospitalizations are often the most costly events associ-
ated with rotavirus disease and often constitute a major expense for national health
budgets [12]. An outbreak of rotavirus diarrhea in a daycare center in Denmark
demonstrated that even small outbreaks of rotavirus in childcare facilities can be as-
sociated with substantial expense on a personal and a public scale due to parental
loss of work [13]. The results of a study on rotavirus infections among HIV-infected
children in Nairobi, Kenya, indicate that rotavirus is an important viral etiological
agent causing diarrhea in HIV-seropositive children [14].

Mathematical models for the co-infection of P. falciparum and rotavirus in children
are rare, yet review shows a number of reported cases where the two coexist. In a study
carried out in Ghana , it was observed that 11.8% of the 243 children examined were
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co-infected with P. falciparum and enteropathogens, where rotavirus was also found to
be common enteropathogens present in more than half of the patients [15]. Although
a rapid antigen stool test is available, the diagnosis of a rotavirus infection is typically
made clinically, which means without testing and based on your symptoms, especially
if rotavirus infections are going around in a community. This work is organized as
follows. The model is formulated in section 2, in section 3 we analyze rotavirus only
model while in section 4 we analyze the co-infection model. In Section 5, we present
numerical simulations, discussions and made concluding remarks in Section 6.

2. MODEL FORMULATION

To formulate this model, we assume that all malaria-negative and rotavirus-negative
children are susceptible, although it is possible to have some level of immunity to
rotavirus infection due to breastfeeding[16]. The total human population, N, is sub-
divided into the classes, namely susceptible Sg, infectious with malaria Iy, latently
infected with rotavirus Lp, symptomatically infected with rotavirus Ig, infectious
with both malaria and latently with rotavirus Ljs;r and symptomatically infected
with both malaria and rotavirus In/r [8, 17]. By considering the latent stage of ro-
tavirus disease, we have taken care of the fact that exposed individuals are capable of
transmitting the disease before and after they have developed symptoms[8, 17]. We
have also considered the mosquito population N, and subdivided it into the suscep-
tible Sy and infectious Iy, classes. These two different classes of population therefore
gives us the following equations:

Ng=Sag+Imu+Lr+Ir+ Lyr+ Iur (1)

and
Ny =Sy + Iy. (2)

We denote the rates of infection of susceptible humans with malaria and rotavirus
by Ay and Ag respectively while susceptible vector is given by A,. The constant
per capita recruitment rate into susceptible human and vector population is denoted
by Ag and A, respectively. The rate at which humans progress from the L class
to the I class is . Finally, we let ¥ = 95, + 9 be the disease induced mortality
in humans, pg and u, be the rates at which natural deaths occur in all human
and vector sub-populations respectively. Malarial infection has a depressant effect on
the immune system. Acute malarial parasitemia has a profound immunosuppressant
effect, probably through the activation of suppressor T cells. In a malaria endemic
area, young children may suffer from severe infections (bacterial or protozoal diseases)
as either super-infections or co-infections due to this immunosuppression [18]. We thus
define the parameter § > 1 to account for the increased susceptibility to infection with
rotavirus for individuals infected with malaria. The expected decrease in contact due
to ill health as a result of rotavirus disease is accounted for by the parameter 0 < p < 1.
We also define € > 1 as modification parameter accounting for assumed increased rate
of progression from latent to active rotavirus infection for those infected with malaria.
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The individuals displaying symptoms of both malaria and rotavirus suffer malaria-
induced mortality at the rate d¥,;, where the parameter § > 1 accounts for the
assumed increase in malaria-related mortality due to the dual infection with rotavirus
and also suffer rotavirus-induced mortality at the rate xkYr, where the parameter
Kk > 1 accounts for the assumed increase in rotavirus-related mortality due to the
dual infection with malaria. The rates of recovery back into the susceptible class
from malaria, symptomatic rotavirus and symptomatic dual infections are given by
1, v2 and 3 respectively.
The force of infection associated with malaria infection in humans is

At = 5”}37“;” 3)
where (3, is the transmission probability of malaria in humans and b, is the per
capita biting rate of mosquitoes.
The force of infection associated with malaria infection in vectors is

(Int + Lvig + adiig)
(4)
Ny

)\1) = /Bvbm

where (3, is the transmission probability of malaria in vectors and a > 1 is a modifi-
cation parameter accounting for the increased likelihood of infection of vectors from
humans with dual malaria-rotavirus infection as compared to acquiring infection from
humans with malaria only [18].

The force of infection associated with rotavirus infection is

RLR + Lyr+ 0(Ir + InuR)

Ar =0 Ny (5)

where Bg is the effective contact rate for rotavirus infection and the modification
parameter ¢ > 1 accounts for the the fact that individuals displaying rotavirus symp-
toms are more infectious than individuals latently infected with rotavirus. The model
flow diagrams for both human and mosquito populations are show in Figurel be-
low. From the above definitions, formulations and variables, we have developed the
following model

dSy Brmbm v Lr+ Lyr+ ¢(Ir + IvR)
Wr gy Py St — uiS
o H Ny H Br N H — HHSH
+v1lpr + Y2 lr + 3l
dIny Bmbm Iy Lr+ Lyr+ ¢(Ir + Iug)
G Pmbmlvig g Tn — i1
pm N, o Br Ny M —71lm
—VnvIne — il
dL Lr+ L +o(Igp +1 b, [
ro_ g et lue o(Ir MR)SH_ﬁmvaR—wLR—MHLR
dt Ny Ny
dl by, I
d—tR = YLgr-— P/BmNAIR —9rIg —v2dr — pulgr (6)
H
dLyr Brmbm v

Lr+ L +o(Ig + 1
_ L+ 08528 MR+ ¢(Ir + ImR)

I
dt Ny N M
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Figure 1: Model flow for (a) human population and (b) mosquito population.

—eLyr — (O + prr) Lvr

dl O L
ME - _ pub«z +epLyr — (09p + k9r +v3 + pr) R
dt Ny
ds 1 L 1
v = AU_/Bme( Mt Tve o MR)SV_/JUSV

dt Ny

dI (Upm 4 Lyvg + adyr)

- = vbm - vI

7 B N Sy — poly

3. ANALYSIS OF MALARIA FREE MODEL (ROTAVIRUS ONLY)

In the absence of malaria, that is, Iy = Lygr = Ipy = Sy = Iyr = 0, we obtain
rotavirus only model given by

ds Lr+ ol

d—tH =Ay - Br (RT;SR) Sy — naSa + v21r

dLR_ Lr+ élp 7
= (EE ) S (0 ) L ™)
dlg

T =¢Lr — (Vg + V2 + pu)Ir,
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where Ny = Sy + L + Ig.
Consider the region

A
Q= {(S,Lp,Ir) eR® : Ny < =2
KH
It can be verified (see,[19, 20]) that all solutions of system (7) of  remains in € for
all time ¢ > 0. Thus, Q is positively invariant hence we analyze system (7) in .

System (7) has a disease free equilibrium given by EY = (2—;’, 0, 0) . Using the next
generation operator matrix as used in [21, 22, 23], we obtain the basic reproduction

number as
©T W ) WOr + 72+ )

For more details on the use of the next generation matrix, see Section 4.4.

If we let Br < (¢ + py), then the following theorem holds;

Theorem 1. Whenever Br < (¢ + pg), the disease free equilibrium (E°) of system
(7) is globally asymptotically stable when Ry < 1 and unstable when Ry > 1.

Proof. We start by proving the local asymptotic stability of the E°. The Jacobian
matrix of system (7) at E® = (&£ ,0,0) is given as
HH

—pH —Br —9Br + 72
Jepy=1 0  Br—(+pun) bR 9)
0 (2 —(Vr+ 72+ pn)
The Jacobian matrix (9) has one of its eigen values give by A\ = —ugy < 0. To obtain

the remaining eigenvalues, we express (9) as a 2 x 2 block matrix A defined by

~ (Br— (¥ + pm) oBr
A= ( (0 —(UR + 72 +MH)) (10)

If Br < (¥ + pg), then we can see clearly that the trace of A is negative. The
determinant of matrix A is given as

DetA = —Br(Ur +7v2 + pu +v9) + (Y + pr)(Or + 2 + 1r)

From equation (8), we see that if Ry < 1, then (V+pg)(Or+v2+pug) > Br(0r+v2+
wy + ), thus DetA > 0. The local stability is studied by examining the trace and
determinant of the block matrix A. This implies that Routh-Hurwitz condition hold
[24]. Therefore, we conclude that the disease free equilibrium is locally asymptotically
stable. To prove global stability of E°, we use Lyapunov function defined by

L=Wr+y+pg+¢Y)Lr+ (uu +1)oIr (11)
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If Ry <1, we have

LR%;HR) — (Y +pr)(Wr +v2 4+ pu + ¢0)Lr

+ (e +V)OLr — (e + V)R + Y2 + pm)oIr

L' =(r + 72+ pr + ¢¥)BrSH (

:ﬁRJf/-—I;{wR + 2 + pa + ) (Lr + ¢Ir) — (par + ) (Vg +v2 + pm)Lr—

(ke + V)R + 2 + pm)dlr

< [Br(OR + 72 + pr + ) — (p + ) (IR + 2 + pr)|(Lr + ¢Ir)
<(Ro — D[(pr +¥)(Ir + 72 + pu)|(Lr + ¢1Ir)
<0

(12)
Since all the parameters in the model are nonnegative, we have L’ < 0 for Ry < 1 or
when both Lr and Ii are equal to zero. Hence L is a Lyapunov function on 2. Since
() is invariant and attracting, singleton {E°} is the largest compact invariant set in
{(Su,Lg,Ir) € Q: L' = 0}. Lasalle’s invariance principle [25], therefore implies that
the disease free equilibrium is globally asymptotically stable. [l

Theorem 2. An endemic equilibrium I}, > 0 exists provided that Ry > 1.

Proof. At an endemic equilibrium, E* = (S}, L}, Ir"), from equation (3) of system
(7) we get,

0
L = (PR g (13)

Adding equations (1-3) of system (7) at equilibrium point E* and expressing the sum
as L% in terms of S7; and I}, we obtain,

Ay —puSy — (b +9r)1g
129:4

Ly = (14)

Solving for S}; by equating equations (13) and (14), we get

g _An (un+9r) R (Or+72+ pm)lh
= - (15)
HH HH (G
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Substituting equations (14) and (15) into equation (2) of system (7) get

(Or+y2+pm)IE *
8 ——— y
R Ay (patI9r)IE  (Yrty2tpm)lR + (Wrt+y2t+pu)ly +I*
nH W ¥ ¥ R

(A_H  (um IR wRﬂQMHﬂ;) ot ) (wawH)I;) o
[LE [ (8 (G

Bn ((193+72+MH+1P¢)I}'%> o <AH (pm +9R)I5 (ﬁR'f"YQ'f'MH)I;%)

Ag—9grI}, P -

HH HH G
HH

5 (19R+’Y2 + pH +1/1¢> (1/)AH —YWr+pm)ly —pr(Wr + 72 +#H)I§) -
(A —0nTy) v

Ry (Q/JAH — V(R + pu)ly — pa(Vr + 72 + MH)U%) C1-=0
V(A —IrlR)

RovApg — Royp(Vp + pr ) — Ro(9 + 2 + pu )l = Y(Ag — IrlR)

YAg(Ro — 1)

=0

I =
Ro[p(Ir + pm) + pmr (Or + 72 + p)l — YR a5
16
From equation (16) we see that I}, > 0 provided that Ry > 1. This completes the
proof. O

To prove global stability of the endemic equilibrium, E* of system (7), we use the
method of geometrical approach developed by Li and Muldowney in [26]. For a brief
outline of this approach, see [27].

Lemma 1. The system (7) is uniformly persistent and satisfies assumptions (Hy),
(Hz) and (Hs) as defined in [26]

For an assumption (H3), we have shown in Theorem 2 that indeed E* = (S}, L}, I};)
is the only endemic equilibrium of system (7) and it exits whenever Ry > 1. Assump-
tions (Hy1) and(Hsz) also hold since by using the persistence property by [28], it
can be verified that the solution of system (7) is uniformly persistent. Let P = E°,
Theorem 1. implies that when Ry > 1, P? is an isolated in Q and is contained in the
S — axis in the boundary of Q. When Ry > 1, system (7) satisfies condition by [29].
Therefore, we conclude that system (7) is persistent in  when Ry > 1.

Since we have shown that all the assumptions are satisfied, we therefore, apply The-
orem 3.3 and Theorem 3.4 of [27] to prove the following theorem:

Theorem 3. If Ry >1 and Ny < 2,6%7 then the unique positive endemic equilib-

rium, E* of system (7) is globally asymptotically stable.
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Proof. The Jacobian matrix of system (7) associated with the general solution (S,
Lg, IR)is given by

Ay A Agg
J= A A Ao, (17)
Az Az Asz
where
A — Br(Lr + ¢Ir)(Lr + IR)
11 =— N2 -
i
Ao — —BrSH(SH + IR) + BrROIRSH
12 — N2
i
— Su(Sy + Lgr) + BrLRS
Aps = ®BrSH(SH N2R) BrLR A
i
Aot — Br(Lr + ¢Ir)(Lr + Ir)
91 = 2
i
SH(S Ir) — IrS
Ay, — PrSH( H+A17%2) BrolaSu (0
i
Ao — ¢BrSu(SH + Ir) — BRLRSH
23 = N2
i
A31 =0
Azp =1

The second compound additive matrix of (17) is given as

A A Az
JE = Ay Agy  Ass|, (18)
Asgy Aszp Asz
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where

(Lr + ¢Ir — Su)

A1 =—-0r N — 2um +1)
H
Ao = BrSH ($Nw = S\I;QR + 9Ir))
H
Ais = BrSH (@ - g\fQR toln))
H
Ay =1

(Ng — Su)(Lr + ¢IR)

Az = —Pr N2 — (2upg +9r +72)
i
Ng — (Lg + ol
A23:—/3R5H( 2 (Nf ¢1r)
"
A31 =0
Ny — Sy)(Lg + oI
A32:5R( H szf(QR ¢IR)
"
Ny — (Lg + ol
Ay = Sy D2 (N’;? IR) _ (9 4+ 9+ 72 + ).
i
Set matrix
P(SH,LR,IR)—diag<1,@,@>.
Ir IR

Then

L., I, L. I
PP =di ZR _ R ZR _ IR
! g 0. =T Te  In

Matrix PJP~1 is given as

A A Az
, (19)

pJBEp-t = [Am Asy Ao
Az Aszy Ass
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where I ; s
+ —
A = —/31%( i (?VR 1) _ (2pm +v)
H
I (¢Nu — (Lg + ¢1IR))
A12 = L_R BRSH NEI
Ng — (Lr + ol
A1z = BrSH (¢Nn SVQR ¢lr) V2
H
Lgr
Agi = =B
21 1/JIR

(Ng — Su)(Lr + ¢IR)

Asa = —fr N2 = (2pm + YR +72)
H
Ny — (Lgr + o1
A23:—/3R5H( 1 (N§ k)
i
A3 =0
Ny — Sy)(Lgr + oI
AszzﬂR( H H]37(2R ¢IR)
i
Ny — (Lg + ol
Ags = By N1 (NE PIR) (o 4 9m +y2 + ).
H

The matrix Py P~! + PJIZIP~! as defined in equation (3.7) of [27] can be written in
block form as:

Q _ |:Q11 Q12:|
Q21 Q22
where,
—Br(Lr +¢Ir — S
Qu = Brllr N(b R Su) (2pm + 1)
H
Q1o = [1_,; (BRSH(M];?(ILRWIR))) : 1_,11 (ﬁRsH(d)N&?({LRWIR)) _ 72)}
Lr
o = (")
A Au]
@2z = {Am Az,
where
Ly Iy  Br(Ng —Su)(Lr+ ¢Ir))
AllzL—;—i— N — (2ua + 9 + 72)
Aoy — —BrSuH(Ng — (Lr + ¢IR))
12 — N2
H
A — BrSH(Nu — Su)(Lr + ¢Ir))
21 — N2
H

_ Ly I n BrSu(Ng — (Lr + ¢IR))

Aoy = —L&
27 Lr I NZ

— Qua +9r + 7).
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3
Let the vector norm |- | in R? = R(z) be chosen as

|(u, v, w)| = sup{ul, [v] + Jwl},

for any vector (u,v,w) € R®. We can then estimate the Lozinskii measure k(B) with
respect to | - |[30] by
k(Q) < sup{g1, g2}
with
g1 = k1(Qu1) + |Q12]
g2 = |Q21] + k1(Q22)

where |Q12] and |@Q21] are matrix norms induced by Ly vector norm and k; being the
Lozinskii measure with respect to the L; norm. Specifically,

L I 26rSH(Nyg — (Lg + oI
kl(Q22)_L—R—I—R—QuH—ﬁR—'yz+sup{ BrSH( HNQ( R+ ¢IR)) —11)70}
r Ir i
L, I 26rSH(Nyg — (Lg + oI L
g2 = —R—_R_ZHH—ﬁR—’YQ—f—SUP 6R H( " 2( i (b R)) - WO +w_R (20)
Lr Ir N% In

From equation (3) of system (7), we have
!/

L I
=B = 2B (9p + 0 + ).
Ir Ig

Substituting this equation into (20), we obtain

L 28rSu(Ng — (Lp + ¢I
92=L—Z—MH—19R—'72+sup{ BrSi( HNQ( " (bR))—w,O}
H
L/
< ZR _
=TInr HH

i b
provided that Ny < TR

For g1, we have

_ —Br(Lg + ¢Ir — SH) BrSuIR(¢Ny — (Lr + ¢IR))

- =2 21
9 N Y= 2pm + Tale (21)
From equation (2) of system (7), we have
IrS L S
OPrlpSu _ Ly _ PeSu 0
Nyglgp Lgr Ny
Again substituting this equation into (21), we obtain
_ Ly Br(Lr+¢Ir) _ BrSulr(Lr+ ¢Ir)
g1 L HH Ng LRNEI

L
L_R_,LLH

IA
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Therefore, k(Q) < % — pH.

Since 0 < Lr < Ny, there exists T' > 0 such that when ¢t > T, w <
B, As a result

1/t 1 [t/r In Lp(t) —In Lg(0) —pH
— < — _R — — — -
t/o k(Q)dt < t/o (LR MH) ; pa <=5

which implies that ¢z < =52 < 0. Hence, we have shown that the endemic equilibrium
E* of system (7) is globally asymptotically stable in €. O

4. ANALYSIS OF CO-INFECTION OF ROTAVIRUS AND MALARIA
4.1. Invariant region

Equation (6) models population whose values will never be negative. We therefore
assume that all variables and parameters are non-negative for all time, ¢ > 0. We
analyze (6) in a suitable feasible region obtained as follows:

Lemma 2. Solutions of the model (6) are in the region ¥ = Uy x ¥,,.

Proof. To show that all feasible solutions are uniformly bounded in a proper subset
U, we split model (6) into both human component (N ) and the mosquito component
(Ny) given by equations (1) and (2) respectively.

Let
(Su,Int. L, Ir, Lag, Inr) € RS (22)

be any solution with non-negative initial conditions. Time derivative of Ny along a
solution path of the model (6) gives
dN
—a <AH—‘LLHNH (23)
dt
Applying Theorem 8. (Comparison Theorem) on differential inequality by [31], we
obtain

A
0< Ny < M—H + Ny (0)e 1t (24)
H

where Ng(0) is the value of (1) evaluated at the initial values of the respective
variables. Therefore, as t — oo, we have

A
0< Ny <=2 (25)

HH
Thus all feasible solutions of the human-only component of model (6) enters the region

A
Uy ={(Su,Inm, Lr,Ir, Lrvir, ImR) - N < u—z (26)
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Similarly, if we let
(Sv,Iv) € R} (27)

by using same steps as in equations (23)-(24) it can be shown that

A
0 < Ny <~ + Ny (0)e H? (28)
o]

v
where Ny (0) represents the value of (2) evaluated at the initial values of the respective
variables. Thus as t — oo, we have

A,
0< Ny < o (29)
v

Therefore all feasible solutions of the mosquito-only component of model (6) enters
the region

\I/U = {(S\/,I\/) : NV S %} (30)

Thus, it follows from (26) and (30) that all possible solutions of the model will enter
the region U =¥y x U,,. O

4.2. Positivity of solutions

Lemma 3. Let the initial conditions be

{(SH,Sv)(0) >0,In, Lr,Ir, Ly, Iner, Iv)(0) > (0)} € W. (31)
Then the solution set
{SH;IMvLRvIRvLMR;IMR;SVvIV}(t) (32)

of model (6) is positive V¢ > 0.

Proof. From the first equation in model (6), that is

dsS
d—f =Ag — AuSu — ArSH — puSe + 11iMm + Y2lr +v3luR,
we have
dSH
o Ag = A Su —ArSu +v1Iv +v2lr +73lmr — paSH > —(AM + AR+ 10H)SH
(33)
Integrating (33) yields
Sy > Sy (0)e” PutAntumlt > (34)
since A\pr + Ag + ug > 0. O

Applying the same procedure, we can show that the remaining variables are also
positive ¥t > 0. Hence, ¥ is positively invariant under the flow induced by (6).
Existence, uniqueness and continuation results hold for model (6). Thus, model (6)
is well-posed mathematically and epidemiologically and it is sufficient to consider
solutions in V.
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4.3. Disease-free equilibrium point

The disease-free equilibrium (DFE) points of an epidemiological model are its steady-
state solutions in the absence of infection or disease. We denote this point by EY and
define the “diseased” classes as the human or mosquito populations that are either
exposed or infectious. Define the positive orthant in R® by Ri and the boundary of
R% by 9R.

Lemma 4. For all equilibrium points on U NORS , Iy =Lr=1Igr=Lyr=1Iygr =
Iy =0

The positive DFE for human and mosquito populations for the model (6) are

A A
NI(][ = (u—H,O,O,O,O,()) and N‘(} = <_”70> . (35)
H

[k

Lemma 5. The model (6) has exactly one DFE, E° = (2—5,0,0,0,

0,0, %=, 0)

Proof. To prove this, we show that EY is the only equilibrium point of model (6) on

¥ N ORY. Substituting E? into (6), we obtain all derivatives as zero, hence E? is an
+ 1 1

equilibrium point. From Lemma 4, the only equilibrium point for Ny is ﬁ—g and the

only equilibrium point for Ny is 2:)’ . Thus the only equilibrium point for ¥ N 8R§_ is
EY. O

4.4. Local stability of the disease-free equilibrium

The global dynamics of the model (6) is highly dependent on the basic reproduction
number. The basic reproduction number is defined as the expected number of sec-
ondary infections produced by an index case in a completely susceptible population[32].
We define the basic reproduction number here, R,,, as the number of secondary
malaria (or rotavirus) infections due to a single malaria (or a single rotavirus-infective)
individual. We determine R,,, using the next generation operator approach[21]. The
associated next generation matrices are

0 0 0 0 0 Bmbm
0 Br ®Br  Br ®Br 0
r_ 0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
Bobmn 0 0  Bubmn afybmn 0
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and

hy 0 0 0 0 0
0 hy 0O 0 0 0
vl 0 ¢ m o0 0 0
0 0 0 hy 0 O
0 0 0 —ep hs O
0 0 0 0 0 pu

where hy = v1 + 9y + pm, ho = + pr, hs = v2 +9r + pg, ha = b + 9y + pm,
hs =v3 + 00y + kUg + py andnz%.

The basic reproduction number R,,, is the spectral radius of the matrix FV 1.
The non-zero eigenvalues of the matrix FV~! are

__Br OBRY
Y+ug (2t I9r+ )W+ pm)

T

and

R — b%nBWLBUMHAU
" Agp2(vi + 9 + pm)’

Therefore R,,, is given by

Ry = max{R,, Rn,}. (36)

R, is a measure of the average number of secondary malaria infections in human or
mosquito population caused by a single infective human or mosquito introduced into
an entirely susceptible population. The expression R,, is biologically meaningful. It

comprises of the term Bubm which represents the number of secondary malaria infec-

T

. . . . B : mbm Ay
tions in human caused by a single infected mosquito, while the term W’M
represents the number of secondary malaria infections in mosquitoes caused by a
single infected human. Similarly, in R,., the term wfﬁH is a measure of the aver-
age number of secondary rotavirus infections in humans caused by a single latently
; ; ¢BRrY ;

infected human, while ‘Fhe t.erm Tt IRt G am) is a measull"e of the average .num—
ber of secondary rotavirus infections in humans caused by a single symptomatically
infected human introduced into an entirely susceptible population. The following

lemma follows from Theorem 2 of [21].

Lemma 6. If condition set in Theorem & holds and (y1 + 9 + pg) > @,bm(%),
then the disease-free equilibrium EY of the model (6) is locally asymptotically stable

whenever R, < 1.
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Proof. The Jacobian matrix of model (6) at the disease free equilibrium is given as:

—KH 7 —Br 2 —96r —Br  w—0Br 0  —Bunbnm
0 -K, 0 0 0 0 0 Bubm
0 0 K, ®Br Br ®Br 0 0

T — 0 0 0 —K3 0 0 0 0
B 0 0 0 0 —K, 0 0 0o |’

0 0 0 0 €y — K5 0 0
0 _Bvbmp 0 0 _Bvbmp _aﬂvbmp — My 0
0 Bvbmp 0 0 Bvbmp aﬂvbmp 0 — Mo

) (37)

where K1 = v +9m + pu, Ko = Br— (Y + pu), Kz = Ip+ 7 +pu, Ki =
e+ Ons + purr, K5 =00y + g+ + pr and p = KiLle.
The eigenvalues of the Jacobian matrix (37) is given as

A+ o) (A = o)A+ K3) (A + Ka) (A + Ks5) (A + o) [(A + K1) (A + po) = Bubmp] = 0.

If assumption Sr < (¢ + pug) holds, then the first six eigenvalues are all negatives.
The remaining two eigenvalues are obtained from the equation below.

MHAU
AH,LI”U

AN+ (o + 71+ 90+ )N+ (71 + I + prr) — Bubm( )=0.

If (v +9m + pg) > ,Bvbm(xfé 2%), then these two eigenvalues have negative real

part. Thus, the disease-free equilibrium EY of the model (6) is locally asymptotically
stable. (|

4.5. Global stability of the disease-free equilibrium of model (6)

We investigate the global asymptotic stability (GAS) of the disease-free equilibrium
of the model using the theorem by Castillo-Chavez et.al[33]. We rewrite the model as

dX

S = H(X,2),
Cfi_f — G(X,Z),G(X,0)=0 (38)

where X = (Sy,Syv) and Z = (Ins, Lr, Ig, Lyg, Ivg, Iv), with the components of
X € R? denoting the uninfected population and the components of Z € R% denoting
the infected population.

The disease-free equilibrium is now denoted as

Ay A,
EY = (X°,0), X0 = (=2, =), (39)
HH Mo

The conditions in (40) must be met to guarantee a global asymptotic stability:
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X
Cil_t = H(X,0),X"is globally asymptotically stable (GAS)
G(X,Z) = PZ-G(X,Z),G(X,Z)>0for(X,Z) e (40)

where P = D,G(X",0) is an M-matrix (the off-diagonal elements of P are non-
negative) and 2 is the region where the model makes biological sense.

To test whether system (38) satisfies conditions of (40), hence globally asymptot-
ically stable whenever R,,, < 1, we proceed as follows:

From the model system (6) and (38), we have

H(X,0) = < Af __f;HgH >

G(X,Z)=PZ—-G(X,2)

where
—h 0 0 0 0 Bimbm
0 Br—ha ®6r Br  9Br 0
p_ 0 P —hg 0 0 0
0 0 0 —hy 0 0 ’
0 0 0 €Y —hs 0
Bobm 0 0 Bubm  aBubp, — Moy

where hy = v + 9y + pg,hs =2 +9p + pg and hs = y3 + 09y + KOy + g

QI(X;Z) ﬁmbmfv( _]%_PPII)_’_H)\RIM
Ga(X, Z) Br{Lr + Larr + ¢(In + Ingr)} (1 — S5)
Ga(X, 2) pAMIR
X, Z2)=| Z _
G(X,Z) Gu(X,Z) —OwrL + OAnln)
G5(X,7) —pdulr
Go(X, 2) Bobm{ (Ing + Lasr + alnr) (1 — 52

Since G4(X,Z) < 0 and G5(X, Z) < 0, the conditions in (40) are not met. There-
fore, EY is not globally asymptotically stable when R,,,. < 1. However, if maximum
protection is provided against the co-infection during an outbreak of rotavirus in
a malaria-endemic region, then global stability of disease free equilibrium may be
achieved. This is because with such protection @4(X, Z) = G5(X,Z) = 0, then all
conditions in (40) are met. Thus, EY will be globally asymptotically stable when
Ry < 1. In other words, the fight against malaria and persistent infections such as
rotavirus may be won if co-infection cases are kept at bare minimum.

4.6. Endemic equilibrium of the Model

The endemic equilibrium of the model is studied using the Centre Manifold Theorem
[34, 35]. To apply this theorem we make the following change of variables. Let
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Sy = 21,1y = w2, Lg = x3,Ip = x4, Lyr = w5,Ip = %6,5, = 27,1, = 28 S0
that Ny = 21 + 22 + @3 + x4 + 5 + ¢ and N, = 27 + x5. The model (6) can

be rewritten in the form dd—)t( = F(x) where X = (21,22, 23,74, 5,76, 27,78) ] and
F= (flaf27f37f4)f57f6)f77f8) as
dl‘l
e fi=Ag — Aymr — ART1 — paw1 + 7172 + Y2 T4 + 13T6
dx
d_t2 = fo=Auz1 —O0ART2 — V172 — VMT2 — pHT2
dx
d—; = f3=ArT1 — A3 —YT3 — pigT3
dl‘4
o J1=vYx3 — pApry — VRTY — Y2ba — LHTY (41)
dl‘5
e fs = A + O gxa — epas — (Uar + pm)es
dl‘g
= Jo=pAumatedas — (89u + wOR + 3 + par )
dx
d_; = fr=A, = XT7 — po7
dx
d_t8 = fs = A7 — f1yTs
where \yy = —Bm]\bf’;’”s, Ao = ﬂvbmi(uﬂf\?:a%) and A = ﬂR—xH“t\?yﬁzﬁ).
The jacobian, Jpo of (41) at the disease free equilibrium EY, is given by
—KH T —Br v2—9¢Br  —Br  —9Br 0  —Bubn
0 —Ki 0 0 0 0 0 Binbm
0 0 Ko ®Br Br ®Br 0 0
0 0 0 —K3 0 0 0 0
0 0 0 0 —Ky 0 0 0
0 0 0 0 e —Ks 0 0
0 _Bvbmp 0 0 _Bvbmp _aﬂvbmp —Ho 0
O Bvbmp 0 0 B’ubmp Oéﬂ'ubmp 0 _Mv

where K1 = v1 + 9V + pr, Ko = fr— (U + pu), Ks = (Vp + 72 + pm), K4 =
e+ + pg, Ks =00y + k9g +v3 + g, and p = %

To analyze the dynamics of (41), we compute the eigenvectors of the jacobian of (41)
at the DFE. It can be shown that this jacobian has a right eigenvector given by

W = (wy, w2, w3, ws, ws, we, w7, ws)’ , where

wg =wy = 0,ws =0, wg =0and w; = —%
we >0

and a left eigenvector given by V = (v1, va, v3, v4, 5, Vg, V7, vg)" where
v1 =v3 =v4 =v; =0 and vs = EKZ6,1}2=U2>0, vgzw,vgzﬁ“i—’:”z.
Consider the case when R,,, =1 (assuming that R, < R,,) and choose the transmis-
as a bifurcation parameter. Solving

_ —Bubmpws wg = K wo

Wt Ho ’ T Bmbm?

wo =

)T

sion probability of malaria in humans 3, = 3,

for B, from R,,, = R,, = 1 gives

Appi(9n + 7 + pm)
b%nﬁv/ﬁHAv

Bm = B = (42)
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It can be shown after some manipulation involving the evaluation of the associated
non-vanishing partial derivatives of f that

2
s = ALIf(UQW1w86mbm + vgwawr Bybr,) and
r* = vowgb,, > 0. (43)

Thus, the following result follows from item (iv) in the Theorem of Castillo-Chavez
et al, see [35].

Lemma 7. Model (6) has a unique endemic equilibrium state which is locally-
asymptotically stable (LAS) if Ry, < 1 and unstable if Ry, > 1.

Note: Whenever (43) holds, the model may undergo a forward bifurcation. This
implies that disease transmission in a population of susceptibles may be contained by
a reproduction number less than unity.

5. NUMERICAL SIMULATIONS AND DISCUSSIONS

In order to support the analytical results in this work, we have used Matlab and
ODEA45 package to conduct numerical simulations for both model (6) and model (7)
using parameter values given in Table 1. Figure 2(a) illustrates the global stability of
the disease free equilibrium of model (7) when Ry = 0.725. It shows that in a disease
free population, both Lr and Ir are equal to zero while Sy goes to the boundary
equilibrium as time tends to infinity. Figure 2(b) depicts the global stability of the
endemic equilibrium of model (7) when Ry = 1.3725. It shows that there is a rapid
decrease in Sy within the first few days of an attack while Li and Ii are increasing.
This calls for immediate attention whenever there is an outbreak of rotavirus. Other-
wise, the situation may become endemic. After approximately 100 days, the situation
stabilizes and this may be attributed to quick medical intervention, development of
the immune system, awareness among the population and short incubation period of
the virus.

Figure 3(a) depicts the population co-infected with both malaria and rotavirus.
Simulation was done at different initial values but with same parameter values. The
figure shows that when R,,, = 0.733, the outbreak of a co-infection can easily be
contained. This can be achieved by use of mosquito nets and improved sanitation.
If these two measures are carried out, there are high chances of eliminating disease
within the population after a given period of time as illustrated in the figure. Figure
3(b) shows that when R,,, > 1(1.37431), the co-infection exists and is likely to be
endemic and therefore immediate medical attention is required.

Figure 4(a), depicts population of infected mosquitoes. The figure shows that
when R,,. < 1, the population of infected mosquitoes reduce though at a gradual
rate. This may be as a result of their large numbers. To increase the rate of reduction,
preventive measures like bush clearing, spray and use of mosquito nets are therefore
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recommended. If a higher rate of reduction is achieved, then the war against co-
infection may be won. Thus, the rate of co-infection will be kept at bare minimum
resulting into the global stability of the endemic equilibrium of model (6). Figure
4(b) shows that the population Ly reduces at a higher rate and this could be as a
result of the incubation period of the two diseases, that is, 14 days for malaria and 2
days for rotavirus. Within this period, most of the population will have moved to the
co-infected class resulting into a faster growth rate of I/ as shown in Figure 3(a).

Table 1: Parameter values

Parameter Symbol Value Source
Recruitment rate of humans Ay 9.6274 x 10~ °day " [36]
Recruitment rate of mosquitoes A, 0.071day ! [37]
Natural death rate of humans WH 2.537 x 10 5day ! [36]
Natural death rate of mosquitoes Ly 0.1429day " [38]
Malaria-induced death rates I 4.49312 x 10~*day ! [39]
Rotavirus-induced deaths IR 4.466 x 10~°day ! [9]
Transmission probability  for Bm 0.8333day " [38]
malaria in human

Transmission  probability  for o 0.00050 — 0.0025 Variable
malaria in mosquitoes

Progress rate of humans from P 9.25 x 10~ *day ! Assumed
Lg to I

Biting rate of mosquitoes b (0.125,1) Assumed
Modification parameters Q, ¢, € 1.0172,1.01251.025  Assumed
Effective contact rate Br 0.00160 — 0.030 Variable
Recovery rates from malaria T 0.00156 Estimate
Recovery rates from rotavirus Yo 0.00095 Estimate
Recovery rates from co-infection Y3 0.00575 Estimate
Modification parameters K, 0,0 1.025,1.085,1.0125  Assumed

6. CONCLUSION

In conclusion, we have formulated a co-infection model for malaria and rotavirus. We
have done elaborate mathematical analysis for both rotavirus only model and the
co-infection model. It has been shown that rotavirus only model has a disease free
equilibrium and a unique positive endemic equilibrium which are both globally stable
when Ry < 1 and Ry > 1 respectively. The disease-free equilibrium of the co-infection
model is shown to be locally stable provided the co-infection reproduction number is
less than unity. This equilibrium is not globally stable due to co-infection. However,
we observe that maximum protection against co-infection during an outbreak of ro-
tavirus infection in a malaria-endemic region may help achieve this stability. In other
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Figure 2: Simulations of model (7) showing (a) global stability of disease
free equilibrium with Ry = 0.725, Ay = 0.000096274, 5r = 0.00875,¢ =
1.125, pg = 0.00575, v2 = 0.00008, ¢ = 1.05,9r = 0.00013, (b) global stabil-
ity of the endemic equilibrium of model (7) with Ay = 0.000096274, Sr =
0.0925,¢ = 1.0625,u = 0.000325,72 = 0.000925,% = 1.0125,0r —=
0.0753 and Ry = 1.3725.
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Figure 3: Simulations of model (6) with various initial values showing plots for
(@) individuals co-infected with both rotavirus and malaria (Iprr), with R, =
0.733,8r = 0.00125,5, = 0.000925 (b) population co-infected with both
rotavirus and malaria (Ly/g) with R,,,. = 1.3431, Bg = 0.00175; and 3, =
0.00125;. Other parameters remain as in Tablel.
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Figure 4: Simulations of model (6) with various initial values showing (a) plot
for mosquitoes infected with malaria (I57), (b) population latent with both
rotavirus and malaria (Lyr) with Ry, = 0.733, fr = 0.0275 and 3, = 0.02
with same parameter values as used in Figure 3

words, the fight against malaria and persistent infections such as rotavirus may be
won if co-infection cases are kept at a bare minimum. Analysis of the endemic equi-
librium, using the Center manifold theorem, indicates that the model may undergo a
forward bifurcation. This suggests that at the endemic state, disease spread may be
kept under check if the reproduction number can be brought below unity.
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