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1. INTRODUCTION

Fractional calculus is a generalization of classical differentiation and integration to
arbitrary order. In recent years, fractional calculus has been a fruitful field of research
in science and engineering. Meanwhile, applications of fractional differential equations
(FDEs) to physics, biology and engineering are a recent focus of interests [9, 10].
Recently, the theory of FDEs has been studied and some basic results are obtained
including stability theory [3, 22, 23, 27]. The question of stability is of main interest
in physical and biological systems. The analysis on stability of FDEs is more complex
than that of classical differential equations, since fractional derivatives are nonlocal

and have weakly singular kernels.
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The earliest study on stability of FDEs started in [15] where the author studied
the case of linear FDEs with Caputo derivative and the same fractional order o, where
0 < a < 1. The stability problem reduces to the eigenvalue problem of system matrix.
Corresponding to the stability result in [15], Qian et al. [20] recently studied the case
of linear FDEs with Riemann-Liouville derivative and the same fractional order «,
for 0 < o < 1. Then, in [14, 17, 18] the same conclusions as [15] have been derived
for the case 1 < a < 2.

A sufficient condition on Lyapunov global asymptotical stability for the linear
systems with multi-order Caputo derivative was presented in [6] . Many researchers
have shown interests in the stability of linear systems and various methods which
emerged in succession. For example, frequency domain methods [2, 8, 21, 24, 25],
Linear Matrix Inequalities (LMI) methods were presented in [17, 18]. By contrast,
the development of stability of nonlinear FDEs is a bit slow. The structural stability
of the system with Riemann-Liouville derivative has been presented in [7]. In [4]
authors investigated the system of nonautonomous FDEs involving Caputo derivative
and derived the result on continuous dependence of solution on initial conditions.
The stability in the sense of Lyapunov has also been studied [16] by using Gronwall
lemma and Schwartz inequality. Some researchers weakened the criterion of stability,
such as [11] where the L-stability properties of nonlinear FDEs were investigated.
In [12, 13], the Mittag-Leffler stability and the fractional Lyapunov of the second
method were proposed. Deng [5] derived a sufficient stability condition of nonlinear
FDEs.

The paper is organized as follows. In Section 2, we present some basic materials
on fractional calculus. Some stability results of the system RLDO‘?‘tx(t) = Ax(t) +
b(t) are presented in Section 3. In Section 4, the stability of fractional differential
systems RLDO(?‘ta:(t) = Az(t) + f(t,2(t)) are analyzed. F-asymptotic stability of the
system RLDO‘Ttx(t) = Axz(t)+ B(t)z(t) and a note on the stability theorem given in [20]
is presented in Section 5. In Section 6, we present a numerical example, in which we
compute different orbits of the given systems by means of numerical simulations, to

reveal validity of our analytical results. In Section 7, we conclude the paper.

2. PRELIMINARIES

Two types of fractional derivatives of Riemann-Liouville and Caputo derivatives,
have been often used in fractional differential systems. We briefly introduce these two

definitions.

Definition 2.1. The Riemann-Liouville integral J;} , with fractional order o € R
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of function z(t) is defined as:
¢
Jg’tﬂf(t) = D;()C:‘x(t) = m/ (t _ T)a_lx(T)dT
to

where I'(.) is the Bulers gamma function, for o = 0 we set Jp ; := Id, the identity

operator.

Definition 2.2. The Riemann-Liouville derivative with fractional order o € R4 of

function x(t) is defined by:

a dm (m—a)
RLDtO’tx(t) = —Jto,t Z‘(t)

where m —1<a<meZ;.

The Laplace transform of the Riemann-Liouville fractional derivative RLDoatx(t) for
O<a<lis

L{, Dy,z(t)} = s°X(s) = (D§ ™ 2 (t))i=o

Here X (s) is the Laplace transform of z(t).

Definition 2.3. The Caputo derivative with fractional order @ € R4 of function
x(t) is defined by:

(m—a) d™

D x(t) == Jy 4 dtmx(t)

where m —1<a<meZ;.

The Laplace transform of the Caputo fractional derivative D" x(t) is

L{CDa;‘x(t)}zsa Zso‘ c* V(@)  (m—1<a<m).
k=1

If 0 < a <1 we have
L{ D%x(t)} = s*X(s) — s 1z (a).

Definition 2.4. [19] The Mittag-Leffler function is defined by

Sk

I(ak+1)

[M]8

E.(z) =

B
I
o

where a > 0, z € C. The two-parameter Mittag-Leffler function is defined by

Sk

Eop(z) = m

M8

b
Il

0

where o, 8 > 0,z € C. It can be see easily that E,(z) = Eq.1(2).
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For j € Ng, A € R and «, 5 > 0 the Laplace transform of the function
fi) = tj“"’ﬂ_lEg’)ﬁ (£At*) can be easily found to be

jlsa=h
L{f(t)} = CESViE

If p =« and j = 0 we have:

1
L{t* Y E, o (XY} = ———,
(1" B alEN)} = 5
and if § = 1,7 = 0 we have:
safl
L{E, (M)} = .
{BaEN)} = 2

The Mittag-Leffler function has the following asymptotic expression.

Lemma 2.5. [19] If 0 < o < 2 and (8 is an arbitrary complex number, then for an

arbitrary integer p > 1 the following expansions hold:

1 o 1, - 1 1 1
Bople) = 555 ean(:¥) =3 s+ O( )

D 1 1 1
Eap(2) = —Zmz_k +O(IZIW)

with |z| — oo, |arg(z)| > &F.
We consider the following general type of fractional differential equations involving

Riemann-Liouville derivative
RLDt:,f,x(t) = f(t,2(t)) (2.1)

with suitable initial values RLDfoa;kx(t)h:tO =2k = (Tp1, T2, oo, Thn) T € R® (k=
1,...,m) where z(t) = (z1(t),z2(t), ...z, (t))T € R", m —1 < a < m € Z; and
f i [to,0) x R™ — R™.

Definition 2.6. The system (2.1) is said to be stable if, for any initial values

T = (Thi, Th2, oo Thn) T € R® (kK = 1,...,m), there exists an ¢ > 0 such that any
solution z(t) of (2.1) satisfies ||z(¢)|| < e for all ¢ > ¢y. The system (2.1) is said to be
asymptotically stable if ||z(t)|| — 0 as t — oo.

Recently D.Qian, et all; [20] studied the case of the following linear system of FDEs
with Riemann-Liouville derivative by using the asymptotic expansions of Mittag-
Leffler function, 0 < a < 1,

DY x(t) = Ax(t) (2.2)

RE to,t
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where z(t) = (21(t),22(t),...,zn(t))T € R*, A € R™". We recall the following
theorem from [20].

Theorem 2.7. The system (2.2) with initial value RLD;;;lx(tﬂt:to: where 0 < o < 1
and tg =0, is

1) asymptotically stable if all the non-zero eigenvalues of A satisfy larg(spec(A))| >
&, or A has k-multiple zero eigenvalues corresponding to a Jordan block

diag(Jy, Jo, ..., J;), where J; is a Jordan canonical form with order n; X ny, Z;Zl n; =

k, and nja < 1 for each 1 <1 < 1.

1) stable if all the non-zero eigenvalues of A satisfy |arg(spec(A))| > & and the
critical eigenvalues satisfying |arg(spec(A))| = %= have the same algebraic and ge-
ometric multiplicities, or A has k-multiple zero eigenvalues corresponding to a Jor-
dan block matriz diag(Jy1, Ja, ..., J;), where J; is a Jordan canonical form with order

n; X nl,Z§:1 n =k, and nja <1 for each 1 <1< 1.
We derive the following theorem from the Theorem 2.7.

Theorem 2.8. The following statement hold for the Mittag-Leffler function Eq o (At*):
a) If all the non-zero eigenvalues of A satisfy |arg(spec(A))| > G- then

i) Eqa(AtY) remains bounded for t — oo if zero eigenvalues of A have the same
algebraic and geometric multiplicities.

ii) 11 By o (AtY) remains bounded for t — oo if A has k-multiple zero eigenvalues
corresponding to a Jordan block diag(Jy,Ja, ..., J;), where J; is a Jordan canonical
form with order n; X nl,2§:1 ng==Fk, and nja <1 for1 <1 <4.

b) If all the non-zero eigenvalues of A satisfy |arg(spec(A))| > S& and those critical
eigenvalues which satisfy |arg(spec(A))| = %, have the same algebraic and geometric
multiplicities, then t*~1E, o(At*) remains bounded for t — oco.

3. STABILITY OF D& X(T) = AX(T) + B(T)

In this section, we consider the nonlinear fractional differential system with Riemann-
Liouville derivative

D x(t) = Az(t) + b(t), (0<a<1) (3.1)

RL0,t

under the initial condition xg :RLDoai_la:(t)h:O, where z(t) = (z1(t), 22 (t), ..., 2, (t))T

e R", A€ R™" and b(t) : [0,00) — R™ is a continuous vector function. We can get
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the solution of (3.1), by using the Laplace and inverse Laplace transforms, as

t
z(t) = t* " By 0 (AtY) 20 + / (t —0)* ' By o(A(t — 0)*)b(0)d0. (3.2)
0
We present the following stability results.

Theorem 3.1. Suppose that all the non-zero eigenvalues of A satisfy

T

Jarg(spec(A))| > 5

and the zero eigenvalues of A have the same algebraic and geometric multiplicities.
Let b(t) : [0,00) — R™ be a continuous vector function, and there exist f > « and

M,h >0 such that

ol <% @=h).

Then the system (3.1) is asymptotically stable.

Proof. By using the continuity of b(¢) we can assume that @ < 8 < 1, and by using the
assumptions N = sup ||b(0)]| is finite, also by using Theorem 2.8, E' = sup|| Eq o (AtY)]]
6>0 0<t<oo

is finite. So, from (3.2) it suffices to show that

t

lim | (t—0)°" Eqo(A(t — 0)*)b(0)d0 = 0. (3.3)

t—o0 0

Now, we have
/ (£~ 0 B (Al — 0)")0(6)d0 =
0
/ (£ = )" B a(A(t — 0))b(0)d8 + / (£~ 0" B (A(t — 0)°)0(0)d5
o h
We observe that

h h
H/O (t—9)&*1Ea,a(,4(t—9)a)b(9)d9Hg/o (t— )" ENdY

B ENh[to‘ — (t—h)~
T« h

]—0

as t — oo and

H/ht(t—G)alEa,a(A( d@H <E/ )= 16(6)|d6

< EM/ (t—0)"to=Pdp
h
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t
< EM/ (t—0)"to=Pdp
0

1
SEM/ (t — ty)* =" (ty) P tdy
0

= EMt* PB(a,1 - 3) — 0

as t — oo, where B(.,.) stands for the Beta function. This completes the proof. [

We present the following definitions which are needed for the stability of the non-

linear system to be discussed in the next section.

Definition 3.2. The system (2.1) with initial condition zy = RLDoatflx(t)h:o is
said to be essentially bounded (ess-bdd) if, for any £ > 0 there exist the constants

T, M > 0 such that ||zo|| < € implies ||z(t)|| < M, for all ¢t > T.

Definition 3.3. The solution x(t) : (0, +00) — R™ of the system (2.1) is said to be
ess-bdd if, there exists T > 0 such that the restriction of x(¢) on [T, +00) is bounded.

Definition 3.4. The system (2.1) with initial condition x¢ = RLDoatflx(t)h:o is said
to be uniformly essentially bounded (u-ess-bdd) if, there exist some T > 0 for which
Ve >0, IM > 0 such that ||xo|| < e = ||z(t)]| < M, (t > T).

4. STABILITY OF D2 X(T) = AX(T) + F(T, X (T))

In this section, we study the following fractional differential system with Riemann-

Liouville derivative

D z(t) = Az(t) + f(t,2(t)), (0<a<1) (4.1)

RL 0t

under the initial condition xg ZRLDOO‘tflx(t)h:o, where z(t) = (21(t), 22(t), ..., 7, (1))T
€ R™ and A € R™"*™. The system (4.1) can be solved analytically as

t
z(t) = t* " By 0 (AtY)z0 + / (t —0)* ' By o (At — 0)*)£(0,2(0))do. (4.2)
0
We establish the following stability results.

Theorem 4.1. Suppose [ be a continuous vector function, and there exist constants
M,h >0 and 8 > « such that for all t > h,

M
1£ 2@ < 5
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Then the system (4.1) is asymptotically stable if all the non-zero eigenvalues of A

satisfy
arm

27
and the zero eigenvalues of A have the same algebraic and geometric multiplicities.

larg(spec(A))| >

Proof. Following the proof of Theorem 3.1, we suppose that a < § < 1 and there
exists F > 0 such that ||E, o(At%)| < E. Thus

@) < 117" Ba,a (At*)zol| +/0 (t = 0)* " Eaa (At = 0))I| | £(8,2(6))]|d0
we set

I'= /I(t = 0)° 7| Eao(A(t = 0))I| 11£(0, 2())l|do
0

SO

t

h
r< e[ [ =0 s@ao)i+ [ ¢ -0 0. a0)la]. (43

h

By using the assumptions F' = sup || f(¢,z(t)] is finite. then
0<t<h

h h
[ a=ortise.a@na < F [ @07 ds—0
0 0
as t — oo, and
t t M t
/ (t—0) | £(0,2(0)||do < / (t — 9)0"1—[3d9 SM/ (t—0)*"19=Pdp
h h 0 0
1
=M / (t —ty)* " (ty)~Ptdy
0
=Mt*PB(a,1— ) — 0,
as t — 0o. So the system (4.1) is asymptotically stable. O

Theorem 4.2. Under the assumption of Theorem /.1 the system (4.1) is u-ess-bdd

if B> « and for all non-zero eigenvalues of A, we have

am
larg(spec(A))] > ==
and the zero eigenvalues of A have the same algebraic and geometric multiplicities.

Proof. Since

h
/0 (t— 0) V[ £(8,2(6))|d6 — 0
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as t — oo , there exists a t; > 0, such that for all t > ¢

‘/ ) THIf(0, 2(0))]1d0) < 1,

and, by
/ht(t —0)* 1 £(0,2(0))[|d < Mt* P B(a,1 - B),
we deduce that
t>1’/ )11 £(6, 2(0))||d6| < MB(a,1— B).

Now by the assumption, there exists a t2 > 0 such that |[t*"1E, o(At*)| < 1 for all
t > ta. Weset, T'= max{1,t1,t2}, and for e > 0 set M'(¢) :==e+E+EMB(a,1-0).
If ||zo|| < € then using the inequality (4.3) yields to

|z(t)|| <e+E(1+ MB(a,1-3)) = M'(e).

This completes the proof. 1

Remark 1. Under the assumption of Theorem 4.2 any solution of the system (4.1)
is ess-bdd if 8 > «.

Remark 2. Suppose that f(¢,2(t)) = b(¢) in which b(t) : (0, +00) — R™ is a contin-
uous function. Suppose for all non-zero eigenvalues of A, |arg(spec(A))| > < holds,
and the zero eigenvalues of A have the same algebraic and geometric multlphcmes,
and there exists a constant M > 0 such that [|b(t)|| < 22. Then the system (4.1) is
asymptotically stable for 8 > « and u-ess-bdd for g > a.

5. F-STABILITY OF RLDO“,‘TX(T) = AX(T)+ B(T)X(T)
In this section, we study the following fractional differential system with Riemann-
Liouville derivative

D(){

oDy (t) = Ax(t) + B(t)z(t), (0<a<l1) (5.1)

under the initial condition xy = RLDO(’t_lx(t)h:o, where
x(t) = (21(t), 2(t), ..., 2, (t))T € R® and A € R"*". We can get the solution of (5.1),

by using the Laplace transform and inverse Laplace transform, as
t
2(t) = t* By o (AtY) 20 + / (t —0)* ' By o(A(t — 0)*)B(0)z(6)do. (5.2)
0

Now we give the following definition:
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Definition 5.1. Let F be a family of vector functions defined on [ty, c0). The frac-
tional differential system (2.1) is said to be F-asymptotically stable if every solution

which belongs to F, is asymptotically stable.
We derive the following stability results.

Theorem 5.2. Suppose all the non-zero eigenvalues of A satisfy

T

Jarg(spec(A)] > .

and the zero eigenvalues of A have the same algebraic and geometric multiplicities. If
B(t) be an n x n matriz continuously depending on time t and there exist M,h > 0

and B > a such that

IBOI < 35, (=)

then the system (5.1) is F-asymptotically stable, where
F:={a(t):[0,00) - R",IM" > 0, [|z(t)| < M'}.

Proof. We have

t

H/ (t—0)° L Eq o (A(t — 9)“)3(9)x(0)d0H < (5.3)
0
¢
< M'/O (t = 0)* | Ea,a(Alt — 0))|[ B(O)]|d0

By (3.3), we can conclude immediately that (5.3) tends to zero as ¢ — oo. So, the
system (5.1) is F-asymptotically stable. O

Theorem 5.3. Suppose the conditions of Theorem 5.2 hold and F := LP(RT), then
the system (5.1) is F-asymptotically stable for p > %

Proof. Without loss of generality, we suppose that 5 < 1. So there exists a constant
E > 0 such that ||Eq o (AtY)| < E. Thus

()] < [[t27" Eaa(At%)zo| +/0 (t = 0)" " Ea,a (A = O))IIBO)[|2(6)]|d6.
Hence
()| < 187" Ba,a(At*)zol| + EM/O (t—0)*~1077 | (0)]|do.

Applying the Holder inequality yields to

[l < 127 Ea.a(At)aol| + EM[( / (- 0107 yran) / ' lo(6) P as) 3“}
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t 1
< [t B (Ao + EM]|(0)]] [( / (t - 0)(*~Vip~F1ag) ]

Where %—F% = 1. The right hand side of the above inequality tends to zero as t — oo.
Thus (5.1) is F-asymptotically stable. O

Corollary 1. Suppose that all the non-zero eigenvalues of A satisfy

T

Jarg(spec(A)] > .

and the zero eigenvalues of A have the same algebraic and geometric multiplicities.

The fractional differential system

RLDO(’”tar:(t) = Azx(t) + f(t,z(t)), O<a<l)
is F-asymptotically stable for either:
e F=LPRT), forp>1
o F={x(t):]0,00) = R",IM’" >0, ||z(t)|| < M'},

if there exist M,h > 0 and 8 > «, for which

e < MO0 o)
5.1. NOTE

We show that Theorem (4.1) in [20] is incomplete and even wrong, we consider the

system

D x(t) = Az(t) + B(t)a(t) (5.4)

RL to,t

in which A is an arbitrary n x n matrix and B(t) : [0,00) — R™*" is a continuous
bounded function. We can rewrite the equation (5.4) as

D* x(t) = Az(t) + B(t)x(t) = —Id x(t) + (Id + A+ B(t))z(t) (5.5)

RL to,t

where Id is the identity matrix. This system now satisfies in the hypothesis of Theo-
rem (4.1) in [20] since |arg(spec(—1d))| > %* and Id+ A+ B(t) is always a continuous
bounded function. So the system (5.5) is always asymptotically stable according to
the Theorem (4.1) in [20] and equivalently (5.4) is asymptotically stable independent
of the matrix A, which is clearly a wrong conclusion.
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6. NUMERICAL APPROACH AND EXAMPLE

Example 6.1. Consider the periodically forced linear oscillators model [26] presented
by

&+ 0F + wo’x = 7y coswt
which in turns can be written as
=y
o ) (6.1)
Uy = —wo°x — 0y + ycoswt

where wy, 0,w, d are constants. We rewrite (6.1) as

()-(2 )0 () e

We now introduce the fractional order derivatives into the above system, and then

modify the above system to obtain the following modified fractional order oscillator

model:
@ 0 1 0

xoz - 2 ) + 7y cos wt . (63)

Y —wo* —0 Y TP
If we set

0 1 0
A = 2 ’ b(t) = 7y cos wt ’
—wo” 0 PERY]

then [|b(t)[| < t‘ﬁ For choosing appropriate parameter values, we get |arg(spec(A))| >

S, S0 accordlng to the Theorem 4.1, for s > 0 and 5 > « the system (6.3) becomes

asymptotically stable.

To verify the stability results of this example numerically, we perform numeri-
cal simulation by means of the method by Atanackovic and Stankovic [1]. In [1] it
was shown that for a function f(t), the Riemann-Liouville derivative of order o with
0 < a < 1 may be expressed as

“ . 1
RLDo,tf (t) = m x

where
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For the sake of simplicity, we proceed the computations as follows.
First we approximate, D" f(t) by using the first M terms in the sum appearing in
Eq. (6.4) by

O L
RLDO,tf(t) - F(2 — a) X
u 1+a a—1 N Tp—1+a) f) | w(HE)
_ — W= rrTa) J\Y P
(1+; '« ) ( Lo f(t)+;1“(a—1)(p—1)!( o T pp-ita ))] '
(6.5)
We can rewrite Eq. (6.5) as follows
M
pe up(f) ()
2Dy P () 2 Qo t, M) /(1) + (o t, M) f(2) + > At P) e
p=2
where
I'(p—1+a)
Qo t, M 1+eralpl R(a,t 1o
(o8, M) = F(Q—a)ta L (e ?) toT'(2 — «)
and
o~ Al tp) L(p—1+0)
é(avt M) = R((X,t) + Z to ) A((X,t p) F(? o O[)F(O( o 1)( 1)
p=2
We set
’Up(x)(t) = wp(t)7 U;D(y)(t) = Up(t), p= 273a e 7M'
For the system (6.3) , we have
wp (1)
Qo t, M)’ () + B(a, t, M)z(t) + > Ala,t,p) 2 eira = nily ® () = y(®),
p=2
where .
w(®) = ~(p=1) [ 7 ar)dr, p=23, M
0
Also, we have
M up(t) ~ycoswt
/ « 2
e 1, M) (0140(0 8, MO Aot GRS = Pie) = —ana(0) =001+ T
where .
w(t)= (1) [ #2yrdr, p=23. M
0
Now we can rewrite the above equations as the following forms
/ 1 t
7 (0) = G [0 — Bt M) )-> Atp 2] )

p=2
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0.6 T T T T T T T T T 1.5
0.4t
1k
02t
05
ok
> 02} 1 > of
—04f
-05
-06
—1r
—08}
4 . . . . . . . . . 15 . . . . . .
2045 -041 -005 0 005 01 015 02 025 03 203 -02 -0 0 0.1 0.2 03 0.4

X X

Figure 1: Phase portrait of (6.3), for Figure 2: Phase portrait of (6.3), for
0 =1. 6=.1.

0 2 4 6 8 10 12 14 16 18 10 20 30 40 50 60 70 80 90
t t

Figure 3: Figure 4: Numerical value of (6.3), for

Numerical value of (6.3), for § = 1. 5= 1.

where
wy(t) = —(p— VP 2a(t), p=2,3,---, M,
and
1 ~ycoswt M (t)
! - - _ 2 _ e _ P
V(0= i L~ 90 w0 — 0y + T — Bt Myy(t) 3 Aot il

in which
u,(t) = —(p — D 2y(t), p=2,3,---, M,

along with the following initial conditions

x(f):x(h wp(g):(L p:2537 7M7
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0.4r
0.3

0.2

0.1

MMMMMM“M X
DI

-0.2 L L L L -0.3 L L L L L L L L L L E|
0 5 10 15 20 10 20 30 40 50 60 70 8 90 100
t t

Figure 5! Figure 6: Numerical value of (6.3), for

Numerical value of (6.3), for § = 1. 5= 1.

y(f) = Yo, up(g) :07 p:273a 7M7 (68)

where £ is a positive constant. Now we consider the numerical solution of system of
ordinary differential Eqs. (6.6), (6.7), with the initial conditions (6.8) by using the
well known Runge-Kutta method of the fourth order and depict orbits of the system
(6.3) for different set of parameters.

Phase portrait and numerical value of system (6.3) for the fixed parameter values
a=.98wy=4,7v=2,s=.5,=T,w=.1,29 =.1,y9 = .1, are depicted in Figs. 1,
2,3,4,5,6.

7. CONCLUSION

In the present paper, we provide analytical methods to examine the asymptotic sta-
bility for a class of nonlinear differential systems with Riemann-Liouville fractional
derivative for the commensurate order 0 < a < 1. We also establish F-asymptotic
stability theorems of the nonlinear differential system. To reveal validity of the ob-
tained analytical results we examine a test example in which we compute different
orbits of the given system by means of numerical simulations.
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