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ABSTRACT: In this paper, we survey the literature on the Fourier and wavelet transforms in both
the continuous and discrete cases. A few new results have been obtained but the tone is intended
to be expository. Finally, we have discussed the Feichtinger space Sy. It is dense in L?(R), much
larger than the Schwartz space, and it is a Banach space. Moreover, we have proved some results
using the Schoenberg’s quasi-interpolation techniques in Sg.
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1. INTRODUCTION

The time-evolution of the frequencies is not reflected in the Fourier transform, at
least not directly. In theory, a signal can be reconstructed from its Fourier transform,
but the transform contains information about the frequencies of the signal over all
times instead of showing how the frequencies very with time. The wavelet transform
acts as a time and frequency localization operator. Several authors such as Daubechies
et al [1], Duffin and Schaeffer [3], R. Coifman, A.J.E.M. Janssen, S. Mallat, J. Morlet,
P. Tehmitchian and others have extensively developed the theory of continuous and
discrete wavelet transforms.

Frazier and Jawerth [11] developed a discrete wavelet transform which allowed func-
tions in a large class of spaces besides just L?(R) to be analyzed. Later, H. Feichtinger
realized that the same could be done for the Gabor case Feichtinger [6], and then,
together with K. Grochenig, unified the Gabor and wavelet transforms into a single
theory, showing that a large class of transforms give rise to discrete representations of
functions Feichtinger and Grochening [7], Feichtinger and Grochening [8], Feichtinger
and Grochening [9].

The present paper contains three sections. Section 1, i.e., Introduction gives some

definitions and auxiliary results on Fourier transform. Section 2 deals with some new
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results on continuous wavelet transform. An inversion formula has been obtained in
LP(R),p > 1 using the approximate identity. Finally, in Section 3 we have discussed
the Feichtinger space as a Banach algebra under convolution and obtained some new
results using the technique of quasi-interpolation. An inversion formula for short time

Fourier transform also have been obtained.

1.1. FOURIER TRANSFORMS. The Fourier transform of a function f € L'(R)

1S

f(é)z/}%e‘z""@dx, £E€R. (1.1.1)

~ ~

If f € LY(R) and f(§) € L'(R), then the inverse Fourier transform of f(£) is defined
by
f(x) = / FlE)e*merdg | (1.1.2)
R
for almost every x € R. If f is continuous, then (1.1.1) holds for every .
To define the Fourier transform of functions f € L?*(R) we can find functions

fn € LY(R)( L*(R) such that f, — f € L*(R) by real analysis techniques. One way

of choosing the f, as

f> —TL§$§7’L,
falz) =

0, otherwise ,
then .
fie) tim [ e,
this limit is in the Hilbert space L?(R), not a usual pointwise limit.

1.2. DEFINITIONS AND AUXILIARY RESULTS.

1.2.1. Translation, modulation, and dilation. Given a function f we define the fol-

lowing operators.
Translation: T, f(z) = f(z — a) for a € R.
Modulation: E,f(x) = e?™® f(x) for a € R.
Dilation: D, f(x) = |a|™"2f(x/a) for a € R\ {0}.

Each of these is a unitary operator from L?(R) onto itself. R represents the set of
real numbers. A property is said to hold almost everywhere, denoted a.e. if the set
of points where it fails has Lebesgue measure zero. All functions f are defined on the

real line and are complex valued, unless otherwise indicated.

Definition 1.2.2. Given 1 < p < oo, we define the Lebesgue space LP(R) =
1
= Ml = (JplF@)P)7 < o0} For p = oo, we take L=(R) = {f : |||l =
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ess sup,cp | f(z)| < oo}. The essential supremum of a real-valued function f is
ess sup,cp f(z) =inf{x € R: f(x) < X a.e}. It is known that for 1 < p < oo, LP(R)
is a Banach space with norm ||.||, and that L?(R) is a Hilbert space with inner

product < f,g >= [, f(z)g(x)dz. In view of Cauchy-Schwarz inequality it gives
| < fo9 > 1 < || fll2llg]]2-

Definition 1.2.3. Let ¢ € L'(R) such that [, p(z)dz = 1. Then ¢ (z) = e 'p(z/e)

is called an approximate identity if:

(i) [ pe(x)dr =1,
(ii) sup..q fR |pe (@) |dx < oo,
(iif) limeso [, 4 |#2(2)|d2 = 0, V6 > 0.

Properties (i) and (ii) are obvious due to

/R Pe(r)dr = /R e p(x/e)dr = /R o(z/e)d(z/e) = 1.

For (iii), we have

—0

-(x)du = 1 z/e)du = OO1 r/e)du 1 x/e)du
/ac>5¢( ) /|m|>5( /e)e(x/e) /5 (1/e)¢(z/e) +/_ (1/e)¢(z/e)

[e.e]

Putting y = z /e, we get

00 d/e
iy [ o)y = [ ely)dy =0,

e—0 d/e 00

Definition 1.2.4. If ¢ € L'(R) with $(0) = 1 and we define ¢,(z) = np(nz),
where n = 1/¢ as n — 00,6 — 0. Then the sequences of functions {p,}>°, is an
approximate identity if:

(1) Jpen(x)du =1 for all n,

(2)  sup, [ |en(2)]du < oo,

(3)  lim, o flx|>6 |on(z)|du = 0 for every 6 > 0.

Let us consider the class S(R) of rapidly decreasing C'*°-functions on R i.e., Schwartz
class such that

S(R):{f:R—>R,sup (x —f)( ) < }; n,m € N|_J{0}.

TER dx™

We know that if f € S(R) then f € S(R) and S(R) C LP(R). If p € S(R) =
|p( )‘ < 1+| |n Forlgpgoo7

CPdx
)|Pdx < <
/"’ I /<1+|x|> >

= p € LP(R).
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Define a sequence {py} such that

f($>, —NSISN,
pN(T) =

0, otherwise,

= Jpn € S(R), f € LP(R) such that [, |pn — f|Pdz — 0 as N — oo, it proves that
S(R) is dense in LP(R).

Remark 1.2.1. If 0 < ¢(x) € S(R). Then ¢,(z) = ne(nx) is an approximate
identity.

Remark 1.2.2. If {y,}>, is an approximate identity and 1 < p < oo, then
lim, oo || f * @n — fl|, = 0 for every f € LP(R).
To prove the Remark 1.2.2, first we shall prove the following lemma.

Lemma 1.2.1. If f € L'(R) and ¢ € S(R) then ¢ x f € S(R).

o f = / y)dy,

Lloen= Z;(>%;ﬂx—yM%

Proof. We have
or

or
dn

ol (i ) = |ﬂf/fx— )iy,

Putting z — y = z, we get
dn
= " —y)dy.
/Rf(y)\xl dxn@(x y)dy

Since |z — y| < |z| + |y| < M so we get

il ar
_/|y>|m|/2 el ng(x_ )dy+/ fW)lz|"——¢(x —y)dy — 0. O

Iyl <lzl/2 dzxn
Proof of Remark 1.2.2. Consider

{LK%ﬂfX@—f@NW4Up
:UW/%“ @fmrp
[/dﬂfwn )y~ f(ﬂ]w-

Using f(z) = [, f y)dy in above we obtain

URdasI/an(y)(f(x_y)_f(x))dy@ 1p



Wayvelet Transforms 35

= URdx /|y>5|son(y)\p\f(a;_y> B f(x)|pdy} 1/p
i Uzzdx/|y<5lson(y)lp\f(x_y> B f(x)|pdy} 1/p
< /ywdym(y)\ [/Rdx\f(x_y) —f(a:)|P} 1/p

+/yl<6dy|90n(y)\ [/Rdx|f(x_y> _f(a:)|1’] 1/p

< / el

1/p
[ ety supUfo— - )|pd4 .
ly| <o ly|<d

Using limit n — oo, the right hand side tends to zero since

1/p
sup [/\fx— — )]pdx} — 0.

ly|<é
Hence the proof is completed. O
2. MAIN RESULTS

2.1. WAVELETS. Definition 2.1.1. (Wavelet) Wavelets constitutes a family of
functions derived from one single function g € L*(R) and indexed by two labels, one

for position and one for frequency. We define

gap(x) = |a|'/*g (IT_b) a+#0,b€eR.

g is admissible if Cj = fR \§(|§|)|2 < 0.

Definition 2.1.2. (Continuous Wavelet Transform) If g € L?*(R), then the integral
transformation W, defined on L*(R) by

Wylfl(a,b) =< f, gap >= /Rf(x)ga,b(x)dx =< f,D,Tpg >

for all f € L?(R) is called a continuous wavelet transform of f(x).

Now we shall prove the following result.

Theorem 2.1.1. Let f € L?(R). Then:
(i) The mapping (a,b) — gap: Ry x R — L*(R) is continuous.
(i1) The operator W, is continuous on R x R.
(111) Wy is bounded.
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Proof. (i) We have

oo = IDATI(9) = Dage ) =129 (£

i.e., gap(z) is the composition of two functions transformation 7, and dilation D,.
To prove the continuity of mapping (a,b) — gap, it is sufficient to prove that both
functions T, and D, are continuous.

Let Ty(g) = g(x — b). We have to show that ||7;(g9) — Ty (g)|| — O if |g» — g»| — 0.
We have

1Ty(g) — Ty ()] = / 9(z — b) — gle — b)de

/\g g(X +b—V)PdX < /2.

Since for n > ng, |gn(x) — gn, ()| < €/2. It follows that T} is continuous.

Now for dialation, we have for a > a’

1Dulg) — Dur(g)l| = / a2z /a) — |d'|2g(x )P
/||a| V2g(X) —|d/|?g(aX/d)PadX

/|g g(aX/d)PdX < e/2

since for n > ng, |g(z/n) — g(z/no)| < /2.
Hence the proof of (i) part is completed.

For (ii) and (iii) we have
(Wolf1(a, D) = | < f, DaTog > | < [|fll2DaTogll2 = [If]l2llgl]2,

W,f is a bounded function of a,b. Since f and g,; are continuous it follows that
W,[f](a,b) is also continuous. O

The wavelet transform W, is a generalization of the ordinary L?-Fourier transform.
W, would therefore like to have an inversion formula for the W -transform analogous
to that for the ordinary Fourier transform. If f € L'(R) then it is not necessary that
f also belongs to L'(R). Therefore in view point of this problem we shall use the

approximate identity to define the inversion formula for W, (f).

Theorem 2.1.2. Suppose g € LP(R) is admissible with Cy, = 1. Let {p,}7>, be
an approzimate identity such that ¢, € S(R) and ¢,(x) = @,(—x) for all x. Then
lim, oo [|f — fullp =0 for all f € LP(R), where 1 < p < o0,

o) = [ N / W, £a,5) (o * DaTh(g)) () 22

a2
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and
dadb

a?

fa) = [ [T wsanngioe)

Proof. We have
(f * pu)(z) = /R F(Opnle — )t =< f.Topn >=< W, f, W,(Togn) >

oo [ —— dadb
— [ [ Watt@b) < D0 T > 2
—o0 J0

_ /_OO /Ooo W f(a,b)(¢n * DaTrg)(z) dng-

Since ¢, is an approximate identity so for f € LP(R), ¢, * f — f € LP(R). If go ()

is the wavelet in LP(R) then ¢, * ga also a wavelet in LP(R). So, in view of Remark

1.2.2., we get
Tim £ g — fll, = 0
for f € LP(R). O

2.2. FEICHTINGER SPACE S,,. In this section we shall discuss the Feichtinger
space S,, which is dense in the space L? of square integrable functions on R, but first

we introduce the following definition.

Definition 2.2.1. Functions defined on R that vanish outside a closed (finite) interval
are said to have compact support. If ¢ stands for time and f(¢) has compact support,
then we say f is time limited. For f € L'(R), if f has compact support, we say that

f is band limited. Clearly, any function with compact support vanishes at infinity.

2.2.1. The Feichtinger Space. The Feichtinger space Sy shares several properties with
the Schwartz space S(R), yet Sy is much larger, it does not depend on differentia-
bility and it is a Banach space. Time frequency shifts and the Fourier transform are
isometrics on Sp. It was introduced in Feichtinger [4], Reiter and Stegeman [14]. All
its members are continuous and integrable functions. S is the space of all functions
on R which are represented in the time-frequency domain by integrable functions
Feichtinger and Grochenig [5]. We say that the norm of a function f in S is the

L'-norm of its short time Fourier transform V, f with respect to the Gaussian window

g, ie.,
1Alls = [ [ Waf@wldsd.

~m* and the short time Fourier transform is defined by

where g(t) = e

V, f () = / F(O)g(t — D) ldt =< f,E,T,(g) >
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where x,w € R. Here the Gaussian function g is replaced by an arbitrary non-zero
function from Sy. For example the triangle function, the trapezoidal function, or any
Schwartz function. The sufficient condition for f to be in Sy = Sp(R) is that f, f and
f" are in L', see Okoudjou [13]. Yet a function in Sy need not be differentiable. For
example, compactly supported function is in Sy if and only if its Fourier transform
is integrable. Because of the Fourier invariance of Sy, any integrable band limited
function is in Sp. We have proved that if o € L'(R) then ¢, is an approximate identity
with the property that @, € L'(R) which implies that . € Sy. We have also proved
that if ¢ € S(R) then . is an approximate identity. So if p. € S(R) then ¢ € S(R)
and S(R) is dense in LP(R),p > 1 it gives that p. € L'(R) and hence ¢, € Sy
For more on Sy, see Feichtinger and Grochenig [5], Feichtinger and Grochening [10],
Frazier and Jawerth [12].

Now we shall prove the following result.

Theorem 2.2.1. Let g, f € Sy. Then:
(i) The mapping (v,w) — E,Ty(g) : R x R — L*(R) is continuous.

(11) The operator V, f is continuous.

Proof. We have
E,T.(9) = g(t— x)ezmm )

E,T, is the composition of two functions transformation 7, and modulation F,. To
prove the continuity of the mapping (z,w) — E,T, it is sufficient to prove that both
functions E, and T, are continuous. We have already proved that T}, is continuous

so it remains to prove the continuity of E,. For this we have to prove that

|Eu(9) = B (9)] = 0,0 > ', if [w —w'[ — 0.
:/ |(e2m‘wt _ ezmwlt)g(t)ﬁdt
R

< [10 - emegle)de < o2
as |w—w'| <eg/2.

(ii) Since f and E,T;(g) are continuous it follows that V, f =< f, E,T,g > is also
continuous. O

Now we shall prove the inversion formula for V, f.

Theorem 2.2.2. Suppose g € Sy and . be an approrimate identity such that p. € Sy
and o (x) = p.(—x) for all z. Then

||f_fe||2_>0 asg—>0,



Wayvelet Transforms 39

where
- / / ng(wi> < ek Ewa(g) > (t)dmdw
RJR

and

_ /R /R Vi, f (2, ) EuTo(g) () drdes.

Proof. We have
[*oe(x / f(t)pe(x —t)d
=< f,Tpp. >=<V,f, V,(Tpp.) >
/ /R Vof(@,w) < EJTo(9), Top: > dadw

/ / V, f(3,0) (e % B,Te(9)) () drduw.

Since f * . — fin Sy and o, * E,T,(9) — E,T.(g) € Sy and Sy is sense in L*(R).
It gives that ||f * ¢. — f||l2 — 0 as e — 0.

The space S; is a Banach algebra under convolution contains approximate units
obtained by dilation. O

Theorem 2.2.3. Suppose v € Sy with v(0) = 1. Given r > 0, let v,(t) = v(t/r) for
t € R. Then
|or* f = fllsg =0 as r— o0,

for all f € Sy,
Proof. Let v, = Gy, 7 = 1/h,v(0) = 1 = 3(0) = 1. We have for g = ¢. € S(R)
locs s =liss= [ [ Weulorn s = Didods
Vilor s £ = DI =1 [ (0of = HOlT= e at
= [ I £(0) = v =
- [ @i / (= 2)f(2)dz — (1)
= [ o= [ vt -2 - f0)
= [l [ wios - a2 - [ =D
—1 [ oxtz [ GT=afe =2t - flo)
~1 [ wle)d [ S =y = 2y fa)
=1 [ we)dzfa =2z = flo)
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—| /R 8, (2)dzf(z — 2)dz — f(2)

= |(&n * f)(@) — f(z)].
Since ¢, € S(R) = ¢ € S(R) and ¢, x f — f as h — 0 or r — oo. Hence the above
expression tends to zero. Hence the proof is completed. O

Schoenberg’s quasi-interpolation is a general scheme in approximation theory. Now

we define the quasi-interpolation operator and its Fourier transform for f € Sj.

Definition 2.2.3. Given ¢ € Sy and h > 0 let Q7 denote the quasi-interpolation
operator, defined by discrete convolution for f € Sy by

QFf(t) = fxen(t) =) f(hk)p(t/h—k), t€R.

keZ

Given v € Sy and r > 0 the operator @f for f € Sy is defined as
QiFw) = £ on®) = v(/r) Y Flw - i),
keZ
Theorem 2.2.4. Let v €  and r = 1/h. Then

Q7 f =QVf, f € So.

Proof. We have
Qir) = [ 3 5betes/h — e
Ripez

Let t/h — k = x, we get

/ Zf hk? —27rz§ (hx+hk) hd.ﬁ(}
R

keZ

/ Z f(hk)hg&(x)e_%ifhxe_%ifhkdx
R

keZ

= f(hk)h@(hg)e et

keZ

= hp(hg) ) f(hk)ememt

keZ

BEr) S Flk/rye

A
In view of the Poisson summation formula and its Fourier transform for ¢ > 0 and

€S0
Zf w — ka) Zf k/a)e 2wk e R,

keZ keZ
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with absolute convergence of both series. We obtain

=v(&/r) Y f(E—rk) = QLT

keZ

Remark 2.2.1. The quasi-interpolation converges for functions from Sy indeed in

the norm of Sj.

Theorem 2.2.5. (i) Suppose that ¢ € Sy satisfies P(k) = Oy, for k € Z. Then for
all f € Sy we have

1QF(f) = fllse — 0,h — 0.
(i) Suppose that v € Sy satisfies v(k) = o for k € Z. Then for all f € Sy, we

have

H@;)(f) - fllsy, = 0,7 — 0.

Remark 2.2.2. In the consequence of Theorem 2.2.4 the statement (i) and (ii) in

Theorem 2.2.5 are equivalent, since the Fourier transform is an isometry on Sy.

Proof of Theorem 2.2.5. To prove (i) we have

Q¢ (f) f||so—// Vo f % on)(8) — f(8)|dide

Vo (f o — F)aw)] = | / (f % on — D) O)pnlt —)e 2"

/ (Zf (hk)e t/h—k)—f> pe(t — x)dt]

keZ
.y PR o(t/h — Kol —2)dt — | F(t)oult = 2)dt]
>, J
1 [ L e (ZE Y ay - [ - i
keZ

=|fxon(z—y)— f(z—y)|— 0,h — 0.

Hence the proof is completed.
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