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ABSTRACT: The variable structure control problem of distributed parameter system is inves-
tigated with frequent domain approach in this paper. Under the conditions more general than in
Orlov and Utkin [11] and Yueming and Qijie [18], an equivalent control theorem is proposed and
proved. Finally, we apply the equivalent control theorem to a heat system and a robot system so
that both the heat and robot systems are exponentially stable under the variable structure control.
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1. INTRODUCTION

The variable structure system is a system whose structure is intentionally changed
with a discontinuous control and it drives the phase trajectory to a hyperplane or
manifold El-Ghezawi et al [6], Fu and Liao [7]. This method is well-known for its
robustness to disturbance and parameter variations Verghese et al [15]-Zak and Hui
[19]. Conventionally, the variable structure control is based on the state-space ap-
proach in which a Lyapunov function need to be constructed so that the derivative of
the Lyapunov function negative definite. As the method provides robustness charac-
teristics, there exists a major problem, that is, the chattering phenomenon, usually
encountered in the practical implementation Fu and Liao [7], Slotine and Weiping
[13]. This phenomenon is highly undesirable because it may excite the high-frequency
unmodelled dynamics.

In this paper, the variable structure control is dealt with an approach of operator
semigroup in the frequency domain. Under the conditions more general than in Orlov
and Utkin [11] and Yueming and Qjjie [18], we proposed and proved an equivalent

control theorem. Finally, we apply the equivalent control theorem to a heat system
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and a robot system so that both systems are exponentially stable under the variable
structure control.
We start with considering the following infinite dimensional system:
Oy(y,t)
ot
y(x,0) = yo(),

= Ay(z,t) + Bu(y,t) + f(y,t), 0<t<T < o0, (L1)

where y € V., V is a reflexive Banach space composed of the whole functions from
R? to R™, A is a linear operator acting in V' and in V; respectively, B is a bounded
linear operator acting on V; into V.

Let S = S(y) = Cy, S(y) € R", C be a bounded linear operator acting on V' into
Va, Vo C V) be a Banach subspace. On the manifold S = C'y = 0, the control u(y,t)
of the system (1.1) is not continuous.

We see that the boundary layer was introduced and the effectiveness of equivalent
control method (namely, equivalent control theorem) was proved in reference Orlov
and Utkin [11]. In Yueming and Qijie [18], however the invertible condition of C'B
table place of the invertible conditions of A and A, in Orlov and Utkin [11], where
the commutable conditions of A and P remains to be retained. In the present paper,
with the assumptions that A is an infinitesimal generator of an analytic semigroup,
we shall prove the equivalent control theorem by perturbation theory for analytic
semigroups without the commutable conditions for A and P. Finally, we apply the
equivalent control theorem to the variable structure system concerning heat process,
and obtain that the solution of the system of heat process is exponentially stable

under the appropriate conditions for the sliding mode.

2. EQUIVALENT CONTROL THEOREM

In this section we start with introducing the equivalent control method.
Considering the §-neighborhood of sliding mode S = Cy = 0 (J is an arbitrary
given positive number), using the continuous control @(y, t) to take place of u(y,t) in

system (1.1), we have

= Ay + Ba(y,t) + f(y,1), (2.1)
y(0) = yo,

where y = 0y /0t, and the solution of (2.1) belongs to the boundary layer ||S(y)| < .
Let S(y) = Cy = 0. Applying C to the first equation of (2.1) leads to the equivalent

control u.,(y,t):
uEQ(y>t) = _(CB)_lc(Ay_l'f(yat)) ) (22)
with assumption that the (CB)™! exists. Substituting u.,(y, t) into (2.1) yields

y=[I — B(CB) 'C|Ay + [I — B(CB) 'C]f(y,1), (2.3)
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which is called the equivalent control equation.
Denote P = B(CB)™'C, Ay = (I — P)A and fo(y,t) = (I — P)f(y,t), then (2.3)
is equivalent to the following evolution equation:
g = Ay + fo(y,?) (2.4)
We turn now to prove the following result.
Theorem 2.1 (Equivalent Control Theorem). If the following conditions are satisfied:
(i) A is an infinitesimal generator of Cy-semigroup semigroup T'(t),t > 0 on V;
(11) (CB)™! emists, and PA is a closed operator;
(iii) f(y,t) satisfies Lipschitz condition in y with the constant L;
(iv) the control u(y,t) is bounded in any bounded region, and the solution of (2.1) is

unique and bounded in the boundary layer |S(Y)|| < 0; then for each solution §(t) of
(2.4) satisfying S(go) = 0, Jo € D(Ao), [lyo — Yoll <9, yo € D(A), we have

lir% ly(t) — )|l =0, wuniformly on [0,7T]. (2.5)
Proof. Since P is bounded, it is clear that
[1PAy| < [[P[[[Ayll, vy € D(A). (2.6)

Conditions (i) and (ii) together with the above inequality imply that Ag = A — PA
is an infinitesimal generator of an analytic semigroup T (t), t > 0 on V in virtue of

[11: Theorem 3.2.1], and so there are constants M, wy, Ms, we, satisfying
1T < Mye™t, (IT(#)]] < Mae**". (2.7)

In the boundary layer, it is easy to see that

(y,t) = —(CB)"'C(Ay + f(y. 1)) + (CB)~'Cy. (2.8)
Substituting this into (2.1), we find that
y=U—-P)Ay+ I = P)fly,t)+ Py= Ay + (I —P)f(y,t) + Py, (2.9)

and therefore, the solution y(t) of (2.1) can be expressed as follows, see Pazy [12]

y(t) = T(t)yo + /0 T(t —s)(L— P)f(y(s),s)ds + /0 T(t — 5)Py(s)ds, (2.10)

the solution g(t) of (2.4) can be written as follows

3(t) = T(6)go + / Tt — $)(L — P)f(5(s), s)ds. (2.11)

Using integration by parts, and estimating the back term of the right side of (2.5)

in view of Pazy [12], Theorem 1.2.4, we obtain

/Ot T(t —s)Pj(s)ds = Py(t) — TPy, + /Ot AoT'(t — s)Py(s)ds

= Py(t) — T(t)Pyo + T(t)Pyo — Py(t) = 0. (2.12)
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Subtract (2.6) from (2.5), and employ condition (iii) and the inequality || T(t)] <
Msye*?t to find

t
ly(t) = G(O)I| < Mae"6 + LM T — PH@“’QT/ ly(s) — g(s)l|ds. (2.13)
0

From Gronwall inequality, the consequence of Theorem 2.1 are now obtained, and
(2.3) is the sliding equation of system (1.1). The proof is complete. O

It can be seen from Theorem 2.1 that after all the unfavorable factors are considered,
the actual sliding model state y(t) can arbitrarily close to ideal sliding model state
7, and the conditions in Theorem 2.1 are more general than that in Orlov and Utkin
[11] and Yueming and Qjjie [18].

Under the condition of Theorem 2.1, if the initial states for system (1.1) are on the
sliding mode S = C'y = 0, and the state deviates a little from sliding model, can it
go back to the sliding mode by discontinuous control u(y,¢)? This is just a problem
of stability for sliding mode. Since the problems in this respect has been studied in

Orlov and Utkin [11] and Yueming and Qjijie [18], we shall not repeat here.

3. VARIABLE STRUCTURE CONTROL FOR A SYSTEM OF HEAT
PROCESS

In this section we consider the following variable structure control problem for heat

process.
2

0°q
(z t)=0, t>0, (3.1)

gt

F, B is a constant matrix respectlvely, E =diag(A\;),\; > 0 (i = 1,2,--- ,n) is the

O)—qo() 0<a<l.

heat physics coefficient, g(z,t) € R™ is the temperature distribution, and u(q,t) € R™
is the temperature control.

We define an operator by A = F9%/0x?, D(A) = {q € H'(0,1)|¢'(0) = ¢'(1) = 0},
where “’” denotes partial derivative with respect to spatial variable x, and H'(0, 1)

is a Sobolev space. Then the system (3.1) is equivalent to the following evolution

equation:
% _ g+ P+ Bu(g,1)
815 q q q,1t), (3.2>
q(0) = qo.

Lemma 3.1. Operator A is an infinitesimal generator of an analytic semigroup
T(t),t >0, on H(0,1).

Proof. By verifying directly we can find that A is a dissipative and self-adjoint
operator in H'(0,1). In fact, applying integration by parts with the definition of A
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and the boundary conditions of ¢y we have

l
(Ag.q) = / B (2)7(@)

= —/0 E}QI(ZIJ)FSO (33)

for any ¢ € D(A). Therefore, A is a symmetric operator, see Hou and Tsui [9] and A
is dissipative. In order to show that A is self-adjoint, it suffices to show that there is
a constant ¢ such that | Ag|| > ¢||f|l, f € D(A), see Balaskrishman [2]. Actually, we
see from (3.3) that

I
2
1Aq|l llqll = |(Aq, q)| = IIEII/ ¢ ()| da > ¢|ld'|I? (3.4)
0
where ¢ = 1I£11<11 {A\i} (since E =diag{\;} and \; > 0,7 = 1,2,---,n,c exists), and
c>0. o
Applying the boundary condition of ¢ in D(A), we can get inequality, see Desoer
[5]
l 9 l2 l ) 9
lg(z)[dz < = | |d(2)] d,
0 2 Jo
that is,
2 l2 112 /112 2 2
lgl < S llg'l™ o gl = llall™ (3.5)

It follows from (3.4) and (3.5) that
2c
14q[l llgll = ellg'lI* = Zllall®

and
2c
| Aq] > l—2IICJ||-

Thus, A is self-adjoint.

Let r > 0, then A — r[ is also a dissipative self-adjoint operator in H'(0,1),
and 0 € p(A —rI). In view of Lummer-Phillips Theorem, see Pazy [12], it can be
known that A — rI generates uniformly bounded Cy-semigroup on H'(0,1). Taking
an arbitrary complex number A = o 447, (0 and 7 are real numbers and 7 # 0), then
A € p(A—rl), we have from the Pazy [12], Theorem 2.5.2, that

1A = (A —rD)] 7| < dist(A, o(A — 71)) < 1/||7]].

Therefore, we can conclude from that A — rI generates an analytic semigroup on
H'(0,1). Thus, in view of the perturbation theory for analytic semigroup, see Pazy
[12], A = (A —rI)+ rl is an infinitesimal generator of an analytic semigroup 7°(t),
t>0on H'(0,1), and the proof is complete. O
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Next, let us turn to discuss the stability of solution of (3.1) under the variable

structure control. The main results is obtained as the following theorem.

Theorem 3.1. Assume that system (3.1) and sliding mode S = Cq = 0 satisfy the
following conditions:

1. (OB)™! exists, where C is a finite dimensional constant matriz;

2. EP = PE, where P = B(CB)™'C;

3. u(q,t) is bounded in any bounded region, and the solution of (3.1) is unique and
bounded in the bounded layer || S(q)|| < ¢.

Then there exists the appropriate sliding mode S = Cq = 0 such that the solution of
(3.1) (or (3.2)) is exponentially stable under the sliding mode control.

Proof. We see from Lemma 3.1 that A in (3.2) satisfies condition (i) of Theorem 2.1.
Since P is a finite dimension constant matrix, PA is a closed operator. Therefore, the
condition (ii) of Theorem 2.1 is satisfied. It is easy to see that the other conditions
of Theorem 2.1 are also met, hence the equivalent control method is valid for system

(3.1) or (3.2) by means of Theorem 2.1, and the sliding equation is as follows:

0
a_;] = (I - P)Aq+ (I - P)Fq.
Since S” =0 and EP = PE, above sliding equation yields
dq 0?q
—=F—+N 3.6

where N = (I — P)F.
Let C = (C}, Cy), where Cy is an m x m invertible matrix, ¢ = (¢q1, ¢2)7, ¢ € R*™,
¢ € R™, since S = C1q1 + Caqy = 0, ¢ = —C5 'Ciq1. Now, we define E, N by

E = El 0 ’ N — Nl N2 .
O E2 N3 N4

On _ p 4 N NGO = Bugl 4 N 3.7
9 1W+( 1 — NoCy Ch)gn = Evgl + Noga, (3.7)

where Ny = N;—N,C5 *C). Tt is obvious that stability of solution of (3.6) is equivalent
to stability of solution of (3.7). Choosing C so that all the eigenvalues of (Ny + Nj)

all negative, then we can show that the solution of (3.7) is exponentially stable.
In fact, let Ay = F10%/02?, then (3.7) becomes

0
% = Ayq1 + Nogn = (A1 + No)agu -

We can see from Lemma 3.1 that A; is an infinitesimal generator of an analytic
semigroup 71(t) on H'(0,1), and so is A; + Np. Since the spectrum of A; + Ny

Then, we have
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consists of its isolated eigenvalues, and for any eigenvalue A and the corresponding

eigenvector 1 of A; + Ny, we see that

A + (ReNo)tb + i(ImNo)) = A (3.8)
Take inner product with ¢ on the two sides of (3.8) to find
(A1), ¥) + ((ReNo), ¥) 4+ i{(ImNo ), 1) = A1, ) (3.9)

Noting that all the eigenvalues of (No+N;) are negative, we can infer that ((ReNy), ¥) <
—ro{1), 1), where —rg is the maximum eigenvalue of ReNy,ry > 0.

It is clear that (A17,¢) < 0. In view of the real part of two sides of (3.9), we
obtain that ReA(i, ¢) < —rq(1, 1), and hence ReA < —rg, thus

sup{ ReA|\ € o(A; + Ny)} < 0.

It follows from Pazy [12], Theorem 4.4.3, that there exist constants M > 1 and p > 0
such that
(T (@) < Me™ (£ > 0) (3.10)

Since the solution of (3.7) can be expressed as

q1(z,t) = Ti(t)quo(), (3.11)

estimating the norm of two sides of the above expression in terms of (3.10) we have
lga (2, )]l < Mllquo()[le™" (¢ = 0). (3.12)

Since the right-hand of (3.12) tends to zero as n — oo in exponential decay, the
solution of (3.7) as well as the solution of (3.6) are exponentially stable, which implies
that the solution of system (3.1) is exponentially stable under the variable structure
control, and the proof of Theorem 3.1 is complete. O
Remark. The condition EP = PFE in Theorem 3.1 is weaker than the condition
AP = PA in Yueming and Qjijie [18].
Actually, if we choose in R? that

1 1 A O
P = ., B = A Ao, A1 >0, >0,
<O O) <0 >\2> 17‘é 2 1 2

q= (Ch) , g€ D(A), ¢ #0,

a2
then P? = P, PE = EP. However, by definition, we find that

o (a0 11 1" ) )
APq = E(Pq)" = <01 /\2> [(0 0) (Z;) = <>\1(h +>\1qz> ,

11 )\1 0 1 1"
PAqg= P(Eq)" = = (Mg + M) .
q= P(Eq) ( ) (0 A2> <q2> (1q1+ 1q2>

0 0
Since A; # \o, ¢ # 0, thus APq # PAq, and so AP # PA.
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Conversely, if AP = PA, in this case for every ¢ € D(A), it is clear that APq =
PAq, namely, EPq" = PEq", and hence EP = PE.

4. VARIABLE STRUCTURE CONTROL FOR FLEXIBLE ROBOT
SYSTEM

We start this section with the following flexible robot system, see Hou and Tsui
8], Hou and Tsui [9]:

Gt x) + 20ELp~ " (t, x) + ELp~ "y (t, x) = —xb(t),
p(t,x) — 20(G T/ pk?) " (t, x) — (GJ/pkz)so”( z) =0,
m[(l+ )(t) + §(t, 1) + cijf' (t, 1) + e@(t, )] = EIy" (t,1) — 20 EIy""(t,1),
ml(l+)0(t) + ii(t, 1) + cif'(t, 1) + ep(t, 1)] + Jo[ (t,1)] = —EIj(t,1) — 20 BTy (t,1),
me[(l 4 ¢)0 + ij(t, 1) + cif (t,1) + e (t, )] + Jpg(t,1) = —GJ'(t,1) — 206G T p(t, 1),
(y(t,0) =0, y(t,0)=0; (¢,0)=0,

(4.1)
where the meaning of the symbols used above in system (4.1) are the same as in Hou
and Tsui [8] and Hou and Tsui [9].

We shall choose the space H* = L?(0,1) x L?(0,1) x R? as the state space of system
(4.1), which is a Hilbert space equipped with inner product

(w,v) = p /0 [wi ()07 (2)ws (z)ve ()] dz + Z w;T;

where w = (wy, -+ ,ws)T, v = (vy, -+ ,v5)T.
Define an operator A : H — H as follows

1 0 0 m mc me
Aw=10 1 0 |w, M= | mec Jy+ mc? mce
00 M me mce Jr + me?

It is not difficult to verify that A is the positive definite linear operator on H’'.
Let By : D(B,) — H:

EI d* GJ d? a3 d d
Biw =d O N ]
1 1ag< p dit pK?dz? dx?” d dox)
D(Bl) = {w|w = (wla e >w5)T>w¥(') S H2(07 l)7w2() € H(Ov l)}

Q= —(z,0,m(l + c), Jo +me(l + ), me(l + ¢))".

After defining the previous operators, we can now write again the system (4.1) as

follows:
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W(t) + 20 Ay (t) + Ajw(t) = A1QH(t),

’UJ(O) = Wy, UJ(O> = W10,
here Al = A_lBl,D(Al) = D(Bl),W = (wl,--- ,w05)T,w1 = y(t,g) = gp(t, l) =
ws = y(t,1),wy = —y; (t,1),ws = y(t,1); we, wyo are the initial values of the system
(4.1).

Now, we turn to consider the variable structural control in system (4.2), namely

(4.2)

W(t) + 20 A110(t) + Ayw(t) = Cu(t, w, ) + A1Q6(1),
w(O) = Wo, w(O) = w10, (4-3>
S:le—l-Gg’w:O,

where C, Gy, G5 are bounded linear operators on H, u is the control system (4.3).

Set v = (v, v2)T, vy = w, vy =W

0 1 0 0
A = (—Al —25/11) s D(A) = D(Al) X D(Al), B = (O C) y

Fi(t,v) = (0, A70(t)T, L(Gy, Gy). (4.4)
Then system (4.3) is equivalent to the following first order evolution equation in
‘H=H, x Hy

0(t) = Av(t) + Bu(t,v) + F(t,v),

v(0) = v, (4.5)

where vy = (wp, wo)?.
To study further the stability of the system (4.5), we shall introduce the following

useful lemmas, see Hou and Tsui [8].

Lemma 4.1. The operator A in (4.5) is the infinitesimal generator of a Co-semigroup
T'(t) and Hilbert space H and there exist the constants M > 0 and w > 0 such that

1T < Me™" (¢ >0) (4.6)
where w = sup{Re A\|A € o(A)} < 0.
Lemma 4.2. The eigenvectors of A constitute a Riesz bases, see Zwart [4], of H.

Lemma 4.3. Let C[0,+00) be a Banach space consisted of all uniformly continuous

functions on [0, +00) with norm in the form

g1l = max |g(t)], (4.7)
Let (Kg)(t fo “(t=s)g(s)ds, g € C[0,+00), then K is a bounded linear operator,

and | K || § 1/w.
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Theorem 4.1. In the system (4.5), if the following conditions are satisfied:

(a) (LB)™! is existent and compact:

(b) AP = PA, where P = B(LB)™'L;

(c) F(t,v) satisfied Lipschitz condition in v, and Lipschitz constant L < w/M]||I —
P||, (w and M are the same as that in (4.6)), then solution v(t) of robot control

system (4.5) is exponentially stable.

In fact, we see from Lemma 4.2 that the eigenvectors of A constitute the Riesz
basis. Let {e, |n = 1,2,---;k = 1,2,--- ,ni} be all eigenvectors corresponding to
eigenvalue A\, of A. Then Ae,, = \,e,,, PA= AP, P? =P, (I —P)>=1—-P, we
have

Write ¢, = (I—P)e,,, then (I —P)Ap,, = Ay, , and hence {¢,, [n=1,2,--- [k =

1,2, -+, ng o2, are all the eigenvectors for eigenvalues {\,,}22 , of (I—P).A. It follows
oo N

that w = > > ay,e,, for every w € D(A), and so
n=1k=1

n=1 n=1

n=1

where (3, = an, A,. This implies that {¢, }72, constitute Riesz basis of Hy, and
ap((I = P)A) = 0,(A) = { A}

n=1>

where o,() is the point spectrum of operator.

Applying Pazy [12] to the operator (I —P).A, we see that (I —P).A is an infinitesimal
generator of a Co-semigroup 7'(t) on Hy, and there is a constant N such that ||7'(t)|| <
Ne~“t. By means of functional analysis, Pazy [12], every T(t) can be extended so as
to be an operator acting on H, maintaining the norm of 7'(¢), still is written as T(t),
and then the conclusion of Lemma 4.2 is obtained.

Proof. We know from Lemma 4.1 that A is an infinitesimal generator of Cy-
semigroup 7'(t). By using the equivalent control method in Section 2, we can get the

following equivalent control equation:

b= (I — P)Av+ (I — P)(F)(t,v), (4.8)
v(0) = vy.

It can be shown that (I — P).A is an infinitesimal generator of a Cy-semigroup 77 (t),

and there is constant M; satisfying

1Ty ()] < Mye™". (4.9)

In fact, we see from the condition (a) that P is a compact operator on H, and its

range is closed in ‘H, see Taylor and Lay [14].
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Since A is a closed linear operator with dense domain D(.A), its range AH = H18),
Hence the range of (I — P)Ais (I — P)AH = (I — P)H, which is a complete subspace
of H, written by Hy. Now, we shall prove that all eigenvectors of (I — P).A constitute
the Riesz basis of H,.

It is easy to see that the solution of (4.8) can be resolved into the following form:

v(t) = p(t) + (1), (4.10)

here ¢(t) and v (t), satisfy the following equations, respectively

p = (I - P)Ap, (4.11)
©(0) = wo,
= (I = P)Ap + (I — P)F(t,v) (4.12)

Yo = vo.
In view of the theory of operator semigroup, the solution of (4.12) can be expressed

as follows
Y(t) = /0 T(t—s)(I —P)F(s,v(s))dx.

Combining (4.9) with condition (c), we have

[o@)] < M| - PHL/O eI (o)l + [ (s)lds. (4.13)

Analogously, the solution of (4.11) can be expressed as follows

p(t) = T(t)vo
and
le@)ll < Mjvolle™". (4.14)
Substitute (4.14) into (4.13), it following from Lemma 4.3 that

@)l < M?||T = PyLlvol[te™" + M| — P|LE(|[2])).
Arranging the above inequality, we have
(I = M||I = PILK)(|[4]) < M?||T — P||Lfvo[te™", (4.15)

with the assumption (c), it is clear that |M||I — p||LK|| < 1, and therefore, the
inverse of I — M;||I — P;||LK is existent, and

(I — M)||[I — P||LK)™ ! = Z(MHI — P||L)"K™. (4.16)
n=0
Since K is a monotonically increasing operator, applying (4.16) onto the both sides
of (4.15), in terms of the inducible result K"(te=!) = e=«1{"*1/(n + 1)!, we have

[l < Mljvoll Y (ML =l L) (" /(0 + 1)1)e™" = Muluolle™ M || — pl|L)t.
0
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Write y = w — M||I — p||L, then we know from the condition (c¢) that x> 0, and
[l < Mjwolle™ (4.17)
It follows from (4.14), (4.17) and p < w that
lo@I < le@®I + W@ < Mllvolle™,

This concludes that the solution to the robot control system (4.5) is exponential

stable, and the proof is complete. ([l

5. CONCLUSION

In this paper, the variable structure control problem of distributed parameter sys-
tem was investigated with frequent domain approach. Under the conditions more
general than in Orlov and Utkin [11] and Yueming and Qjjie [18], an equivalent con-
trol theorem was proposed and proved. Finally, the equivalent control theorem was
applied to a heat system and a robot system, and it was shown that both the heat

and robot systems are exponentially stable under the variable structure control.
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