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D{Ma(t) + f(t, (t), 2(A(t, (1)) = b(t).
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1. INTRODUCTION
Consider the n-th order differential equations
DMa(t) + f(t, x(t), (At x(t) = b(t),  teJ (1)

and
D™ (t) 4+ a(t)h(z(A(t, z(t)))) = b(t), teJ (2)

with deviating argument A which depends on the independent variable t as well as
on the unknown function z.

Here n > 1 is an integer, t € J = [a,+00) C [0,+00) = Ry, a,b 1 J — R,
f:JxR?*—=R h:R—R,

DVz(t)=a(t),  DYx(t)=r@t)(DY Va(®)), i=1,....n,
where 7; : J — (0, +00).
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We notice that some initial oscillation and asymptotic results concerning equation
(1) are obtained in the papers of Bainov and Simeonov [1], Bainov et al [2], [3], [4]
and Markova and Simeonov [10], [11], [12].

The main results of this paper are stated in eleven theorems. In Theorems 1-7 and

Corollaries 1 and 2 sufficient conditions are found under which

lim DWz(t)=0, k=0,1,...,n—1 (3)

t—+o0
for every oscillatory solution x(t) of equation (1) having a given growth at infinity.

Theorem 8 provides sufficient conditions which garantee that every solution of
equation (1) satisfying (3) is nonoscillatory.

In Theorem 9 and Corollaries 3 and 4 the growth of the solutions of equation (2)
is estimated in the case when this equation is of retarded type (A < t).

In Theorems 10 and 11 necessary and sufficient conditions are obtained so that all
oscillatory solutions of equation (2) satisfy (3).

The main theorems generalize and extend results of Grace and Lalli [6], Greaf et
al [7], Kusano and Onose [8], [9] and Singh [13], [14] concerning differential equations
with deviating argument A which does not depend on z (A = g(t)).

2. PRELIMINARY REMARKS

Introduce the following conditions:

H1. f € C(J x R* R) and there exists F' € C(J x R%, R, ) such that
@&yl S F(t 2l lyl),  ted, zyeR

and
F(t,up,v1) < F(t,ug,ve) for 0<wu; <wups and 0<wv; <wy.
H2. r, € C(J,(0,40)), k=1,....n—1and r,(t) =1, t € J.
H3. b€ C(J,R).
H4. A € C(J xR, R).
HS5. There exist 0 € C(J,R) and T € J such that

lim o(t) =400 and o(t) < A(t,z), t>T, zeR.

t——+o00

H6. There exist 7 € C(J,R) and T € J such that
At,x) < 7(t), t>T, xzeR.

The domain D of D{™ is defined to be the set of all functions x : [t,, +00) — R
such that the r-derivatives Dfnk)x(t), k = 1,...,n exist and are continuous on the
interval [t,, +00) C J. By a proper solution of equation (1) is meant a function
x € D which satisfies (1) for all sufficiently large ¢ and sup{|x(t)| : ¢ > T} > 0 for

T > t,. We assume that equation (1) do possess proper solurions. A proper solution
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of equation (1) is called oscillatory if it has arbitrarily large zeros; otherwise it is

called nonoscillatory.

3. MAIN RESULTS

Theorem 1. Assume that:
1. Conditions H1-H6 hold and

/OO rl(lsl) /jo r2(152) /:02 m/i b(s)|ds...dsy < 4+oo.  (4)

2. There exists a continuous nondecreasing function p: J — R such that

/OO 7’1(181) /: 7’2(182) /:2 m /sool Fe T = +Z)5O)

for all ¢ > 0.
Then every oscillatory solution x(t) of equation (1) with x(t) = O(u(t)) ast — +o0o
satisfies (3).

Proof. Let x(t) be an oscillatory solution of equation (1) with z(t) = O(u(t)) as
t — 400. Then there exist constants ¢ > 0 and T > « such that |z(t)| < cu(t) for
t > T. Since u(t) is nondecreasing in J it follows from conditions H5 and H6 that

[2(A(t, x(1))] < cp(At, x(t)) < ep(r(t)) for t=T. (6)

Since z(t) is oscillatory, Dfnk)x(t) is oscillatory for k = 1,...,n — 1. Let {¢,,}>°_, be
a sequence of consecutive zeros of Dﬁn_l)x(t) and B, € (tm,tm+1) be such that
(n—1) _ (n—1)
DI a(5) = max DI Va(t)].
Integrating (1) from t,, to (3,, we obtain

. B
DI a(3,) = D Valt) == [ Fs.als)alAsals))ds + [ w)ds,

tm

which, together with (6) and condition H1, gives

Bm Bm
D Da(B,)] < / Fs, cu(s), cul(r(s)))ds + / b(s) ds

Summing on m we have

o0 o0

SO D V(8] < / " P (s, p(s), ulr(s)))ds + / b(s)|ds < +oo.

m=1 t1 t1
Consequently lim,,,_ Dﬁn_l)x(ﬁm) = 0 which implies that lim,_, Dfnn_l)x(t) =0.
Integrating (1) from ¢ to 400 we obtain
DI Valt) = [ Fls.als) ol ds.a(s))ds — [ bls)is. ™
t t

We shall prove that lim,_ o D" ?z(t) = 0.
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Let {z,,}2°_; be a sequence of consecutive zeros of Dﬁn_z)x(t) and Yy, € (Zm, Zm+1)
be such that
D Pa(y)| =  max [DI"Pa(t)].

2m <t<zm+1

Integrating (7) from z,, to v,, we obtain

DO () = /V’”# T (s 2(s), 2(A(s, 2(s)))dsdsny

~1(8n1) S,y
/ m_ / " b(s)dsd
— _ s)dsds,_1,
Zm TTL—I(Sn—l) Sn—1 ( ) !
which implies

Ym 1 oo
DDt < [ s [ (s p(s) (o ()

— (Sn—l
[ [ s
+ — s)|dsds,_1 .
Zm ,rn_l(sn_l) Sn—1 '
Summing on m we have

S D0 et < [ o [ Pl s

=1 - (Sn_l) Sn—1

o0 1 o0
+ _— b(s)|dsds,,—1 < +0o0.
/Zl — /\ (5)|dsds,

Therefore lim;_ ;oo Dfnn_z)x(t) = 0. Integrating (7) from ¢ to +0o we obtain

D Dat) = = [ [ (o) (A a(9) s

o 1 o
+ —_— b(s)dsds,,_1 .
/t Tn_l(sn_l) /Snl ( ) !

Continuing the process we deduce that lim; . D,ﬁk)(t) =0,k=0,1,...,n—1. O
As a consequence of Theorem 1 we obtain the following two theorems.

Theorem 2. Assume that:
1. Conditions H1-H6 hold and

o0 [ee] 1
/ 1b(s)|ds < +o0 . / —ds<tee, i=loin-l. (9
2. There exists a continuous and nondecreasing function p: J — R, such that
/ F(s,cu(s),cu(r(s)))ds < 400 for all ¢>0. (9)

Then every oscillatory solution x(t) of equation (1) with x(t) = O(u(t)) ast — 400
satisfies (3).

Theorem 3. Assume that:
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1. Conditions H1-H6 hold and
/ws"_l\b(sﬂds < 4oo, rit)>rg>0,i=1,...,n—1,t€ J. (10)
2. There exists a continuous and nondecreasing function p : J — Ry such that
/OO s" 1 F (s, p(s), u(7(s)))ds < 400 for all c>0. (11)
Then for every oscillatory solution x(t) of equation (1) with x(t) = O(u(t)) as
t — 400 satisfies (3).

Proceeding as in the proof of Theorem 1 one can prove the following theorem.

Theorem 4. Assume that:
1. Conditions H1-H5 and (4) hold.

2. There exists a continuous and nonincreasing function \ : J — R, such that

/OO Tl(lsl) /OO 7"2(152) /mm/m F(s, eA(s), cA(o(s))ds .. ds,

< +oo (12)

for all ¢ > 0.
Then every oscillatory solution x(t) of equation (1) with z(t) = O(A(t)) ast — 400
satisfies (3).

Proof. Let z(t) be an oscillatory solution of equation (1) with z(t) = O(A(t)) as
t — +o00. Then there exist constants ¢ > 0 and T > « such that
lz(t)| < eA(t), t>T. (13)
Since A(t) is nonincreasing in J it follows from (13) and condition H5 that
(AR 2(1))] < AR 2(1) <cAo(t), =T,

Further the proof is the same as the proof of Theorem 1. O
As a consequence of Theorem 4 we obtain the following two theorems.

Theorem 5. Assume that:
1. Conditions H1-H5 and (8) hold.

2. There exists a continuous and nonincreasing function X\ : J — R, such that
/ F(s,¢e\(s),cA(0(s)))ds < +o0 forall ¢>0. (14)

Then every oscillatory solution x(t) of equation (1) with x(t) = O(X(t)) ast — 400
satisfies (3).

Theorem 6. Assume that:
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1. Conditions H1-H5 and (10) hold.

2. There exists a continuous and nonincreasing function X\ : J — R, such that
/ s"LE (s, cA(s),cA(0(s)))ds < +oo  forall  ¢>0. (15)

Then every oscillatory solution x(t) of equation (1) with x(t) = O(X(t)) ast — 400
satisfies (3).

From Theorem 4 with A(¢) =1 it follows the next theorem.

Theorem 7. Assume that conditions H1-H5 and (4) hold and

F(s,c,c)ds...dsy < 400 or all c>0. (16
el A R AR CEE f 10)

Then every bounded oscillatory solution of equation (1) satisfies (3).

Corollary 1. Assume that conditions H1-H5 and (8) hold and
/OO F(s,c,c)ds <400 forall  ¢>0. (17)
Then every bounded oscillatory solution of equation (1) satisfies (3).
Corollary 2. Assume that conditions H1-H5 and (10) hold and
/OO s" 1 F(s,c,c)ds < +o0o for all c>0. (18)
Then every bounded oscillatory solution of equation (1) satisfies (3).

Theorem 8. Assume that:
1. Conditions H1-H5 hold.
2. There exists a ¢y > 0 such that either

t
lim inf / b(s) — F(s, co, co)lds > 0, (19)
t—-4o00 T
or t
tliin sup/ [b(s) + F (s, o, co)]ds < 0 (20)

for all large T.

Then every solution x(t) of equation (1) satisfying (3) is nonoscillatory.

Proof. Assume the opposite, that there exists an oscillatory solution z(t) of equation
(1) such that lim; ;o Dfnk)x(t) =0,k=0,1,...,n— 1. Then there exists a T" > «
such that

D Va(T) =0, lz(t)] < ¢ and |x(A(t,z(t)))| <co, t>T.
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From condition H1 it follows the estimate
[f (& 2(8), (At x()] < F(E,co,c0),  £2T
which implies that
b(t) = F(t, co, co) < b(t) — f(t, (1), 2(A(t, x(t)))) < b(t) + F (£, co, co)

and
b(t) — F(t,co,co) < DiMa(t) < b(t) + F(t, co, co) (21)

fort >1T.
Integrating (21) from T to ¢ we obtain

t

/t[b(s) — F(s,cq,c0)]ds < D" V(1) < / [b(s) + F (s, co, co)lds, t>1T.

Hence if either (19) or (20) holds, x(t) cannot have arbitrarily large zeros, which is a

contradiction. O

Now applying some of the above results to equation (2) we obtain necessary and
sufficient conditions so that all oscillatory solutions of equation (2) satisfy (3).
Introduce the functions Ri(t,T), k = 0,...,n — 1 in the interval [T, +o0) C J as

follows:

1, if k=0,
Rp(t,T)=<q 1 [ 1 ]
(6 T) / / / dsp...ds;, if k>0,
7 r1i(s1) Jr ra(s2) T T (k)

Set Ri(t) = Ri(t,a), k=0,...,n—1and R(t) = R,_1(t).

Introduce the following conditions:

H7. a € C(J,R).

HS8. h € C(R,R) and there exists a function H € C'(R,,R,) which is nondecreas-
ing in R, and such that

|h(z)| < H(z), H(zy) < H(z)H(y) for >0, y>0, H(0O)=0

and

*d
/mOHZjL)_)+OO as T — +oo, xT>x9>0.

H9. There exist 7 € C(J,R) and T € J such that

Alt,z) <7(t) <t, t>T, zeR.

t
H10. tliinoo sup %(5&)) <400, k=0,1,...,n—2.
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Theorem 9. Assume that conditions H2-H5 and H7-H10 hold and
/ 1b(s)|ds < 400,

/ la(s)|H(R(7(s)))ds < +o0.
Then every proper solution x(t) of equation (2) is such that

z(t) = O(R(t)) as t— +oo.

(22)

Proof. Let x(t), t > Ty > « be a proper solution of equation (2). From condition H5
it follows that there exists a T' > Ty such that A(t,z(t)) > o(t) > Ty, t > T. From
(2) we obtain that

i
L

z(t) =Y DWx(T)Ry(t,T)

[ T L D
+ — »a(s)dsds,—q .. .ds
7 11(s1) Jr 12(s2) T Tn-1(Sn-1) Jr ! !

for t > T, which implies

e
Il

|<Z|D(k T)|Rk(t) + R(t /|D (s)|ds, t>T.
From condition H10 it follows that there exists a ¢ > 0 such that

n—1
}:\Lﬁmxcrﬂfﬁ(“ <c¢, t>T.
k=0

R(t)
Then 2(0) .
r(t
§c+/ Dﬁ")a:s ds, t>1T. 23
o <ot [ 1DPats) (23)
Choose 3 > T such that A(t,z(t)) > o(t) > T for t > 3. Then from (24) we get
|[z(A® z(t))] / /A(tyx(t)) -
D" d t>p. 24
T IDa(s)lds + Da(s)lds, 12 5. (20
Set

ity = ZAGO T e s [ 1b(s)ds
0= agay . ©=ct [ PPl [ s

Then keeping in mind (25) and the inequalities
At 2(t) < R(A(s, 2(s))) < R(7(s)),
|DMa(s)| < |b(8)| + la(s)[H(R(7(s)))H (u(s)) ,
we obtain the Bihari-type inequality

u(t) < co +/ﬁ la(s)|H(R(7(s)))H (u(s))ds , t>0. (25)
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Applying to (26) the Bihari’s Lemma [5] we conclude that

ult) < G [ o) / a(s)|H(R(r(s)ds|,  t> 0. (26)
where G(u) = [/ ;(ss) u > ug > 0.

From (27) and condition (23) it follows that

(At 2(1)))]
RAG () ~

This means that z(t) = O(R(t)) as t — +oo since A(t, z(t)) — +o0 as t — +o0. O

for t> (3 andsome M >0.

Corollary 3. Assume that conditions H2-H5, H7-H10 and (22) hold, and
ri(t) > 19 >0, i=1,....n—1, teJ,
/OO la(s)|H (7" (s))ds < +00.
Then every proper solution z(t) of equation (2) is such that
z(t) =0@t"™ ") as t— +oo.

Proof. From (28) we obtain that R(t) = O(t"') as t — +o00 and now Corollary 3

follows from Theorem 9. O
Corollary 4. Assume that conditions H2-H5, H7-H10, (22) and (28) hold, and
/ la(s)|ds < 400, (28)
tli+m R(t) < 4+00. (29)

Then every proper solution of equation (2) is bounded.

Proof. Let z(t) be a proper solution of equation (2). It follows from (31) that
R(t) = O(M) as t — +oo for some M > 0. Then by Theorem 9 z(t) = O(M) as
t — 400, which means that z(¢) is bounded. O

Consider the differential equation
DMax(t) + a(t)h(z(T(t) = b(t), teJ, (30)
which is a paricular case of equation (2) with A = 7(¢).
Remark 1. The assertation of Theorem 9 from Grace and Lalli [6] is that all oscilla-

tory solutions of equation (32) are bounded, if conditions H3, H7, H8, (22), (28) and
(30) hold,

Te€C(JR), lm 7(t)=+oc0, 0<7(t)<t, telJ (31)

t——+00

and

. :O< 1) as t— 4oo forsome ~ve€/[0,1). (32)
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Obviously, our Corollary 4 (with A = 7(¢)) includes Theorem 9 from Grace and Lalli
[6]. Moreover, Corollary 4 is applicable in cases, when the same Theorem 9 does not

work.
Example 1. Consider the equation

(532 (1))) +a(O)z(r(t) =b(t),  t>1, (33)

where a,b, 7 € C(J,R) satisfy conditions (30), (22) and (33, respectively.
Here n = 3, r1(t) = 3, ro(t) = 5 and v = 3 — 2 = 3 > 1, that is, condition (34) is
violated and Theorem 9 from Grace and Lalli [6] is not applicable to equation (35).
On the other hand, the conditions H2-H5, H7-H9, (22), (28) and (30) of Corollary

4 hold. Moreover,
L1 > 1
Ry (t) = / ds = / —ds < +o0
1 71(8) 1 83

and
| b1
R(t) = Ry(t) = — —duds < —3s3ds < +00.
1 83 J1 us 1 S§3

Hence the rest conditions H10 and (31) hold and therefore by Corollary 4 every proper

solution of equation (35) is bounded.

Theorem 10. Assume that conditions H2-H5, H7-H10, (22) and (23) hold, a(t) # 0
fort e J, and

/ R(s)H(R(7(s)))|a(s)|ds < +00. (34)
Furthermore, suppose that b(t)/H(R(7(t)))a(t) approaches a finite limit as t — +00.
Then every oscillatory solution x(t) of equation (2) satisfies (3) if and only if

R
S RGN (35)

Proof. 1. Let (37) hold. Then R(¢)[b(t)| < R(t)H(R(7(t)))|a(t)| for all sufficiently
large t. This together with (36) implies

/OO R()|b(t)] < +o0

and the conclusion follows from Theorem 9 and Theorem 1 (with F'(¢, u,v) = a(t)H (v)
and p(t) = R(t)).

2. Let x(t) be an oscillatory solution of equation (2) satisfying (3). Assume that
(37) is not true, that is,

[b(%)]
H(R(7(t)))la(t)
for all sufficiently large ¢. Dividing (2) by a(t) and taking the limit as t — +oo we

|27>0

conclude that Dﬁ")x(t) has one sign for sufficiently large ¢. Hence z(t) has a constant

sign eventually, which is a contradiction. 0
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Theorem 11. Assume that conditions H2-H5, H7-H10, (28) and (31) hold, a(t) # 0
forte J, and

/OO s" a(s)|ds < 400 . (36)

Furthermore, suppose that b(t)/a(t) approaches a finite limit as t — +o0.
Then every oscillatory solution x(t) of equation (2) satisfies (3) if and only if

im @ =
tlﬂo a(l) 0. (37)

Proof. Theorem 11 can be proved proceeding as in the proof of Theorem 10 and by
using Corollary 4 and Corollary 2 (with F(¢,u,v) = a(t)H (v)). We omit the details.
O
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