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ABSTRACT. In this paper, we shall establish sufficient conditions for the existence of solutions,

as well as extremal solutions, for perturbed fractional functional differential equations.
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1. INTRODUCTION

This paper deals with the existence of solutions as well as the existence of extremal
solutions for initial value problems (IVP for short) for perturbed fractional order

functional differential equations

(1.1) Dy(t) = f(t,ys) + g(t,ye), foreacht € J=1[0,0], 0<a<1,

(1.2) y(t) = o(t), tel-r0],
where D® is the Riemman-Liouville fractional derivative, f,g: J x C([-r,0], R) — R
are given functions and ¢ € C([—r,0],R) with ¢(0) = 0. For any continuous function
y defined on [—r, b] and any t € J, we denote by y; the element of C'([—r, 0], R) defined
by
y(0) =y(t+86), 6¢€[-r0]

Here y,(+) represents the history of the state from time ¢ —r up to the present time ¢.

Functional differential equations arise in a variety of areas of biological, physi-
cal, and engineering applications, see, for example, the books of Kolmanovskii and
Myshkis [20], and Hale and Verduyn Lunel [14] and the references therein. Differ-

ential equations of fractional order have recently proved to be valuable tools in the
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modeling of many phenomena in various fields of science and engineering. Indeed,
we can find numerous applications in viscoelasticity, electrochemistry, control, porous
media, electromagnetic, etc. (see [4, 11, 13, 17, 21, 22, 26]). For three noteworthy pa-
pers dealing with the integral operator and the arbitrary fractional order differential
operator, see [7, 8, 10]. There has been a significant development in fractional differ-
ential equations in recent years; see the monographs of Kilbas et al. [19], Miller and
Ross [23], Podlubny [27], Samko et al. [29] and the papers of Delbosco and Rodino
2], Diethelm et al. [4, 5, 6], El-Sayed [9], Kilbas and Marzan [18], Mainardi [21],
Momani and Hadid [24], Momani et al. [25], Podlubny et al. [28], Yu and Gao [30]

and the references therein.

In this paper, we shall prove the existence of solutions, as well as, the existence
of extremal solutions for the problem (1.1)- (1.2). Our approach is based, for the
existence of solutions, on a new fixed point theorem of Burton and Kirk BuKil, and
for the existence of extremal solutions, on the concept of upper and lower solutions
combined with a fixed point theorem on ordered Banach spaces established recently
by Dhage and Henderson [3]. These results can be considered as a contribution to

this emerging field.

2. PRELIMINARIES

In this section, we introduce notations, definitions, and preliminary facts which

are used throughout this paper.

By C(J,R) we denote the Banach space of all continuous functions from J into
R with the norm
[Ylloo == sup{[y(t)] : t € J}.
Also, C([-r,0],R) is endowed with the norm || - || defined by

[¢lle := sup{[o(0)] - —r < 6 < 0}.

Definition 2.1. The fractional primitive of order a > 0 of a function h : (0,b] — R
is defined by

Ioh(t) = /0 %h(s)ds,

provided the right side is pointwise defined on (0,b] and I" is the gamma function.

For instance, I®h exists for all @ > 0 when h € C((0,0],R) N L'((0,5],R); note
also that when h € C([0,b],R) then I*h € C([0,0],R) and moreover I*h(0) = 0.



PERTURBED FRACTIONAL FUNCTIONAL DIFFERENTIAL EQUATIONS 431

Definition 2.2. The fractional derivative of order o« > 0 of a continuous function
h:(0,b] — R is given by

“hi) 1 d / (t — 5)="h(s)ds

dte (1 —«)dt
d
— ]l «
SIUh0)

More details on fractional integrals and fractional derivatives can be found in
(19, 23, 27, 29].

3. EXISTENCE OF SOLUTIONS

Let us start by defining what we mean by a solution of the problem (1.1)—(1.2).

Definition 3.1. A function y € C([—r,b],R) is said to be a solution of (1.1)—(1.2) if
y satisfies the equation D*y(t) = f(t,y:) + g(t,y:) on J and the condition y(t) = ¢(t)
on [—r,0].

For existence results for the problem (1.1)-(1.2) we need the following auxiliary

lemma.

Lemma 3.2. ([2]) Let 0 < a < 1 and let h : (0,b] — R be continuous and
+

(
lim; o+ h(t) = h(0T) € R. Then y is a solution of the fractional integral equation

W) = iy S s ()
if and only if, y is a solution of the initial value problem for the fractional differential
equation
D>y(t) = h(t), t € (0,0,

We state the following generalization of Gronwall’s lemma for singular kernels,

whose proof can be found in [16], will be essential for the main result of this section.

Lemma 3.3. Let v : [0,b] — [0,00) be a real function and w(-) is a nonnegative,

locally integrable function on [0,b] and let be the constants a >0 and 0 < oo < 1 such

that .
o(t) <w(t)+ a/o (tv_(ss)) ds

Then, there ezists a constant K = K(«) such that

v(t) < w(t)

for every t € [0,0].
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Our first existence result for the IVP (1.1)—(1.2) is based on the following fixed
point theorem due to Burton and Kirk [1]:

Theorem 3.4. Let X be a Banach space, and A, B two operators satisfying:

(i) A is a contraction, and

(ii) B is completely continuous.

Then either

(a) the operator equation y = A(y) + B(y) has a solution, or

(b) the set € ={u€ X : NA (%) + AB(u) = u} is unbounded for X € (0,1).
Let us introduce the following hypotheses witch are assumed hereafter:

(H1) The function f: J x C(]—r,0],R) — R is continuous.
(H2) There exists a constant k& > 0 such that

lg(t,u) — g(t,w)| < k||lu —l|¢, for each t € J, and all u, w e C([—r,0],R).
(H3) There exists a constant M > 0 such that

|f(t,u)] < M for each t € J and all u € C([—r,0],R).

Theorem 3.5. Assume that hypotheses (H1)-(H3) hold. If
bk
T(a+1)
then the IVP (1.1)-(1.2) has at least one solution on [—r,b.

(3.1) <1,

Proof. Consider the operators:

F,.G:C([-r,b,R) — C([-r,b],R)

defined by
o(t), if t € [-r,0],
F(y)(r) = t |
iy Jot = 8) 7 f(s,ys)ds, it €[0,0],
and
0, if ¢ € [7,0],
Gy)(t) =

7 Jo(t =) Lg(s, y)ds, if t € [0,b].
Then the problem of finding the solutions of the IVP (1.1)-(1.2) is reduced to finding
the solutions of the operator equation F'(y)(t) + G(y)(t) = y(t),t € J. We shall show
that the operators F' and G satisfy all the conditions of Theorem 3.4. The proof will
be given in several steps.

Step 1: F s continuous.
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Let {y,} be a sequence such that y,, — y in C([—r,b],R). Let n > 0 such that

1Walloo < 7.
Then
1 t .
Fy)(t) - F)(®)| < ﬁaéu—@auwﬁg—ﬂmmm

1 t o1

< ﬁ@é“‘@ S £, ) — (5,30

S ||f(7yn)r?aj;(7y)||00 /0 (t - S)a—lds

< ba”f(vyn) - f(vy)”oo

- al'(«) ’

Since f is a continuous function, then we have

VI Cm) = 5 s

1700) = F(0) o € I 0 s oo,

Step 2: F' maps bounded sets into bounded sets in C([—r, b, R).

Indeed, it is enough to show that for any n* > 0, there exists a positive constant ¢
such that for each y € B« = {y € C([—7,b0,R) : ||[y|lcc < 7"}, we have || F(y)|lo < ¢.
By (H3) we have for each t € [0, b],

FOOL < Fa [ =971 ulds

()
M t o1
S @/0 (t — S) ds
< M b*.
— aol'(a)
Thus y
||F(y)||oo S mba = f

Step 3: I maps bounded sets into equicontinuous sets of C([—r, b, R).

Let t1,t2 € (0,0], t1 < ty, B, be a bounded set of C'([—r,b],R) as in Step 2, and
let y € B,». Then

F(y)(t2) = F)(t)] = |y Jy' (2 = 907 = (01 = )" 1) f(5,)ds
iy St — )71 f (s, ys)ds

< % f;l [(t; — 5)* L — (ty — 5)* Y]ds

+% fttf(t —s)*lds
< F(gil) [(t2 —t1)* +t7 — 5] + %(b —ty)*
< rag (e = )+ i (8 — 15).
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As t; — to, the right-hand side of the above inequality tends to zero. The equicon-
tinuity for the cases t; < t5 < 0 and t; < 0 <ty is obvious.

As a consequence of Steps 1 to 3 together with the Arzeld-Ascoli theorem, we
can conclude that F' : C([—r,b],R) — C([—r,b],R) is continuous and completely

continuous.
Step 4: G is a contraction.

Let x,y € C([—r,b],R). Then, for each t € J we have

|G(2)(t) = Gly)(®)] < ﬁ/ot(t — )" g(s, z:) — g(s, ys)lds

1 /t .
< = t—5)kl|lx — yl|eods
o | e =l
kllz — yllw /t 1
< - t—5)* "ds
Ty Jo7?
< ey
— al(a) Ylloo:
Thus,
G(2) ~ Gl < oz — gl
Ylee = gyt~ Yllee
and consequently G is a contraction, since by (3.1), % < 1.

Step 5: A priori bounds.

Now it remains to show that the set

Sz{yEC(J,R):y:)\F(y)%—)\G(%) for some 0<)\<1}

is bounded.

Let y € &; then y = AF(y) + \G (%) for some 0 < A < 1. Thus, for each t € J

we have

w0 =2 [ (= s+ s [a— oo (s 2) ).
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This implies by (H2) and (H3) that for each ¢ € J we have

M t ol
w(t)| < f@yéa—ﬁ s

A t ol
+m/o (t—s5)"""g(s,0)|ds

M/t 1
S t—s)¥ “ds
o) J, 079

]{Z t bag*
_— t — ) Hyslled -7
+meﬂ< ) lods + et

g (s, %) —g(s, 0)‘ ds

IA

where
g* =sup|g(s,0)|.
seJ
We consider the function i defined by

w(t) =sup{ly(s)|: 0<s<t}, 0<t<h.
Let t* € [—r,t] be such that u(t) = |y(t*)|. If t* € [0, b], then by the previous inequality
we have for t € [0, b]

b*(M + g*) k ' a-1
) < Hor s +Fm%£u—@ u(s)ds.

If t* € [—r, 0], then u(t) = ||¢|lc and the previous inequality holds.

Then, from Lemma 3.3, there exists K = K () such that we have

*(M+yg) ok ' a—1
Tla+1) —i—KF(a)/O(t—s) Rds

PMAg) | e K L e

lplloe <

Ma+1) I'(a+1) ’

where
b (M +g7)

Ila+1)
Since for every t € [0,0], ||y¢]|o < p(t), we have
yllee < max([|g]lc, R) := A.
This shows that the set £ is bounded. As a consequence of Theorem 3.4, we deduce
that F'(y) + G(y) has a fixed point which is a solution of the problem (1.1) — (1.2).
O
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4. EXISTENCE OF EXTREMAL SOLUTIONS

In this section, we shall prove the existence of minimal and maximal solutions for

the IVP (1.1)-(1.2) under suitable monotonicity conditions on the functions involved.

Definition 4.1. A nonempty closed subset C' of a Banach space X is said to be a
cone if

i c+Ccc,
(ii) A\C' C C, and
(iii) {=C}n{C} = {0}.

A cone C' is called normal if the norm || - || is semi-monotone on C, i.e., there
exists a constant N > 0 such that ||| < N |y||, whenever z < y. We equip the space
X = C([—r,b],R) with the order relation < induced by a regular cone in F, that is
for all y,y € X : y <7y if and only if y(¢t) — y(t) > 0, Vt € [—r,b]. Cones and their
properties are detailed in [12, 15]. Let o, § € X be such that a < #. Then, by an

order interval [, 5] we mean a set of points in X given by
0,8l = {z e X |a<z<a)

Definition 4.2. Let X be an ordered Banach space. A mapping T : X — X is called
isotone increasing if T'(x) < T'(y) for any x,y € X with x < y. Similarly, T is called
isotone decreasing if T'(z) > T'(y) whenever z < y.

Definition 4.3. ([15]) We say that z € X is the least fixed point of G in X if v = Gz
and x < y whenever y € X and y = Gy. The greatest fixed point of G in X is defined
similarly by reversing the inequality. If both a least and greatest fixed point of G in

X exist, we call them extremal fixed points of G in X.

We need the following fixed point theorem in the sequel.

Theorem 4.4. ([3]) Let [a, 5] be an order interval in a Banach space and let By, By :

[, B] = X be two functions satisfying:

(a) By is a contraction,

(b) By is completely continuous,

(¢) By and By are strictly monotone increasing, and
(d) By(x) + Ba(x) € [, B], for all x € [a, f].

Furthermore, if the cone C' in X is normal, then the equation x = By(z) + Ba(z) has
a least fized point x. and a greatest fized point * € [, f]. Moreover z, = lim x,

n tooco
and z* = lim y,, where {x,} and {y,} are the sequences in [, 5] defined by

Tpp1 = Bi(zn) + Ba(x,), 0 = @ and Yni1 = B1(yn) + B2(yn), yo = 5.
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We adopt the following definitions.

Definition 4.5. A function v € C([—r,b],R) is called a lower solution of the IVP
(1.1)-(1.2) if D*0(t) < f(t,v¢) + g(t,vy), for each t € J and v(t) < ¢(t) if t € [-7,0].
Similarly an upper solution w of IVP (1.1)-(1.2) is defined by reversing the order of

the above inequalities.

Definition 4.6. A solution x,; of the IVP (1.1)-(1.2) is said to be maximal if for
any other solution x of the IVP (1.1)-(1.2) on [—7,b] we have x(t) < xp(t) for each
t e [—r,b.

Similarly a minimal solution of IVP (1.1)-(1.2) is defined by reversing the order of

the inequalities.

Definition 4.7. A function f(¢,z) is called strictly monotone increasing in x almost
everywhere for ¢t € J, if f(t,z) < f(t,y) for each t € J and all z,y € C([-r,0],R)
with x < y. Similarly f(¢,x) is called strictly monotone decreasing in z almost
everywhere for t € J, if f(t,x) > f(t,y) a.e. t € J for all z,y € C([—r,0],R) with
T <y.

We need the following assumptions in the sequel.

(H4) The functions f(t,y) and g(t,y) are strictly monotone nondecreasing in y for
each t € J.
(H5) The IVP (1.1)-(1.2) has a lower solution v and an upper solution w with v < w.

Theorem 4.8. Assume that assumptions (H1)-(H5) hold. Then the IVP (1.1)-(1.2)

has minimal and mazimal solutions on [—r,b].

Proof. It can be shown, as in the proof of Theorem 3.5, that F' is completely con-
tinuous and G is a contraction on [v,w]. We shall show that F' and G are isotone
increasing on [v,w]. Let y,§ € [v,w]| be such that y <7, y # 7. Then by (H4), we
have for each t € J

Fy)(t) = ﬁ / (t — )" f(s,y.)ds
< = e
— F@).

Similarly, G(y) < G(y). Therefore F' and G are isotone increasing on [v, w]. Finally,
let « € [v,w] be any element. By (H5), we deduce that
v< F(v)+Gv) < F(z)+ G(z) < F(w) + G(w) < w,

which shows that F/(z)+ G(z) € [v,w] for all z € [v,w]. Thus, the functions F' and G
satisfy all the conditions of Theorem 4.4, and hence the IVP (1.1)-(1.2) has minimal

and maximal solutions on [—r,b]. This completes the proof.
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5. AN EXAMPLE

In this section we give an example to illustrate the usefulness of our main results.

Let us consider the fractional functional differential equation,

(@) _ ce'[|y|| B o o
R [T 7 I T 7 M )
(52) y(t) = (b(t)? te [_Tv 0]7

where ¢(0) =0, c['(a) = ¢ fob s*le7%ds, and ¢ > 1 fixed. Set
elx
(et + e t)(1+x)

f(t,z) = . , (t,x) € J x[0,00),

and
—t

glt.a) = 7o—. (t.2) € T x [0,00).
Let z,y € [0,00) and t € J. Then we have

t

e x Y
t — f(t = _
|f(7‘r) f(?y)| C(€t+€_t)) 1_’_:1: 1+y
B e'lz —yl
et e) (1 +a)(1+y)
< % -y
T clet+e ) vy
1
S _‘x_y|7
c

Hence the condition (H2) holds. Also, the function g is continuous on J x [0, c0) and
lg(t, )| <1, for each (t,z) € J x [0, 00).
Thus conditions (H1) and (H3) hold. Assume that —2— < 1, then by Theorem 3.4

cl(a+1)
the problem (5.1)-(5.2) has at least one solution on [—r, b].
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