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ABSTRACT. This paper investigates the existence of a positive solution to a general scalar delayed
population model of fractional order that is a nonlinear fractional functional differential equation
by applying a nonlinear alternative of Leray-Schauder type in a cone and the generalization of
Gronwall’s lemma for singular kernels, improving previously known results. Further, we show the
continuous dependence of the solution on the order and the initial condition of nonlinear fractional
functional differential equations and obtain an Mittag-Lefller functional estimate of the solution by

virtue of the generalized Gronwall inequality.
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1. Introduction

In 2006 Ye et al. [3] have addressed the question of the existence of positive

solutions for a general scalar delayed population model of fractional order

{ Dfa(t) — x(0)) = x(t) f(t,z) , tel,

(1.1)
:L'(t) = ¢(t) >0 , L€ [_T> 0]>

where I = [0,7], 0 < o < 1, D is the standard Riemann-Liouville fractional deriva-
tive, € C and f: I x C — R* is continuous. As usual, C' = C([-r,0]; R") is the
space of continuous function from [—r,0] to R™,r > 0, equipped with the sup norm
4] = max_,<p<o |@(0)], RT = [0,400) and x; denotes the function in C' defined by
2(0) = xz(t + 0), —r < 6 < 0. By using the sub- and super-solution method, they
obtained some sufficient conditions for its existence of positive solutions. However, it

is an essential condition that f(t,-) be nondecreasing in [3] (also in [8,10,11])

Therefore, the first aim in this paper is concerned with the existence of a positive
solution to Eq (1.1). By applying a nonlinear alternative of Leray-Schauder type in

a cone and the generalization of Gronwall’s lemma for singular kernels [9], we obtain
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the the existence of its positive solution, removing the condition that the function

f(t,-) be nondecreasing, which improves the previously known results [3].
Then, this paper investigates the dependence of the solution on the order and the

initial condition for fractional functional differential equations and an Mittag-Leffler

functional estimate of the solution by virtue of the generalized Gronwall inequality
[6].

2. Integral inequalities and definitions

In this section, we introduce integral inequalities which can be used in nonlin-
ear fractional functional differential equations, theorems and definitions of fractional

integral and derivative [1,4].

Let us recall the standard Gronwall inequality which can be found in [5, p. 14].

Theorem 2.1. If

x(t) < h(t) + /t k(s)x(s)ds, t€ [to,T)

to
where all the functions involved are continuous on [ty,T),T < +oo, and k(t) > 0,
then x(t) satisfies

x(t) < h(t) + /t h(s)k(s) exp[/t k(u)dulds, t € [to,T).
If, in addition, h(t) is nondecreasing, then
x(t) < h(t) exp(/tk:(s)ds), t € ty, ).

to

Theorem 2.2 ([6, p. 188]). Suppose b > 0, > 0 and a(t) is a nonnegative function
locally integrable on 0 <t < T (some T < 400), and suppose u(t) is nonnegative and
locally integrable on 0 <t < T with

u(t) < alt) + b/o (t —s)* tu(s)ds

on this interval; then

t
0

u(t) < a(t) + /

SN PR

Corollary 2.3. Under the hypothesis of Theorem 2.2, let a(t) = a on [0,T) and

— 1
b= m, then

u(t) < aFEy(t%),

n

where E, is the Mittag-Leffler function defined by E,(z) = > o0 ==

n=0 TI'(na+1) *
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Proof. The hypotheses imply

u(t) < afl —I—/O Z F(:La) (t — s)"*"ds]

tna

- aZF(na+1)

n=0
= aFE,(t%).
The proof is complete. 0
Theorem 2.4. [7] Let E be a Banach space with C C E closed and convez. Assume

U is a relatively open subset of C with 0 € U and F : U — C'is a continuous, compact

map. Then either
(1) F has a fived point in U; or
(2) there ezists u € OU and X € (0,1) with u = A\Fu.

Lemma 2.5 (The generalization of Gronwall’s lemma for singular kernels [9]). Let
v :1]0,T] — [0,00) be a real functional and w(t) be a nonnegetive, locally integrable

function on [0,T], and there are constants a > 0 and 0 < a < 1 such that
b ov(s)
v(t) <w(t) + a/
o (t—s)®
Then there 3K = K(«), such that

v(t) <w(t) +Ka/t

ds,t € (0,7

“_(SS)) ds,t € [0, 7]

«

(t

for every t € [0,T].

Definition 2.6. Let f : [a,b] — R, and f € L'[a, b]. The left-sided Riemann-Liouville
fractional integral [1,4] of f of order « is defined as
1 xT
I8 f(z) = — — ) f(t)dt
2@ = g [ =0

where a > 0,a < x < b.

Definition 2.7. The left-sided Riemann-Liouville fractional derivative [1,4] of a func-
tion f : [a,b] — R is defined as

Dgf(x) = D™I f(x),

where m = [a] + 1,D™ = 4% a <z <b.

We denote D§ by D and I§ by I®. If the fractional derivative D¢ f(x) is inte-
grable, then [1, p. 71]

(D f(2)) = I3 f(2) = [ f(@)]omappy 0<B<a<l (2.1)
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If f is continuous on [a, b], then [I}7° f(z)],—, = 0 and Eq (3) reduces to

I“DPf(x) =1""f(z), 0<B<a<l. (2.2)

3. Existence of a positive solution

In this section, we discuss the existence of a positive solution to Eq (1.1)
Da(t) = 2(0)] = x(0) f(t,z) , tel,
l’(t) = (b(t) >0 , le [_Ta 0]7

where [ = [0,7], 0 < o < 1, D is the standard Riemann-Liouville fractional deriva-
tive, € C and f: I x C — R* is continuous. As usual, C' = C([-r,0]; R") is the
space of continuous function from [—r, 0] to RT, r > 0, equipped with the sup norm
|¢]] = max_,<p<o |@(0)], RT = [0,4+00) and x; denotes the function in C' defined by
2 (0) =x(t+0), —r <6 <0.

Using Eq (2.1) and Eq (2.2), Eq (1.1) is equivalent to the integral equation

o(t) = { z(0) + ﬁ fot(t —s)*x(s)f(s,x)ds , tel,

o(t) >0 , te[-r0]. (3.1)

Let y(-) : [-r, T] — [0, +00) be the function defined by

) 9(0) , tel,
y(t)_{ SH)>0 , te[-r0)

Then yo = ¢. For each z € C(I, R) with 2(0) = 0, we denote by z the function define

by
o) oa) o, tel,
) = { 0 , tel-r0].

We can decompose x(-) as z(t) = 2(t) + y(¢), t € [—r,T], which implies z; = Z + yi,
for t € I. Therefore, Eq (3.1) is equivalent to the integral equation

2(t) = 1°[2(t) + ¢(0)] f(t, 2t + yr), t € 1. (3.2)
Let set
Ay ={z€ C(I,R):zy =0},
and let ||z||¢ be the seminorm in Ay defined by
Izlle = IZoll + [zl = llz[] =: sup{[=(t)[ - £ € I}, =z € Ay.
So Ay is a Banach space with norm || - ||¢. Let K be a cone of Ay
K ={z€ Ap;2(t) > 0,t € I},

and let
K*={z(t) € C([-r,T], R");x(t) = ¢(t) > 0,t € [-r,0]}.
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Define the operator F': K — K by
Fa(t) = I°[2(t) + ¢(0)]f (£, 2 + ), t € L.

Theorem 3.1. Let f : I x C — RT be a given continuous function, and IM > 0
such that f(t,x;) < M, then Eq (1.1) has at least a positive solution x* € K*.

Proof. Obviously, the operator F': K — K is continuous and completely continuous
by virtue of Lemma 3.1 in [3].

Next, we will show there exists an open set U C K with z # AF(z) for A € (0,1)
and z € OU.

Let z € K be any solution of
z=AFz, A€ (0,1). (3.3)
Since F': K — K is continuous and completely continuous, we have

[2(0)] = A=) < 1%[=(1) + d(0)[f (£, 2 + i)

MI®[z(t) + ¢(0)]
Mgl 1 p
Ia+1) +Mr(a)/0(t_3) |z(s)|ds.

By virtue of Lemma 2.5, there exists a constant K = K («), we get

MK [ -
12(8)] < R+@/O(t—s) Rds

MEKRT®
<« pyMERT® 5 o
s Brgppy &8 tel

IN

IA

where

_ Mgl

C T(a+1)
S0

2]l < R.
Now, using the above inequality, we know any solution z of Eq (3.3) satisfies ||z|| # R,
let
U={z€K;|z]| < R+1}.
Therefore, Theorem 2.4 guarantees that Eq (3.2) has at least a positive solution

z € U. Hence, Eq (1.1) has at least a positive solution 2* € K*, satisfying ||z*|| <
max{||¢||, R + 1}, and the proof is complete. O

Example 3.2. Consider the fractional functional differential equation
Dox(t) = (t — 1)%zsin*z(t —r) , tel,
#(t) = 6() > 0 L tel-no),

where 0 <a<1,0<T <2.

(3.4)
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Using Theorem 3.1, f(t,z;) < M = 1, Eq (3.4) has at least a positive solution
r* € K*, satisfying ||z*|| < max{||¢|, R+ 1}.

4. Dependence of solution on parameters and

Mittag-Leffler functional estimation of solution

In recent years, more authors have attention to the dependence of the solution
on the order and the initial condition of fractional ordinary differential equations
[1,2]. However, no contribution exists, as far as we know, concerning the dependence
of the solution on the order and the initial condition of nonlinear fractional func-
tional differential equations. Therefore, this section is concerned with the continuous
dependence of the solution on the order and the initial condition to nonlinear frac-
tional functional differential equations in terms of the Riemann-Liouville fractional
derivatives. We will consider the solution of initial value problems with neighboring
orders and neighboring initial values and finally obtain a law which also follows in
the solution of a retarded functional differential equation of integer order. Lastly,
We obtain an Mittag-Leffler functional estimate of the solution by the generalized

Gronwall inequality.
Theorem 4.1. Let o, € (0,1) and f : I x C — R™ be continuous, Further assume
[uf(t,ue) —vf(t,v)| < | flllw— v+ Lljue — vel|, Vue, v € Ot € 1,

where L is a constant. Let w and v are the continuous solutions of Eq (1.1) and

DIy(t) — y(O)] =y () . tET oy
y(t) = () , te[-r0] ’
respectively, then fort € I, the following holds:
o)~ ool < 40+ [ 101+ 07 C T A
- ot I'(n«) ’
where
e LA Ly b t7 TR SN ST S,
and

I} = max{f(t,z)|t € Iz, € O}, Ju(t) = v(@®)]| = max |u(s) —v(s)|.

—r<s<t

Proof. The solutions of Eq (1.1) and Eq (4.1) are given by

u(t) = u(0) + ﬁ/{) (t —8)* tu(s) f(s,us)ds,t € I, and u(t) = ¢(t),t € [-r,0].

and

v(t) =v(0) + ﬁ/@ (t —8)" " u(s)f(s,v5)ds, t € I, and v(t) =(t),t € [-r,0].
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respectively. It follows that, for ¢t € I,

ult) — v(t)
< [u(0) — v(0)] + |ﬁ / (t — ) Vu(s) f (5, us)ds

()
1

< o= vl + I / (= ) Vu(s) (5, ws)ds

_ﬁ/o (t = 5)* " o(s) f (s, vs)ds]
L t —$)* (s f(s,v s—L t — )P Y(s) f(s, vs)ds
ey [ = o s = s [ (=90 (s s
+|ﬁ/0 (t—s)ﬁ_lv(s)f(s,vs)ds—ﬁ/o (t — 5)°Tu(s) f(s,vs)ds]|

IfIILy 2> t° o1

1 ! a—1 — (s Us — Vsl||ds
by €= G — o66)]+ L, el

1 1
<l — Il +

< A) + "J;'LOT)L

Therefore, for t € I,

/0 (t—s)*Hu(s) — v(s)|ds.

—v Hin—i_L t — ) Yu(s) — v(s)||ds
Jute) = w(0)] < AW + A= [ =9 uts) = v(s) s

An application of Theorem 2.2 yields:

Jutt) ~v(oll < A+ [ 130151+ mn%

0

A(s)]ds.

n=1

and Theorem is proved. O

Corollary 4.2. Under the hypothesis of Theorem 4.1, if a = € (0,1), then for
tel,

lu(t) = v(@®)] <l = VIE(LfII+ L)E*).
Proof. If a = 3, then for t € I,

A(t) = llo =l
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By Theorem 4.1,we obtain

(t — s)net

ful) — o] < o=l + ol [ OWETRR%
< Jo- wnz ”f”“"t"a<||¢ BB+ L)),

The proof is complete. 0

When =1 in Eq (4.1), Eq (4.1) becomes a general scalar delayed population

model of the form

{ y(t) =y(®) f(ty) , tel, (4.2)

y(t) = ¢(t> , te [_Tv O]

where f : [ x C — R is a continuous function. Eq (4.2) is usually considered in
population dynamics, where y(¢) denotes the density of a single population species
at time ¢, r stands for the maturation period of the species and f(¢, z;) is the growth

function. Therefore, we obtain a theorem:

Theorem 4.3. Under the hypothesis of Theorem 4.1, suppose 3 =1, Eq (4.1) becomes
Eq(4.2). Letu andv are the continuous solutions of Eq (1.1) and Eq (4.2) respectively,
then fort € I,

futo) = o) < 400+ [ 130151+ 0L A

where

(67

A) = llé =¥l + Il gy — 8, Lo = max [y(t)],

Ma+1) —r<t<T

and

/]l = max{f(t,z,)|t € [z, € C}, [lu(t) —v(t)[| = max |u(s) —v(s)]

—r<s<t

Proof. The solutions of Eq (1.1) and Eq (4.2) are given by

1

u(t) = u(0) + m/o (t —8)* tu(s)f(s,us)ds,t € I, and u(t) = ¢(t),t € [-r,0].

v(t) =v(0) + /Otv(s)f(s,vs)ds,t el, and v(t) =(t),t € [-r0].
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respectively. It follows that for ¢t € I,
ult) — v(t)
< [u(0) — v(0)] + \ﬁ / (t— )" u(s) f (s, us)ds — / o(8) (5, 0)ds|

< 16— vll + ﬁ / (= )2 [u(s) (s, us) — v(s) (5, 0)|ds

. / (= )7 0(s) f(s, v2)ds — / o(3)f(s,02)ds]

[(a)
< A) + ”fr“(;)L

/0 (t — s)* M uls) —v(s)|ds.

Therefore, for t € I,
I+ L

[u®) =@ < At) + (@) /0(t—S)O“1IIU(8)—v(S)IId8-

An application of Theorem 2.2 yields:

Jute) o0l < A+ [ 071+ 0 A
and Theorem 4.3 is proved. O

Remark 4.4. It follows from Corollary 4.2 and Theorem 4.3 that for t € I,

[u(t) —v@)| < [l — ¥l exp(([| fI] + L)),
ifa=p0=1.
Next we will show the dependence of the solution on the order and the initial

condition to the general nonlinear fractional delay differential equation by the same
method.

Theorem 4.5. Let o, € (0,1) and f : I x C — RT be continuous, Further assume
|f(tsue) = f(t,v)| < Lilug — vel|, Vg, v € Cit € 1

where L is a constant. Let u and v are the continuous solutions of

Doa(t) — 2(0)] = f(t,z) , tel,
{ £(t) = 6(t) el (43)
and
{D%(t)—y(on:f(t,yt) S tel 4
y(t) = ¢(t) , tE [_Tv O]'

respectively, then fort € I, the following holds:

nal

Ju(t) —v(®)ll < A) / ZL”‘S A(s))ds,
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where

IfIl et o1
AW = o~ vl + sl — 51+ 05 e ~ w
and

I} =max{f(t, z)|t € I,xy € O}, u(t) —v(@®)l| = max |u(s) —v(s)|.

r<s<t

Corollary 4.6. Under the hypothesis of Theorem 4.5, if « = 3 € (0,1), then for
tel,

[u(t) = v(@®)]] < [l — Pl Ea(Lt?),
where E,, is the Mittag-Leffler function defined by E,(z) = > =, 1“(#11)(0‘ > 0).

Theorem 4.7. Under the hypothesis of Theorem 4.5, suppose 3 = 1, Eq (4.4) becomes
y(t) = f(ta yt) ) le I>
y(@) =+@) , te[-r0]
Let u and v are the continuous solutions of Eq (4.3) and Eq (4.5) respectively, then
fortel,

(4.5)

futt) - o) < a0+ [ 13 2 agoas

where
Cl(

A = llo =l + Il g3 Mo+ 1)

—tl,
and

/]l = max{f(t,z,)|t € [z, € C}, [lu(t) —v(t)[| = max |u(s) —v(s)]

r<s<t

Remark 4.8. It follows from Corollary 4.6 and Theorem 4.7 that for t € I,
[u(t) —v(@)|| < [l — || exp(Lt),

ifa=p0=1.

Example 4.9.
Dfa(t) — 2(0)] = J05ED | tel, (46
x(t) = ae',a>1 , tel-r0.

and ,
Dy(t) — y(0)] = ML e, o
y(t) =€t , tel-r0].

where « € (0, 1], d is a small constant, such that 0 < o+ § < 1, we have

L e e )
(1) = +F(a)/0(t P S s re,

_ 1 Lo asea () yP(s—) .
y(t)_1+m/o(t 5)* T 1+y2(s—r)d’ tel,

and
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When t € I,
|~”U(t) 2Pt —r)  y(t) Pt —r) |

< t) —y(t L+ L, L _
et " drgt—n| S B0yl (L Ll s =yl

< (14 L+ LiLo)[|l(t) — y(0)].

where

L= max ly@t)|, L = max |=(f)].

Obviously, by virtue of Theorem 4.1, when t € I, we get

lott) w0l < A+ [ 1320+ 22+ Lz T Ao, v,
where . 5 ras 1 X
1 ,t t 1t
A(t)—a—1+r(a)| — 515 |ra)_r(ﬁ)|’

Then for t € I, the following hold:
(i) if 6 — 0, a — 1, then ||z(¢) — y(t)|| — 0.
(ii) if 6 = 0, then ||z(t) — y(t)|| < (a — 1) Eo((1 + L? + Ly Ly)t*).
(iii) if &« 4+ 0 = 1, using Theorem 4.3, we obtain

o) =yl < A+ [ [0+ L+ o S Alds. te 1,
where o
Al = a =1+ Lilgrgy —

when a = 1, § = 0, then ||2(t) — y(t)|| < (a — 1)e(+E+IL)t

Example 4.10. Consider the equation

{ D z(t) — z(0) =z(t) , 0<t<T, (4.8)
£(t) = ¢, » € [0

where 6 € (0,1) is a small parameter. Next, we discuss its approximate solution.

For this equation, it is very difficult for us to obtain its analytic solution. However,
we can obtain its approximate solution by virtue of Theorem 4.3. In fact, we can

introduce the delay differential equation

{Dy:y , tel,

y(ty=¢" , tel[-r0l (4.9)

Since Eq (4.8) and Eq (4.9) have the same initial condition, we get the corresponding
A(t)
tl—@

A(t) = L1\m —t, Li= _{@%W(t)\-
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So, using Theorem 4.3, we have
t 2 (f — g)n(1-0)—1
lz(t) — '] < A(t) +/ D LA(S)]CZS, tel.
0

Obviously, when 8 — 0, then
|z(t) — €'l — 0 = z(t) — €.
Therefore, when 6 is a small parameter, we use the solution () = e’ close to Eq (4.8).

Theorem 4.11 (Mittag-Leffler functional estimate of solution). Suppose z is the

continuous solution of Eq (1.1),then

()] < ol EalllFY)-
where || f|| = max{f(t,x;)|t € [,x, € C}.

Proof. Suppose z is the continuous solution of Eq (1.1) ,then

z(t) = x(0) + ﬁ /Ot(t —5)* () f(s,x5)ds, t € I, and x(t) = ¢(t),t € [—r,0].
therefore |, for ¢t € I,

2(0)] < 6] + % / (t — 5)"a(s)|ds.

Applying Corollary 2.3. we get
[z(6)] < ol Ealll ).
and Theorem 4.11 is proved. O

Remark 4.12. By virtue of Lemma 2.5, 3K = K(«a), we have another estimate of
solution to Eq (1.1):

2(t)] < ||¢||+% / (t — 5 |a(s) ds
K t
< ||¢||+% = 5o
K (07
< loll+ LAWAE, ter

For ae =1, Eq (1.1) becomes a retarded functional differential equation

Dz(t) =x(t)f(t,z:) , tel,
x(t) = o(t) , te[-r0].

It is equivalent to the integral equation

(4.10)

x(t) = x(0) +/0 x(8)f(s,xs)ds, t € I, and z(t) = ¢(t),t € [—r,0].
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Corollary 4.13. Suppose x is the continuous solution of Eq (4.10), then
[z(@)] < [[@]l exp(]|.f[[£)-

Proof. Suppose x is the continuous solution of Eq (4.10), then

z(t) = x(0) + /Ot:c(s)f(s,:cs)ds, tel, and x(t) = ¢(t), te[-r0].

therefore , for t € I, applying Theorem 2.1, we get

lz(@)] < ol + I £1] /0 |z(s)|ds < || exp([|.f]I?)-
O

Therefore, we also get an exponential estimate [5, p. 16] on how the solution of
Eq (4.10) depends on ¢ and f.
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