Communications in Applied Analysis 13 (2009), no. 1, 105-110

RATE OF CONVERGENCE F TWO-DIMENSIONAL ANALOGOUE
OF BASKAKOV OPERATORS

ZBIGNIEW WALCZAK! AND R. N. MOHAPATRA?

Unstitute of Mathematics, Poznan University of Technology
Piotrowo 3A 60-965 Poznan, Poland

E-mail: zwalczak@math.put.poznan.pl

2University of Central Florida, Orlando, Florida 32816 USA

FE-mail: ramm@mail.ucf.edu

ABSTRACT. The aim of this paper is to study the rate of convergence of the two-dimensional

generalization of the Baskakov operators.

AMS Subject Classification: 41A36.

Key words: Baskakov operator, rate of convergence, function of two variables.

1. Introduction

Approximation properties of Szdsz-Mirakyan operators

[m(z+am)] [n(y+bn)] 14 j ' |
mn(fa amabnvx y Z Z < ) J(l —l—:L’)_m_J (1)

( . >y< i (2.5),
feC,y (z,y) GRS = Ry x Ry,

where (a,,)° and (b,);° are given sequences of positive numbers such that
lim, 00 v/May, = oo and lim,,_,« \/nb, = 00, in polynomial weighted spaces C,,
were examined in [8]. The space C, 4, p,q € Ny := {0,1,2,...}, considered in [8] is

associated with the weighted function

Whg(T,y) = wp(2)we(y),  (2,y) € Ry, (2)
where w,(-) is defined by

wo(z) =1, wy(z) = (1+aF)", it p>1, (3)
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and consists of all real-valued functions f continuous on R? for which w,,f is uni-

formly continuous and bounded on R3. The norm on C,, is defined by

[fllp.g = 11 Co) lpg = sup wyqle,y) [f(2,y)]- (4)

(z,y)eR}

The operators (1) are related to the well-known Baskakov operators

me(f? 3 Ly y) = (5)
= (M =147\ S R AN cune(J K
;;( i )x(1+x) ( I )y(1+y) f(aag)-

Note, that this two-dimensional analogue of the Baskakov operators

Volf;x) = Z <n— 1+k> xk(l—i-x)_"_kf (%) , x € Ry, neN. (6)

k=0 k
In view of [2] it is known that:

A. V,(1;2) =1, V,,f preserves constants.
B. For every fixed 2 < g € N there exist algebraic polynomials P;,, 0 < j < ¢, on
the order m < ¢ and with coefficients depending only 7 and ¢ such that

la/2] P (flf)
Vn((t—:c)q;x):z 2 xr € Ry, neN,

nq—j

=0
where [g/2] denotes the integral part of ¢/2. Moreover V,, (t9;0) = 0 for all
n€ N and g € N (see [9, p. 125]).

It is known [8, Eq. (13)] that:

Theorem 1.1. Suppose that f € C, 4, p,q € Ny. Then there exists a positive constant
M (p, q) such that for all (z,y) € R2

Wp,g(T,Y) Vi (f12,y) — f(2,9)] (7)

r(r+1 +1
=i (f’ CM;\/ : m )’ \/y(yn )> )
m,n € N, where

wl(fa Cp,q;t7 8) = sup ||Ah,5f('7')||p,q7 t,S Z 07 (8)

0<h<t,0<6<s

Ansf(z,y) = fx+h,y+0)— f(z,y), (x+h,y+38) € R% is the modulus of continuity
of feCpy.
From (8) it follows that

lim wy(f,Cpqit,s) =0 (9)

t,s—0+
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for every f € C,,4, p,q € Ny. Moreover w(f,Cpp;s,t) is nondecreasing function of

variables s, t and

w(f, Cop;c1s,cat) < (2+ ¢+ ca)w(f, Cop; s, 1).

It is easy to verify that operators A,,, give the same rate of convergence as

operators Vy, ,,.

In this paper we propose a new family of linear operators. The result is a form
convenient for applications. Thus these operators, may play an important role in the
applications to actual approximation schemes. We shall show that these operators

have better approximation proporties then classical Baskakov operators.

Let Cf g, p € Ny, be the set of all f € Cyo with all partial derivatives
0 <i <k < p belonging also to C' with the norm (4) (C§, = Co)-

ok f
drk—19yi

In this paper by M;(a),i = 1,2, ..., we shall denote suitable positive constants

depending only on indicated parameter a.

2. Main results

We introduce the following class of operators in Cf, p € No.

Definition 2.1. We define the class of operators D,, by the formula

e A T N I AR A G5,

(") >y<1+y> o) =
f el (x,y) € R§, n € N, where d'f(s,t) is the i-th differential
i _ (i 9'f(s,t) i~k k
260 =3 <k> e R R

In this section we shall state some estimate of the rate of convergence of D,. We

shall use the modulus of continuity defined by (8).

Theorem 2.2. Suppose that p € No. Then for every f € Cf, we have

Du(fipsa,y) = flaz,y) =o(™™?),  (2,y) € Ry, n — oo. (11)
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Proof. We first suppose that f € Cf,, p € N. We shall need the folowing modified

Taylor formula

- df ()
f@’y)_; R P

1 . .
x/ (1—t)p_1{dpf <£—|—t<x—l) ,E+t<y—é))
0 n n)’'n n
oy (1, E) Lat
n'n
This implies that

=0
e -1 —1+k 1
<SS (") s (" yH(1+y)
J k (p—1)!
§=0 k=0

X/o (1—¢t)r! d‘”f(%—i—iﬁ(x—%),%#—t(y—%))
—drf (i’ﬁ)‘dt.
n'n

Observe that

=0 k=0 J
- orf 12 —1/2
X M. : e
9> (gt ")
. .| p—1 Lk i
X |2+ |z inm%—'y —n1/2) z— 7 - —,
n n n n
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where My(p) is a positive constant depending only on p. Applying the above inequality

and (6), we obtain

p ap
IDy(fipi,y) — fl,y)| < Mi(p) Y w (ﬁn/n/)

i=0
X {QVn <|x — 5P :)3) Vi (|y —t[f ;y)
+n'?V, (va — [T fv> Va (Iy —t'; y)
+n'/2V, (|a: — s iE) Vi <|x — ¢! ,y)} .
Using the Holder inequality and the properties A and B, we get

Vi (=P~ s2) < (1 (@ =0 i) v 15)

[4/2) 12

— nd—J
j=

Analogously we obtain
Vo (ly—tl'sv)
v, (|l’ _ S|P+1—i;I> _ O(n—(p+1—i)/2)’ n — 0o,

Vo (ly— 1" 5w)

O(n™"%), n — oo,

O(n~t+V/2) n - .

This implies that

|Dy(fip52,y) = flz,y)l =o(n™?), peN, n— oo
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