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Piotrowo 3A 60-965 Poznań, Poland
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1. Introduction

Approximation properties of Szász-Mirakyan operators

Am,n(f ; am, bn; x, y) :=

[m(x+am)]
∑

j=0

[n(y+bn)]
∑

k=0

(

m − 1 + j

j

)

xj(1 + x)−m−j (1)

×
(

n − 1 + k

k

)

yk(1 + y)−n−kf

(

j

m
,
k

n

)

,

f ∈ Cp,q, (x, y) ∈ R2
0 := R0 × R0,

where (am)∞1 and (bn)∞1 are given sequences of positive numbers such that

limm→∞

√
mam = ∞ and limn→∞

√
nbn = ∞, in polynomial weighted spaces Cp,q

were examined in [8]. The space Cp,q, p, q ∈ N0 := {0, 1, 2, . . .}, considered in [8] is

associated with the weighted function

wp,q(x, y) := wp(x)wq(y), (x, y) ∈ R2
0, (2)

where wp(·) is defined by

w0(x) := 1, wp(x) := (1 + xp)−1, if p ≥ 1, (3)
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and consists of all real-valued functions f continuous on R2
0 for which wp,qf is uni-

formly continuous and bounded on R2
0. The norm on Cp,q is defined by

‖f‖p,q ≡ ‖f (·, ·) ‖p,q := sup
(x,y)∈R2

0

wp,q(x, y) |f(x, y)|. (4)

The operators (1) are related to the well-known Baskakov operators

Vm,n(f ; ; x, y) = (5)

∞
∑

j=0

∞
∑

k=0

(

m − 1 + j

j

)

xj(1 + x)−m−j

(

n − 1 + k

k

)

yk(1 + y)−n−kf

(

j

m
,
k

n

)

.

Note, that this two-dimensional analogue of the Baskakov operators

Vn(f ; x) =

∞
∑

k=0

(

n − 1 + k

k

)

xk(1 + x)−n−kf

(

k

n

)

, x ∈ R0, n ∈ N. (6)

In view of [2] it is known that:

A. Vn(1; x) = 1, Vnf preserves constants.

B. For every fixed 2 ≤ q ∈ N there exist algebraic polynomials Pj,q, 0 ≤ j ≤ q, on

the order m ≤ q and with coefficients depending only j and q such that

Vn ((t − x)q; x) =

[q/2]
∑

j=0

Pj,q(x)

nq−j
, x ∈ R0, n ∈ N,

where [q/2] denotes the integral part of q/2. Moreover Vn (tq; 0) = 0 for all

n ∈ N and q ∈ N (see [9, p. 125]).

It is known [8, Eq. (13)] that:

Theorem 1.1. Suppose that f ∈ Cp,q, p, q ∈ N0. Then there exists a positive constant

M1(p, q) such that for all (x, y) ∈ R2
0

wp,q(x, y) |Vm,n(f ; x, y) − f(x, y)| (7)

≤ M1(p, q) ω1

(

f, Cp,q;

√

x(x + 1)

m
,

√

y(y + 1)

n

)

,

m, n ∈ N , where

ω1(f, Cp,q; t, s) := sup
0≤h≤t, 0≤δ≤s

‖∆h,δf(·, ·)‖p,q , t, s ≥ 0 , (8)

∆h,δf(x, y) := f(x+h, y+δ)−f(x, y), (x+h, y+δ) ∈ R2
0 is the modulus of continuity

of f ∈ Cp,q.

From (8) it follows that

lim
t,s→0+

ω1(f, Cp,q; t, s) = 0 (9)
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for every f ∈ Cp,q, p, q ∈ N0. Moreover ω(f, C0,0; s, t) is nondecreasing function of

variables s, t and

ω(f, C0,0; c1s, c2t) ≤ (2 + c1 + c2)ω(f, C0,0; s, t).

It is easy to verify that operators Am,n give the same rate of convergence as

operators Vm,n.

In this paper we propose a new family of linear operators. The result is a form

convenient for applications. Thus these operators, may play an important role in the

applications to actual approximation schemes. We shall show that these operators

have better approximation proporties then classical Baskakov operators.

Let Cp
0,0, p ∈ N0, be the set of all f ∈ C0,0 with all partial derivatives ∂kf

∂xk−i∂yi ,

0 ≤ i ≤ k ≤ p belonging also to C with the norm (4) (C0
0,0 ≡ C0,0).

In this paper by Mi(α), i = 1, 2, ..., we shall denote suitable positive constants

depending only on indicated parameter α.

2. Main results

We introduce the following class of operators in Cp
0,0, p ∈ N0.

Definition 2.1. We define the class of operators Dn by the formula

Dn(f ; p; x, y) :=

∞
∑

j=0

∞
∑

k=0

(

n − 1 + j

j

)

xj(1 + x)−n−j (10)

×
(

n − 1 + k

k

)

yk(1 + y)−n−kf

(

j

n
,
k

n

) p
∑

i=0

dif
(

j
n
, k

n

)

i!
,

f ∈ Cp
0,0, (x, y) ∈ R2

0, n ∈ N , where dif(s, t) is the i-th differential

dif(s, t) =

i
∑

k=0

(

i

k

)

∂if(s, t)

∂xi−k∂yk
(x − s)i−k(y − t)k.

In this section we shall state some estimate of the rate of convergence of Dp. We

shall use the modulus of continuity defined by (8).

Theorem 2.2. Suppose that p ∈ N0. Then for every f ∈ Cp
0,0 we have

Dn(f ; p; x, y) − f(x, y) = o(n−p/2), (x, y) ∈ R2
0, n → ∞. (11)
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Proof. We first suppose that f ∈ Cp
0,0, p ∈ N . We shall need the folowing modified

Taylor formula

f(x, y) =

p
∑

i=0

dif
(

j
n
, k

n

)

i!
+

1

(p − 1)!

×
∫ 1

0

(1 − t)p−1
{

dpf

(

j

n
+ t

(

x − j

n

)

,
k

n
+ t

(

y − k

n

))

− dpf

(

j

n
,
k

n

)

}

dt.

This implies that

|Dn(f ; p; x, y) − f(x, y)|
∞
∑

j=0

∞
∑

k=0

(

n − 1 + j

j

)

xj(1 + x)−n−j

(

n − 1 + k

k

)

yk(1 + y)−n−k

×
∣

∣

∣

∣

∣

p
∑

i=0

dif
(

j
n
, k

n

)

i!
− f(x, y)

∣

∣

∣

∣

∣

≤
∞
∑

j=0

∞
∑

k=0

(

n − 1 + j

j

)

xj(1 + x)−n−j

(

n − 1 + k

k

)

yk(1 + y)−n−k 1

(p − 1)!

×
∫ 1

0

(1 − t)p−1

∣

∣

∣

∣

dpf

(

j

n
+ t

(

x − j

n

)

,
k

n
+ t

(

y − k

n

))

−dpf

(

j

n
,
k

n

)∣

∣

∣

∣

dt.

Observe that

∣

∣

∣

∣

dpf

(

j

n
+ t

(

x − j

n

)

,
k

n
+ t

(

y − k

n

))

−dpf

(

j

n
,
k

n

)∣

∣

∣

∣

≤
p
∑

i=0

(

p

i

)

ω

(

∂pf

∂xp−i∂yi
; t

∣

∣

∣

∣

x − j

n

∣

∣

∣

∣

, t

∣

∣

∣

∣

y − k

n

∣

∣

∣

∣

)

×
∣

∣

∣

∣

x − j

n

∣

∣

∣

∣

p−i ∣
∣

∣

∣

y − k

n

∣

∣

∣

∣

i

.

Therefore

|Dn(f ; p; x, y)− f(x, y)| ≤
∞
∑

j=0

∞
∑

k=0

(

n − 1 + j

j

)

xj(1 + x)−n−j

(

n − 1 + k

k

)

yk(1 + y)−n−k

× M2(p)

p
∑

i=0

ω

(

∂pf

∂xp−i∂yi
; n−1/2, n−1/2

)

×
(

2 +

∣

∣

∣

∣

x − j

n

∣

∣

∣

∣

n1/2 +

∣

∣

∣

∣

y − k

n

∣

∣

∣

∣

n1/2

) ∣

∣

∣

∣

x − j

n

∣

∣

∣

∣

p−i ∣
∣

∣

∣

y − k

n

∣

∣

∣

∣

i

,
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where M2(p) is a positive constant depending only on p. Applying the above inequality

and (6), we obtain

|Dp(f ; p; x, y)− f(x, y)| ≤ M1(p)

p
∑

i=0

ω

(

∂pf

∂xp−i∂yi
; n−1/2, n−1/2

)

×
{

2Vn

(

|x − s|p−i ; x
)

Vn

(

|y − t|i ; y
)

+ n1/2Vn

(

|x − s|p+1−i ; x
)

Vn

(

|y − t|i ; y
)

+n1/2Vn

(

|x − s|p−i ; x
)

Vn

(

|x − t|i+1 ; y
)}

.

Using the Hölder inequality and the properties A and B, we get

Vn

(

|x − s|p−i ; x
)

≤
(

Vn

(

(x − s)2(p−i) ; x
)

Vn (1; x)
)1/2

=





[q/2]
∑

j=0

Pj,q(x)

nq−j





1/2

= O(n−(p−i)/2), n → ∞.

Analogously we obtain

Vn

(

|y − t|i ; y
)

= O(n−i/2), n → ∞,

Vn

(

|x − s|p+1−i ; x
)

= O(n−(p+1−i)/2), n → ∞,

Vn

(

|y − t|i+1 ; y
)

= O(n−(i+1)/2), n → ∞.

This implies that

|Dp(f ; p; x, y)− f(x, y)| = o(n−p/2), p ∈ N, n → ∞.
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