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ABSTRACT. In this paper we discuss the existence of solutions for an integral equation of mixed
type. We rely on a generalization on Fréchet spaces of a Krasnosel’skii type fixed point theorem
due to Avramescu and on a nonlinear alternative of Leray-Schauder type for contraction maps in

Fréchet spaces due to Frigon and Granas.
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1. INTRODUCTION

This paper is concerned with the existence of solutions for the following integral
equation,
t
y(t) = f(1) +/0 %ds +/0 ((tt_sjfsl)d ctef0,+o0), (L)
where f : Ry - RY, g: D xR? — R h:R. x Ry x RY — R? are continuous func-
tions, and D := {(¢,s) € Ry x R4, s <t}, d>1and a € (0,1). Integral equations
arise naturally in many applications in describing numerous real world problems; see
for instance the books by Agarwal et al. [2], Agarwal and O’Regan [3], Corduneanu
[11], Deimling [12], and O’Regan and Meehan [20] and the references therein. Also
quadratic integral equations have many useful applications in describing numerous
events and problems of the real world. For example, quadratic integral equations are
often applicable in the theory of radiative transfer, kinetic theory of gases, in the
theory of neutron transport and in traffic theory. Especially, the so-called quadratic
integral equation of Chandrasekher type can be very often encountered in many appli-
cations; see for instance the book by Chandrasekher [10] and the research papers by
Banas et al. [4, 5], Benchohra and Darwish [6], Burton and Zhang [8], Darwish [13],
Hu et al. [15], Kelley [17], Leggett [18], and Stuart [21] and the references therein.
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2. PRELIMINARIES

In this section, we introduce notations, definitions, and preliminary facts which

are used throughout this paper.

Definition 2.1 ([16, 19]). The fractional (arbitrary) order integral of the function
h € L*([a,b],R,) of order a € R, is defined by

I°h(t) = / %h(s)ds,

where I' is the gamma function. When a = 0, we write I*h(t) = [h * ©,](t), where

enll) = f75

the delta function.

for t > 0, and ¢, (t) =0 for t <0, and ¢, — 6(t) as a — 0, where ¢ is

Consider the functional space
C.:={y: R, — RY y is continuous},
equipped with the numerable families of seminorms

[y[ln == sup [ly(@)-
te[0,n]

This family of semi norms determines on C. a structure of a Fréchet space (i.e., a
linear, metrisable, and complete space), its topology being the one of the uniform
convergence on compact subsets of R.. We also mention that a family A C C., is
relatively compact if and only if for each n > 1, the restrictions to [0, n] of all functions

from A form an equicontinuous and uniformly bounded set.
Definition 2.2 ([1])). The operator H : C. — C., is called a contraction if there is a
sequence L,, € [0,1), such that

|Hy — Hzll, < Ly|ly — ||, ¥y, 2 € Cy, ¥n > 1.

Proposition 2.3 ([9]). Every contraction admits a unique fized point.

Theorem 2.4 (Nonlinear Alternative of Avramescu, [1]). Let X be a Fréchet space

and let A, B : X — X be two operators satisfying the following hypotheses:

(i) A is contraction,

(ii) B is compact operator.

Then either one of the following statements holds:

(S1) The operator A+ B has a fized point;

(S2) the set {x € X| x = A\A (;) L AB(x), A (0,1)} s unbounded.

Theorem 2.5 ([14]). Let Q be a closed subset of a Fréchet space X such that 0 € )
and let F': Q — X be a contraction such that F(S2) bounded. Then either:
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(C1) F has a unique fixed point; or
(C2) there exist A € (0,1), n € N and uw € 9" such that ||u — AF(u)||,, = 0.

3. MAIN RESULTS

In this section we present two results for Equation (1.1). The first one relies on
the nonlinear alternative due to Avramescu (Theorem 2.4) and the second one the
nonlinear alternative for contraction maps due to Frigon and Granas (Theorem 2.5).
We will admit the following hypotheses:

(hy) there exist p € L. (R,,R,), with p, = sup / L)l_ds < oo and a
telom) Jo  (t—s)1=@
continuous nondecreasing function ¢ : R, — R, such that

|h(t, s, y)|| < p(s)v(|ly|) for a.e. (t,s) € RT x R* and each y € RY;
(hy) there exists a continuous function n : R, — R, such that
lg(t,s.y) = g(t, s,2)|| < n(s)lly — =l for all (t,s) € D and each z,y € RY;
(h3) For each n € N| there exists a constant R, > 0 such that

lim sup (1 _ HUHH%) il
Ru—too "o B + (| flln + [|€]ln + ¥ (1) Pn

with 22|, < 1.

> 1,

Our first main result reads as follows.

Theorem 3.1. Assume that hypotheses (hy)—(hs) hold. Then equation (1.1) admits

a unique solution in C.,.

Proof. Transform Equation (1.1) into a fixed point problem. Consider the operator
H : C.— C, defined by
t 00
g(t,s,y(s)) / h(t,s,y(s))
Hy)(t) .= f(t — ———2ds, t € Ry.
)0 = 10+ [ S gy [T IR e m,
Clearly the fixed points of H are solutions of the Equation (1.1). For the proof, we

will apply Theorem 2.4. To this end, let us set y(t) = x(t) + £(t). Then we write
(1.1) as

2(t) = (Az)(t) + (Bx)(t), (3.1)

where

R R B
)

(o)) = [ M

The proof will be given in several steps.

Step 1: A is a contraction mapping.
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Let y, § € C; then using (hy), for each ¢ € [0,n], n € N,
AG)O = AGOT < [ (=9 alt5.905) + E69) — (.50 + €D
< [t — 5olds
< Jy=all [ =5 o)

VAN

Iy = lla Il
So A is a contraction mapping.

Step 2: We show that B is continuous and completely continuous.

Claim 1: B is continuous.

Let (Ym)m be a sequence (Ym)m C Ce, ym — y in C,, that is, Ve > 0, Vn > 1,
AN = N(g,n), Vm > N, ||ym — yl|. < €.

Let us fix n > 1. From the convergence of (y,,) and the continuity of £, there is
r > 0 such that ||y, +&|ln < 7, ||y +&]ln < 7, Vm. Consider € > 0. By hypothesis

(h1), there is ty > 0, such that

= p(s) £
/to md8< 00 (3.2)

Since h is uniformly continuous on the set ([0, n] x [0,o]) X B(r) (here B(r) :={z €
Re: ||z|| < r}), it follows that for all ¢t € [0,n], s € [0,ty], and m > N,

12, 5, ym(s) + E(5)) = h(t, 5,y(5) + E(5)]| < —— :
0 1
2/0 7@_ S)l_ads

Therefore, for every ¢t € [0,n] and m > N, we have

1(Bym)(t) = (By) ()]

tO
S/
0

+

ds

T (5. (5) + €09) = Wt 5.0 >+f<s>>>\

| e 059 + €06 — 1 5.5(5) + €60)|

+ 2¢(r) /00 L)_ads

o (t=s)!

ds

IN

CIRORNCTG!
_l’_
I
™

IN
Do ™

Hence,
| BYm — Bylln <&, Vm > N
and the continuity of B is proved.

Claim 2: B maps bounded sets into bounded sets in C..



FRACTIONAL ORDER INTEGRAL EQUATIONS 115

Indeed, it is enough to show that there exists a positive constant k such that for
each for each y € Q@ = {y € C.: g, > 0, ||yl|n < ¢u, n > 1}, one has ||By||, < k. By
(hq) for all t € [0,n] and y € @, we have

IBHOI < b+ 6) [ 2D ds =,
o (t—3)

where

&n = sup{H£()H}

te[0,n]
Thus ||B(y)|l, <. So, {By|pm : ¥ € @} is bounded.
Claim 3: B maps bounded sets into equicontinuous sets in C..

Let € > 0 be arbitrarily fixed and t, > 0 be given by (3.2). By hypothesis (hs),
it follows that h(t, s, x) is uniformly continuous on the set

D= 0,n] x [0,t0] x B(py),
where
Blpn) ={y € R": |lyll < pa},
with
P = Qo1 + &ne

Hence, there is a § > 0 such that for all #;,t, € [0,n] with |t; — t3] < ¢ and all
y € Blpn),

aE
Ane’

[h(ty, s,y(s) +&(s)) = hltz, s,y(s) + &(s)]| <

Now

I(By) (1) — (By)(t2)]| < / [

Wh(tl, s,y(s) +&(s))

-l ) +§(8))‘ s

vl [ s vt [T

[ (e, 5,9(5) + €(5)) — hlta,5,5(5) + €|
| (G~ ) s )
+w@@[?(—ﬁﬁ;ﬂh+wm0/m—iﬁL:%

tl — S) @ to (tg — 8)1_

1
(tl — S)l_a

IA

IN

/0 O(;_Hh(tl,s,y()%-ﬁ( 5)) = hlt2, 5,y(s) +&(s))[1ds

tl_S)l «

/to
0

((t 1 —a : )h(tz,s,y(s)%(s)) ds

9 — s)l a (tl _ S)l—a
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Hence the set {By|(on),
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rolon) [ st [
40:; /Oto (tr —15)1—a s

vt [~ | e
R e = R e =
v B rm R GREr
Atk

y € D} is equicontinuous.

Step 3: A priori bounds on solutions.

To apply Theorem 2.4, we must check S5; i.e., it remains to show that the set

E={yecC.
is bounded.

ly(®)]

<

va()

IN

cy=MA (%) + AB(y), for some 0 < A < 1}

Let y € &; by (hy) and (hs), we have for each t € [0, n]

— A(0)] + AlA(0)] + [ By (#)]

/0 n(s)llylln(t - 8)“‘1ds+/0 (t—5)"""g(t,5,6(s))ds + | f()] + [€(1)]

+/ooop(3)¢(!|y!|n)(t _ )l

IN

)]+ 1€C

67

IA

Thus,

il {1 il

ol [ )= o7 as+ [ 0= ). 606
B + ¢ (lyl) / T p(s)(t — 5)ds

n n< B
1y llallnlle— + gl + 1 flla + 1€l + ¥ Clylla)pn

%] "l + 11 + Ul -+ 0yl

[1 = lInlla"s ] 11ylln

&gl + 11l 4 1€l + 2 (lylln) P

<1 (3.3)

From (hg), there exists R,, > 0 such that for each y € £ with ||y||, > R,, the condition
(3.3) is violated. Therefore,

Set
T={yeC.

lylln < Ry

csup{|ly(t)]], 0 <t <n} < R,+1foralneN}.
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Clearly T is a closed subset of C... From the choice of T there is no y € 9T, such that
y = AB(y) for some A € (0,1). Then the statement (S2) in Theorem 2.4 does not
hold. The nonlinear alternative of Avramescu implies that (S7) holds, so the operator
A+ B has a fixed point y*. Then x*(t) = y*(¢t) +£(¢), t € (0, +00) is a fixed point of
the operator H, which is the solution of the problem (1.1). O

Now we shall present our second result which will be based upon Theorem 2.5.

Before, we introduce the following assumptions:

(k1) f:1]0,+00) — R? is a continuous function;
(ko) For all @ > 0, there exists [g € C(R,RR,), such that

l9(t,5,9y) —g(t, s, 2)| < lo(t)||ly — x|, for each y, x € Ce, with [[y[l, < Q, [|#[l. < @Q;

(k3) There exists L € L'(R,,R,) with L, = sup / (t —5)* 'L(s)ds < oo, such
te[o,n] JOo
that:

At s,y) = h(t, s, 2)| < L(t)|ly — z[ln, for each y, x € C;;
(k4) There exists a function ¢ € C'(R,R,) and a continuous nondecreasing function
¢ : Ry — (0,00) such that :
9(t.5,9)| < a(s) @(l]), for each y € C,, and s, £ € (0, 00);
(ks) For each n € N, there exists a constant M,, > 0, such that
M,
1£1ln + e(lyll)llalla s + v (lylla)B,,

Theorem 3.2. Let the assumptions (hy), and (ki)—(ks) be satisfied. If, in addition,

> 1. (3.4)

n® -
(el + L) < 1, (35)
then the equation (1.1) has a unique solution.

Proof. Transform Equation (1.1) into a fixed-point problem. Consider the operator
F : C. — C. defined by :

(Fy)(t) = f(t)—i—/o (t—s)*"g(t, s,y(s))ds—i—/ooo(t—s)a_lh(t, s,y(s))ds, t € (0,00].

Let y be a possible solution Equation (1.1). Given n € N and ¢ < n, then in view of
(k1), (k3) and (k4), we have

Wt < 150+ / (t = )" g(t, 5,y(s))ds + /f(t—s>a—1\h<t,s,y<s>>|ds
< 1f0l+ / (t — 9 () (lylla)ds + / Tt = 9 p(s)(lyll)ds

a

< |l + s0(||y||n)||q||n% + ¢ (llylln)Py-
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Using the nondecreasing character of ¢ and 1), we obtain

Iyl _ .
7T+ oMyl = + o leTl)P.

From (3.4) it follows that for each n € N

[Ylln # M.

Now, set
Q={yeC.:|yll. < M,, for each n € N}.

Clearly, €2 is a closed subset of C.. We shall show that F : Q2 — C., is a contraction
operator. Indeed, consider y,7 € §2; for each ¢t € [0,n] and n € N, from (k2) — (k3)

we have
E0 - EDOL < [ 6= 0 o006~ ol 5.506)lds
[T = 9 s — it s )l
< [t )= ols) — gs)lds
[T = 9 ) = i)l

AN
i

N ne _
1y = yllalllaz, ln—+ lly — llnLn
[0

o+ L.
@]

IN

1y = llnlllaz,

Therefore,

1y = Fglln < Wias, b= + Lally = 7l
So by (3.5) the operator F is a contraction for all n € N. From the choice of € there
is no y € 0N such that y = A F(y) for some A € (0,1). Then the statement (C2)
in Theorem 2.3 does not hold. The nonlinear alternative of Leray-Schauder type [14]
implies that (C'1) holds, so that the operator F has a unique fixed-point 3 in 2 which
is a solution to Equation (1.1). This completes the proof. a
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