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EXTENSION OF STOCHASTIC INTEGRAL IN BANACH SPACE
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ABSTRACT. The space of distributions on an abstract Wiener space (H, B) is constructed through
the second quantification of a self-adjoint unbounded operator on the Cameron-Martin space H.
This construction is used to enlarge the domain of the adjoint of the stochastic derivative, thereby
generalizing stochastic integration of Hilbert valued processes with respect to a Wiener process in
B. We apply this generalization to the study of an abstract stochastic linear system driven by a

cylindrical Wiener process.
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1. INTRODUCTION

In the late 1980’s, Korezlioglu and Ustunel, using the methods of white noise
analysis developed earlier by Kontrate’v, Kubo, Yokoi, and Tekenaka, constructed
spaces of distributions on an abstract Wiener space in the framework of Malliavin
calculus (Korezlioglu & Ustunel, 1990). These spaces are larger than the widely used
space of Watanabe distributions (Shigekawa 2004). This development on an abstract
Wiener space, of which the classical Wiener space is an important example, provided
an appropriate setting in which to consider problems of interest in quantum field
theory and stochastic partial differential equations. Later, Nualart and Rozovskii
used this construction to study the advection-diffusion equation with random poten-
tial driven by white noise on L2([0,7] x R?). In their paper (Nualart & Rozovskii,
1997) it was shown that the solution to this equation has stochastic support in an

appropriately weighted Gaussian space of square integrable random elements.

The main purpose of this paper is to use the distribution theory developed by Ko-
rezlioglu and Ustunel to extend the definition of Ito stochastic integral in an abstract
Wiener space (H, B). This generalization is accomplished by considering stochas-
tic integration as the adjoint of the stochastic derivative and by using the duality

relationships between L£2-classes of test functions and distribution processes. This
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development is then applied to the study of the abstract linear stochastic system

o Au(t) + u(t)W(t) (1.1)
u(0) = up,

where W is a space-time white noise based on L?([0,T], L*(R%)) and A is the infin-
itesimal generator associated with a time-homogeneous Markov process in R?. One
concrete example is the system in which A is a uniformly elliptic differential operator

2 d

1< ) B

i,j=1 1=

It is well known that if the coefficients G(z) = (¢g;;(z)) and o(z) = (0;(z)) possess
some regularity properties, then this operator is the infinitesimal generator associated
with a time-homogeneous Markov process satisfying the Feller property. In fact, if
B(t),t > 0, is a Brownian motion in R%, and if the coefficients satisfy some smoothness

properties, then the strong solution of the stochastic differential equation

dX(t) = \/G(X())dB(t) + o(X (t))dt (1.2)
is a time-homogeneous Markov process, and for each t and x € RY, the transi-
tion probability p(z,t,dy) associated with this Markov process has a density that
is square Lebesgue integrable (Friedman 1975 - Chapter 6). It follows that A is
the infinitesimal generator of the Cp-semigroup of operators on L%(R?) defined by
Typ(z) = [ ¢(y)p(z,t, dy).

The investigation in this paper is carried out in the context of abstract Wiener
space. The approach taken here to study system (1.1) is based on (Nualart & Ro-
zovskii, 1997) in that we use a deterministic equation associated with the abstract
stochastic system (1.1) to find the coefficients of the chaos expansion of the solution
of the system. In their paper, Nualart and Rozovskii use the Feynman Kac formula
to obtain a stochastic representation of the Fourier coefficients of the solution. In
this paper, however, we use perturbation of the infinitesimal generator A by bounded

operators to prove that the solution belongs to the space of distributions.

2. A REVIEW OF GAUSSIAN ANALYSIS IN BANACH SPACE

2.1. Preliminaries and Notation. Let B be a separable Banach space with norm
| - ||, and let p be a nondegenerate Gaussian measure in B. Then there is a separable
Hilbert subspace H of B with norm || = /(:,-) in which y is the cylindrical (finitely
additive) Gauss measure. The pair (H, B) is called an abstract Wiener space, and H is
known as the Reproducing Kernel Hilbert Space of i (Kuo, 1975). Upon identification

of H* and H via Riesz Representation Theorem, we obtain the inclusions

B*CH*"=HCB.
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In this way the dual space B* of B is identified with a dense subset of H.

In all that follows K will be a separable Hilbert space. We denote the Hilbert
space of square-u integrable K-valued functions by (£?%; K), and if K = R, by (£?).
We denote the Hilbert space of Hilbert Schmidt linear functions from H to K by
Ly(H, K). This space is identified with the tensor product H ® K. For every positive
integer n, we denote the tensor product of n copies of H by ®"H. We define the
symmetrization operator S, : "H — ®"H by

1
Sn(h1®---®hn):EZhga)@ho(g)@---@hdn),

where the summation is over all permutations o of {1,2,--- n}. We denote the
symmetrization of Ay ® -+ ® h,, by hy---h, and the tensor product of n factors of
h by h™. The range of S,, in ®"H will be denoted by ®7?H. The operator S, is a

projection, and hence ®7 H is a closed subspace of ®"H.

Let h € H, and let {z};n = 1,2,---} be a sequence in B* that converges in
the norm of H to h. For each n, the everywhere defined function ¢, : = — x}(z)
is normally distributed with mean 0 and variance |z¥|>. The sequence ¢,, is Cauchy
in (£?) and converges to a p-almost everywhere defined variable §h that is normally
distributed with mean 0 and variance |h|?. For each natural number n and vectors
hi,--- ,h, € H and k € K, we define

(2n)! ‘h‘2n'

2nn!

Using this and invoking Hoélder’s inequality we infer the existence of a constant C,
such that

It is easy to verify that for every h € H and natural number n, [(§h)* dp =

/ 16" (hy -+ hy @ K) |%dp < Cplhy - hy @ k|%2(®7LH7K)
for every hy,---,h, € H and k € K. We extend the definition of 0" by linearity

to the dense subspace of Ly (®7H, K') consisting of all finite linear combinations of
elements of the type hy---h, ® k.

Theorem 2.1. The collection consisting of finite sums of random variables ek,
where h € H and k € K, is a dense subset of (L?*; K).

For each h € H, the norm of e’ in (£2) is e/"I/2, We adopt the notation widely

. . . . . . _1hl2
used in white noise analysis and denote the renormalization e®~I°/2 of o by : e .

2.2. Homogeneous Chaos. Let H,(K) = K, and for n > 1, define H,,(K) to be the
closure of the linear span, in (£?; K), of the constant vectors (in K) and the random
elements of the form d™(hy ® -+ ® hy)k,k € K, hy,-++ ,hy, € H and 1 < m < n.
Then
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Definition 2.2. We let Hyo(K) = K, and for every n > 1, we define H, (K) =

Ho(K) & Hp1(K); ie., Ho(K) is the orthogonal complement of H,,_1(K) in H,(K).
The space H,,(R) will be denoted H,,.

Theorem 2.3. (L% K) =@, ", H,(K). (This sum is an orthogonal sum.)

It can be shown that H,,(K) is the closed linear subspace of (£%; K) generated by
finite linear combinations of random elements H,,(0h)k, where h € H,|h| =1, k € K,

and H, is the n'® Hermite polynomial. Recall that H,(z) = <= [em_tz/ 2}

=0
Definition 2.4. Let n be a nonnegative integer, and let f € Ly(®7H, K) be a linear
combination of elements of the type hy---h, ® k, where hy,--- ,h, € H and k € K.
We define the n't multiple Wiener integral, 6™ (f), of f by 6™ (f) = J,0"(f), where
J,, is the orthogonal projection of (£?; K') onto H,,(K).

Remark: It is clear that if h € H, |h| =1, and k € K, then
M (W @ k) = H,,(0h)k.

The densely defined linear function \/%5(”) : Ly(®@TH, K) — H,(K) is unitary.
Therefore 6™ can be extended to a bounded linear map defined on the entire space
Ly(®7H, K). Consequently, for each n, the space H,(K) can be identified with
Ly(®"H, K), and for each F' € (L£? K) there is a sequence {f,,; m = 0,1,2,---}
such that f,, € Ly(®™H, K) for each m and F = Y >°_ 5™ (f,,). Furthermore the

norm of F in (£?; K) is \/Zzzo m!|fm|2L2(®ng7K)'

3. STOCHASTIC INTEGRATION IN ABSTRACT WIENER SPACE

3.1. Construction of Test and Distribution spaces. Let (H, B) be a fixed ab-
stract Wiener space, and let ) : Domain Q(C H) — H be an operator that satisfies

the following properties:

1. There is an orthonormal basis {e;; i =1,2,...} of H and a sequence of numbers

1 <A <A <--- such that @ (e;) = \; e; for every positive integer .

2. There is a positive number « such that > > < 00.

= 1)\0‘
3. The set Ho, := N2 Domain (Q") is dense in H.

Note that these conditions imply that the operator () has a bounded inverse and that

A~%/2 is a Hilbert Schmidt operator with Hilbert Schmidt norm % i1 )\“’

For each real number 3, we denote by Hg the Hilbert space obtained by complet-
ing H., (in H) with respect to the norm

|hls = V{Q°h, h) =
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We denote the space UgsoH_g by H_. For each 8 > 0, we can identify the dual

space of Hg with H_g. Thus we obtain the following inclusions:
HOOCHQCHCH_QCH_OO

For each § € R, the set {)\;ﬁﬂej ;j = 1,2,...} is an orthonormal basis of Hg.
Therefore, if 3 >0 and h € H_g, then |h]> 5 = 377, /\ﬁ<h e;)?.

It follows from properties (2) and (3) that the space H., endowed with the topol-
ogy generated by the norms | - |5 is a nuclear space that is continuously and densely
embedded in every Hg. Therefore the symmetric product, ®7 H,,, of n copies of H,
is densely and continuously embedded in ®7 Hg. This implies that the collection of
all finite linear combinations of vectors of the form h" ® k, where h € H,, and k € K,
is dense in Ly(®%Hg; K) for every f3.

For every positive integer n, real number (3, and vectors hy,...,h, € Hy we
define

(@)% (hy -+ ) = (Qhn) -+ (Qhy)

= Z >\ )\6 h17611>"'<hn76in>ei1"'ein-

The construction of Korezlioglu and Ustunel utilizes the dense subspace of (£?; K)
consisting of all random elements F' = >_>° 6 (f,) such that each f,, is of the form
Jo =71 h?®k; hi € Ho, ki € K, 1 =1,...,j, for some j. For each 3 € R, the
norm || - |5 is defined in this subspace by || F |z= Yoo, n![(Q%?)®" f,) Lo (@IH.K)"
We denote the completion of (£2; K) with respect to this norm by (£*#; K). In this

way, for every 3 > 0 we obtain the following inclusions
(£*% K) € (L% K) € (L2775 K).

An approach equivalent to this will be taken in the next subsection to construct the

spaces of test functions and distributions on the classical Wiener space.

3.2. Classical Wiener Space. Let the Hilbert spaces Hg, 5 € R, be those defined

above. For each t € (0,7] and y € B we let p(y,dz) = p(df[y), Let C =

C([0, 7], B) be the Banach space of continuous paths in B all starting from 0. In C

we define the measure P on cylindrical subsets of B in the following way:

P{w;w(ty) € Ay, ...,w(t,) € An}

/ / / Pt —tn 1 (Yn—1,dYn) - - iy (Yo, dy1)d0(dyo),
Ay J Ay

where 0 =ty < t1--- < t, < T and Ay, Ay,... A, are Borel subsets of B. It can

be shown that this measure has o-additive extension to the Borel field of C. We
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will denote the expectation of a random element F' defined on C' with respect to this

measure by F F.

The Reproducing Kernel Hilbert Space associated with P is the subcollection
C" of C consisting of absolutely continuous H-valued paths. This space equipped
with the inner product (¢, V) = f0T<¢’(s),¢’(s)>Hds is a Hilbert space, and the
pair (C’,C) itself is an abstract Wiener space. Henceforth, the constructions and

notations used in section 2 will be applied in this setting.

The space L*([0,T], H) of square-Lebesgue integrable H-valued paths is iden-
tified with C” through the unitary map ¢ +— fo ¢. Using this map we can also
identify L2([0,T]", Lo(®"H, K)) with Ly(®"C’, K). For a function f that belongs
to the space L2([0,T]", Ly(®"H, K)) we define 6™ (f) to be the value of the n't
multiple Wiener integral of the element in C” that is identified with f. Each F €
(£2% K) has chaos expansion F' = Y"°° §™(f,) in which each function f, belongs to
L2([0,T]", Ly(®"H, K)).

For the remainder of this and the next subsection, we let 3 be a fixed non-
negative number. We say that a function F in (£% K) with chaos decomposition
> 0 0™ (f,) belongs to (L*P; K) if f, belongs to L2([0,T]", Lo(®"Hg, K)) for every
nand 3577, n!|fn‘%2([0,T}",L2(®7;HB,K)) < 0.

For F =% 6"(f,) € (L% K) we define || F [|25= > nl|f, 2L2(®?H7ﬁ7K).
Note that this is a weaker norm than the norm in (£?; K). The completion of (£*; K)
with respect to this norm is denoted by (£%~?; K). This space is identified with the

dual space of (£L*; K), and thus we obtain the inclusions
(L% K) C (L% K) C (L577 K).

Let f € L2([0,T]", Ly(®"Hpg, K)). We define the (stochastic) derivative of 5™ f
by Dg[6™(f)] = nd™Y(f). Note that the random element obtained belongs to
H, 1 (L*([0,T), Hs ® K)). A function F in (£%*%; K) is said to be (stochastically)
differentiable if applying the derivative to each term of its chaos expansion pro-
duces a convergent series in (£2%; L?([0,T], Hs ® K)). Therefore, a function F in
(£%8; K) with chaos decomposition F'= "> §™(f,) is stochastically differentiable
if ZZO:Onn!|f"|%2([O,T}n,L2(®gHﬁ,K)) < 0. The space consisting of such functions is
denoted by (D*?; K).

A function F € (£>7%; L2([0,T], H ® K)) belongs to the domain of the adjoint,
D*_ﬁ, of Dﬁ if for every G e (D2’5; K) we have E(F, D5G>L2([0,T],H®K) S C|G|(£2,B;K),
where C' is a constant depending on F'. In this case an element D F' exists in
(£>78; K) such that

E<F, D,BG>L2([O,T},H®K) - E<D*_5F, G)K
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It is clear from this definition that the domain of D*; is a closed subspace of
(£27P L2([0,T], H ® K)).

Members of the domain of D*; can be characterized in terms of their chaos
expansions. Let F' =% 6™ (f,) be in (£L>7#; Ly([0,T], H ® K)). For each n, let
fn € Lo([0, T™, Ly(®@" T H_g, K)) be the symmetrization of f,. Then F belongs to
the domain of D ; if the following condition is satisfied

oo

2
Z(n + D! fn L2([0,T]n ), La(@0H H_ g i) < OO

n=0

3.3. Extension of Ito Integral. Let F be the completion of the Borel field of C' with
respect to the measure P, and for each t > 0, let F; be the o-algebra generated by the
null sets of 7 and all random variables of the type d(1j 5 xh), where 0 < s < tand h €
H. Using a density argument we can easily prove that if f € L*([0,T]", Ly(®"Hpg, K)),
then
E@™(f)| F) =" (f157%).
From this fact we get the following results.
Lemma 3.1. Let F = Y 6™(f,) be a random element in (L>P; K) that is JF;-

measurable for some t > 0. Then, for everyn, fu(s1,...,8,) =0 if s; >t for at least

onei=1,...,n.

Corollary 3.2. If F' € (D*; K) is F;-measurable for some t > 0, then (DgF)(s) =0

for every s > t.

Lemma 3.3. Let £ € (L%7P) be Fi-measurable for some t > 0, and let h € H and
k€ K. For everyt' > t, the element Eh @ k1 ) (s) belongs to the domain of D* 5 and

D’ 5(Eljinh @ k) = ED7 5(h ® kljyp).

Proof. Let {&,;n = 1,2,...} be a sequence of F;-measurable elements in (D%”)
that converges to € in (£37#). Then the sequence &, (h, W (') — W (t))k converges to
E(h, W (t) = W(t)k in (£L277; K).

Now, let G be a polynomial function in (£*?). Then
E G&DZg(h 1)) = E(Ds(GE&n), hljte) 12(o.r),m)
= E [{DsG, &bl i) 2o..mn) + G(Dplns Mity) 220,170
= E(DgG, &ah i) 20,11
= EGD" ,(Eah1 ),
using the fact (D&, hlpe) 2o,y = 0. Now invoking the density of polynomial

functions in (£*7) and the fact that D* 5 is closed we infer that {(h ® kljy) is in
the domain of D* 5 and D* 5(€1jh @ k) = ED* 5(h ® kljs)). O
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We call a process I € (£>7%; L?([0,T], H® K)) nonanticipating if for every ¢ > 0,
h € H and k € K, the random variable (F(t), h®k) gg i is Fi-measurable. We denote
by (£27%; L2([0,T], H ® K)) the subcollection of (£2>~7; L2([0,T], H ® K) consisting

of processes that are nonanticipating.

Theorem 3.4. Let F' € (L27P; L*([0,T], H® K)). Then F belongs to the domain of
Dz ,.
-8

Proof. Let £ € (L>75;L2([0,T], H ® K)) be a bounded simple process with jumps
at 0 = tg < t; < --- <t =T. Then for each 7 = 0,...,[ there is a bounded
H ® K-valued random variable §; in (£*>~7; H ® K) that is F;,-measurable such that
Et) =¢ift; <t <tj. If{ey; me N}isan ONB of H and {k,; n € N} is an
ONB of K, then we have

o) l
)= D> (&rem @ kn)rorem @ knly,e)(s).

m,n=1 j=0

Using the above lemma and the fact that D* 5 is closed we get

o) l
D= > Y (& em ® k)i yox D" 5lem @ Ly ;) in.

m,n=1 j=0

We clearly see that

|D*—B£|?Llfﬁ;[{) = |£‘%ﬁ2v*ﬁ;L2([0,T]7H®K))’
The assertion of the theorem follows since the subcollection of (£%~7; L*([0,T], H ®

K)) consisting of bounded simple processes of the type considered in this proof is

dense in this space. O

The (canonical) B-valued Wiener process is the map W : [0,7] x C' — B defined
by W (t,w) = w(t). Clearly this process is adapted to the filtration F;,t € [0, T]. Note
that if h € H, then the random variable (h, W (t) — W (s)) (as an element in (£L*7))
and the random variable D* ;(h 1(, ) are identically distributed. Clearly the definition
of the random element D* ;F given above for every F' € (L27F; L*([0,T], H ® K))
reduces to the definition of the ordinary Ito integral of F' driven by the process
W(t) if 3 = 0. Therefore, D* 5, 3 > 0 provides an extension of Ito integral. This
extension which preserves the essential properties of Ito integral is useful in the study

of stochastic partial differential equations.

3.4. Example. In this subsection, we let H be the Hilbert space, L2(R%), of square
Lebesgue integrable functions on R?, where d is some positive integer. If L*(R?) is
completed with respect to a norm || - ||=|T - |p2(ga), where T : L*(R%) — L*(R?) is
any positive Hilbert Schmidt operator, then we obtain a Hilbert space B such that

the pair (H, B) is an abstract Wiener space. One example of such an operator 7' is
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the square of the inverse of the differential operator @ introduced in the next para-
graph. The operator T can be used to carry out the construction of Hilbert spaces
L*P(RY), 3 € R as described in subsection 3.1. Recall that the space L2([0, T, L*(R%))
is identified with the Reproducing Kernel Hilbert Space associated with the probabil-
ity measure P constructed on the space of continuous paths C([0, 7], B) as explained
in subsection 3.2. We can now use the spaces L>#(R?) to construct the spaces of test
functions and distributions on (£%; K) for any Hilbert space K. (See subsection 3.2.)
This construction can be utilized to investigate stochastic differential equations driven
by a cylindrical Wiener process in L*(R%).

In the example that we will consider in this subsection we choose the differential
operator @ :Hle(—aa—; + 22 4+ 1)/2 to construct the spaces of test functions and
distributions. Tt is well known that the orthonormal eigenvalues of this operator
are the tensor products e;, ® --- ® e;, of Hermite functions. Recall that the nth
Hermite function is e, (z) = (—1)" (2"n'\/_) 12?2 L [ _xQ] The eigenvalue of Q
corresponding to the product e¢; ® --- ® ¢;, is (i1 + 1) -+ (ig +1). Tt is also known

that there exists a constant C' such that |e,|. < %\/ﬁ for every n.

Let {¢;;7 = 1,2, ...} be an orthonormal basis of L*([0,T]) consisting of bounded
and smooth functions. We let I' be the collection of all (d + 1)-tuples of positive

integers. For each a = (ap, aq,...,a4) € I' we let

D (8,21, ..., Tq) = Vag(8)€ay (1) - - - €0, (T4).

The collection { ®,; a € I'} is an orthonormal basis of L%([0, T, L?(R%)).

We let A be the collection consisting of all sequences of nonnegative integers that
are indexed by I' and contain only a finite number of nonzero terms. If 7 = (7, ; o €
I') € A, then we set |7| =) 7o and 7! =[] . 7a

For each 7 € A we let I, = {a € I'; 7, # 0}. We let x, be the sequence

(xo; a € I.) of variables that has as many variables in it as there are nonzero terms

in 7. If I, ={ay,...,q;}, then the differential operator ﬁ will be denoted
7]
by gm;.

For each 7 = (7,) € A we set

1 ol )
'r al;[[ H’ra a \/781’7' |: eZaEIT ad(Pa) :}

The collection {¥,; 7 € A} is an orthonormal basis of (£?).

2:=(0,...,0)

For each a = (ap, a1, ..., aq) € I' we denote the product (a3 +1)---(ag + 1) by
Aa- Let @ be the unbounded operator that is defined on L2([0, T], L*(R%)) by

Q((I)a)(sv ZL’) = 7vb(Jéo(‘5)>@(6041 - ® ead)(x> = Aaq)a(svx)v (S Fv
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where @ is the differential operator on L?(R?) defined above. We use this operator
and the construction method explained in section 3.1 to obtain a collection of Hilbert

spaces L2([0, T, L**(R?)) satisfying the following inclusions
L*([0, T), L**(R")) € L*([0,T], L*(R)) € L*([0, T], L*7"(R")),
for every b > 0. We get the corresponding spaces
(L*" K) C (L% K) C (L7 K)

as described in section 3.2.

For every 7 € A and b € R, we denote the product [],.p A% by A’". Then for ev-
ery b > 0 and orthonormal basis {k; ; i = 1,2,...} of K, the collection {\*"/?W_k;: T €
A,i = 1,2,...} is an orthonormal basis of (£>7% K). Let u be an element of the

space (L£>7% L2([0,T], L*(R%))). Then for every (t,z) € [0,T] x R* we have

Jult, ) 124 = 3 55 (B [ult, 2)0.)?

TEA
1 a\TI
= E t . eXacry Tad(®a)
TEA )\bTT' a:L'T U( 7'I) c i| z-=(0,...,0)

Let {p(t,z,dy);t > 0, x € R} be a collection of transition probabilities in R?
that possess square integrable densities with respect to the Lebesgue measure in R.
Let T;,t > 0, be the C’O semigroup of operators on L?(R?) associated with these
probabilities; i.e., Ti(¢ = [ ¢(y)p(t,z,dy) for every ¢ € L*(R?). Furthermore,
we assume that the map z +— Tt(gb)( ) is continuous. We denote the infinitesimal
generator of the semigroup 7;,¢ > 0 by A. We assume that the domain of the adjoint
of A contains the collection of test functions as a dense subspace. See the introduction

for an example of an unbounded operator satisfying these properties.

It is well known that a (time-homogeneous Markov) process X (t),¢ > 0 exists in
R® defined on a probability space (€2, B) and adapted to a filtration B; C B,t > 0 such
that for every x € R, there is a probability measure P® defined on (€, B) satisfying
P*(X(0) =z) =1and P*(X(t+ h) € dy|B;) = p(t, X(t),dy) a.s. for every h > 0

and t > 0. We will denote expectation with respect to this measure by E”.

We are now ready to consider the stochastic system

du = Au(t) +u(t)W ()
u(0) = uo,

(3.1)

where W is a white noise based on L2([0, T, L?>(R?)), and ug is a bounded continuous

function on R<.
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We use the definition in (Mikulevicius and Rozovskii, 1994) and (Nualart and
Rozovskii, 1997) and call a nonanticipating random field u(t,z) a solution of the
above system if there is b > 0 for which the following conditions are satisfied:

1. u(t,z) € (£L>7°) for every (¢,2) € [0,T] x B¢, and fOT Jic N ult, @) (72,0 dadt < o0
for every bounded neighborhood K of the origin in R.

2. For every sequence 7 € A and specific values assigned to the terms of x,, the
function u, defined by wu,(t,z) = Fu(t,z) : eXact-72%(®a) - gatisfies the following

deterministic system in the weak sense:

Lr(t) = Aurt) + Xocs, TaDatir(t) (3.2)
U‘T(O) = Uo-

It follows from condition (1) that for every test function ¢, the function u(t, z)¢(x)
belongs to (£27%: L2([0,T], L*(R%)), and hence to the domain of D*, (Theorem 3.4).
The solution of the stochastic system is therefore considered in the weak sense, and
stochastic integration is D*, for some b > 0. To see how systems (3.1) and (3.2) are
related, assume that u,, for a given 7 € A, is a solution of (3.2) in the weak sense.
Then for each test function ¢ € Dom(.A*) we have

(ur(t,-), ¢>L2(Rd) = (uo, ¢>L2(Rd) +/0 (u-(s, ')aA*¢(')>L2(Rd)d8

[ 3l ®als s (9. 6O s

acl;

If u satisfies conditions 1 and 2 above, then we have

/0 D wa(@als, ) (s, )10y (8)B()) r2(rads

L2([0,T],L2(R%))
— E << Z xa®a(.7 .) : eZaEIT $a5(q>a) : , u(.7 .)1[07t)(.>¢(.> >>

o€l
= E < Dy eXoctz %)y Y1 o ()o(r) >
= F : eXacr; Tad(®a) . Dib[u('a ')1[07t)(')¢(')]-

Here we have used the symbolism < -, - > to denote the duality relationship between
L%([0,T], L**(R%)) and L*([0,T], L>~*(R%)). Since the collection containing the ran-

dom elements : eXacrr ®a9(®e) . ¢ A and x, € R is dense in (£>*), we infer that u
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satisfies the equation
(ut,-), d(-)) L2(rey = (uo(-), ¢(+)) L2(rey
[ s, A9 s + D s, N ()

Note that the stochastic integral on the right is the extension of Ito integral defined

above.

Theorem 3.5. There is a b > 0 and a solution u of system (3.1) that satisfies

conditions 1 and 2.

Proof. For each t € [0,T] and 7 € A, and for each set of values assigned to x,,« € I,
multiplication by the function ., 2o ®q(t, -) defines a bounded operator on L*(R?).
System (3.2) is a linear system in which the unbounded operator A is perturbed by
the bounded operators ) ., 7,®4(t,-). We know from the theory of semigroups
(Pazy, 1983) that the solution of this system is given by u, = >~ Sy (t)ug, where

S0, (t)uog = T'(t)up, and for n > 1,
t
S (Btig = Y 0 / T(t — ) [Pa(s,-)Sn_1.a.(5) ()] ds.
O!EIT 0
Let 7 € A be a sequence that has nonzero entries 7,,, ..., 7,, . Then the 7! Fourier

coefficient of u(t, x) is

1 o7l

Eu(t,x)V, = = —
N TR,

E [u(t,z): e2aet; Tad(®a) d (3.3)

Taq =""=Tam=0

. ol
Clearly, if 7/ # T, then m [Si,mT/ (t)U(]]

= 0 for every 7. There-

Ty =""=Tam, =0

fore, if |7| = n, then we only need to consider S, .. (t)uy to find the 7" Fourier
coefficient of u(t,z). Note that

[0, (52.) /0 " P(sa— s1) (o, (51, )(T (s o) | ds] -] ds,].

Recall that each o € I' is a (d + 1)-tuple with its first coordinate used for the

time parameter ¢ and the rest used for the space variable. Let a = (apg,...,aq) € T.
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We denote the d-tuple obtained by deleting the first component of o by &, and we
denote the function e,, ® --- ® ey, by e5. If 7 € A is a sequence that has nonzero

entries 7o, ..., Ta,, and if |7| = n, then we have

m

[Ser (Btg)(x) = // / G o(51) o 0(50)

X /( | e, (Y1) -+ €an (Yn) U0 (Ynt1)P(Sn, Yns AWny1)P(Sn—1 = Sns Yn—1, AYn)

p(t — s1,2,dy1)dsy, - - - ds;

= // / Yar,0(51) *** Va,0(80)

QA1,...,0m
x E* uO(Xt)edn (Xt—sn) o Cay (Xt—sl)dsn e dSl
Lol - goem . t Taq
= ME [UO(Xt> (/0 O, (r, X (t — r))dr)

- (/Ot B (r, X (t — r))dr) o ]

It follows from (3.3) that if |7| = n, then the 7'! Fourier coefficient of u(t, ) is

1 9l

Bu(t,z)¥, = ———
ult, ) = o

(S, (t) (uo) ()]

So for every b > 0 we have

E | ult ) |2

_Z Z 1>\b7

n=0 TeA,|r|=n

(
< iEz (wo(X))* [ D % (# /Ot B X(t T))dr) 27

TEA|T|=n €, o

(o (X)) <aEF (@ /0 tCI)a(r,X(t—r))dr)2>n]. (3.4)

[e.e]

1
_Ex
n!

n=0
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Recall that for a = (ag, a1 ..., aq) € ', A\, denotes the product (a; +1) - (ag + 1).
Note that

3 (# /OtCDQ(r,X(t —r)dr)’

- > 3 (5 e ®~-~®ead><x<t—r>>dr)2

at,...,ag=1 ap=1

2

- 2 (g [Ca s e

agy..,0qg=1 )\a
since {1;; i = 1,2,...} is an orthonormal basis of L?([0,7]). Therefore, using the

estimate |e,|s < =5 we see that

1 t 2 e’} C2 )
— | Du(r, X(t— r))dr) < — | t-
azep (AZP /0 ; (i + 1)bil/s
The assertion of the theorem follows from this estimate and estimate (3.4). O
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