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ABSTRACT. We can not neglect the randomness in the dynamics of market competition. This
paper develops a stochastic differential game model which incorporates advertising effects for two
companies introducing a new brand of product, competing for the market share and optimizing the
budget. Our model is formulated as a stochastic, two-player, noncooperative differential game. As to
the choice of basic dynamics, because of the special sale growing style in the introductory period, our
model disagrees with the simple decay factor in Vidale-Wolfe model, but is based on the combination
of Lanchester combat model and Logistic growth model. The solution concept is Nash Equilibrium.
We derive optimality necessary conditions for Nash Equilibrium from dynamic programming, which
is a Stochastic Partial Differential Equation(SPDE). The typical work in this field is from Prasad A.
(2004), where he analytically solved his model because of the special form of the model. We choose
to solve the optimality conditions, which is SPDE system numerically. Management strategy and

discussions based on practical considerations will be given based on numerical results.
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1. INTRODUCTION

First we discuss some basic deterministic dynamics in Marketing. Vidale-Wolfe
(1957) advertising model is one of the earliest math models in marketing, which is
derived from actual market phenomena represented by cases they have observed, and
consistent with experimental observations. It is simple but can describe the relation-
ship between advertising and sales in a reasonable manner. Thus, many researchers
adopt Vidale-Wolfe type dynamics in many differential game models in marketing

competition. The basic Vidale-Wolfe model is the following

dx x
T 1——)—kx, z(0)=ux,
pu(l = 57) (0) = o
where x is the sales rate, M is the maximum sales potential, and the parameters p
and k are the response constant of advertising and sales decay constant, respectively.

The parameter y is control variable, representing the rate of advertising expenditure.

Received January 12, 2009 1083-2564 $15.00 (©Dynamic Publishers, Inc.



246 N. G. MEDHIN AND W. WAN

From this model, we can see that the product sales change rate depends on two
factors: one is positive response to advertising that acts on the unsold portion of the
market, and the other is decay caused by forgetting, which is linearly proportional to
the sold portion of the market. And the general Vidale-Wolfe in duopoly is as follows:

dx;
dt
where f(-,-) is strictly bigger than zero. However, Vidale-Wolfe model just reflects the

= piﬂi(l - f(xi, r1+ I2)) — kiz,

fact that for some mature product, sale will decrease as time goes on, and adverting

may stop this kind of natural decay to some extent.

Lanchester combat model is a basic model to describe competition among in-
dividuals, which is also used to describe competition in marketing. Kimball (1957)

recognized the application of this model in advertising. The basic dynamics is as

follows:
—L—p — aus®
U T u
m 122 271
2 = qugry — buy
— = augry — bu
m 221 122

where x7 + zo = M. Lanchester model reveals the basic fact that in competition,
the driving force is the extra ‘force’ of one competitor over the other. In fact, by
substituting xo = M — x; we can see that the dynamics for ¢ — th player is a Vidale-
Wolfe model with time-varying decay parameter. The general Lanchester model is as

follows: p
x o,
i g(w;)x; — h(u;)z;, i# j, where g(-),h(-) >0
Suresh P. Sethi (1973,1977) used optimal control model to conduct research about
optimal advertising strategy, which is based on the dynamics from Vidale-Wolfe and
Lanchester models. And many similar works were done by Friedman (1983), Erickson
(1985), Eliashberg and Jeuland (1986). These works approach the problem as open

loop, deterministic optimal control problems.

However, in all the above models, there is no competition. Kenneth R. Deal
(1979) first set up deterministic differential game model to optimize advertising ex-

penditures in a dynamic duopoly. His ‘Vidale-Wolfe’ type differential game is as

follows: .y 2 " (tf)
max J; = c1x1(t) — uy(t))dt +w
e = () =)+ ozt
t To(tr)
max Jy = Colo(t) — u2(t))dt + w 2\ 7S
= [ canl) = N+ an
and system dynamics:
dx M — x(t) — 2o(t
d—tl — _alxl(t) -+ blul(t) 15\4) 2( )
dIQ

= —asxa(t) + bous(t) M- xl(]:}) —22(t)

dt
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We have analyzed some drawback of the above dynamics in [15]. Here we just repeat
that competitors have no direct influence on other competitors’ sales. The typical
‘Lanchester’ type differential game is from Case (1979):

e —rt C1 o
max Jy = /t e (qualt) — S (r))dr

u
. 0

max Jy = / N e g1 —z(t) — %ug(t))dt

ua o 2
and system dynamics:

dz

yri
Case used these assumptions in the above typical differential game model in adver-

ur(t)(1 — z(t)) — ue(t)z(t), (0) = xo

tising competition: total market potential is constant over time; the only marketing
instrument used by the firm is advertising; advertising has diminishing returns since
there are increasing marginal costs of advertising; there are saturation effects since
u; is employed on the market of the opponent player. Some other typical determin-
istic differential game models can be found in Gerhard Sorger (1989), Pradeep K
Chintagunta (1992).

All of the models abovr are deterministic models. However, in reality, competition
in marketing is full of uncertainity . For example, in the driving force of sale change,
besides adverting and competition, there should be many other factors which are
not included. So we want to extend our research on competition into stochastic
environment. And we try to answer how randomness will affect the outcome of
competition, and to what extend randomness will affect the results. Prasad and
Sethi (2004) gave the first stochastic differential game model to describe competitive
advertising in uncertain environment. Their ‘Lanchester’ type stochastic differential
game model is as follows:

max J; = / e " (myx(t) — cud(t))dt

ul to
max Jy = / e (mox(t) — coud(t))dt
uo to

subject to:

dx = (prur(x)\/1 — x(t) — pous(x)\/x(t) — 6(22 — 1))dt + o(x)dw, z(0) = xg

In the above dynamics, we see that the driving force just comes from competition,
and they did not consider the effects of sales growth or decrease in the product life
cycle. Further, they solved their model analytically because of the special form of the

model.

Currently, given rapid advances in technology, companies from time to time in-

troduce newer versions of old products which incorporate not only old functions but
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also the newer functions, such as in electronic products and daily necessities. When
such types of products come into the market, their sale usually will experience a
grow-saturation-decay phase(Figure 6.1). In previous papers [15], [16], we conducted
research in competition in different stages of a product life cycle. We have set up
deterministic differential game models for different stages, and drawn practical guide-
lines based on numerical results. And in this paper, we will conduct research on
competition in stochastic environment in marketing. In the following subsection, we
will set up stochastic differential game model based on the first stage of a product life
cycle. In our work, we will combine two kinds of dynamics: one is logistic growth,
the other is ‘Lanchester’ competition. And each company has two objectives: one is
market share, the other is profit. We will set up algorithm to solve our model numer-
ically, and this numerical approach has an advantage over the approach of Prasad A.
(2004) because our algorithm have more adaptability, and can be easily modified to
solve more general models. Another different feature is that we choose to concentrate
on research of competition at some stage of the product life cycle, which may be more

useful from practical aspect.

2. MODEL

Our stochastic differential game model deals with the competition in the first
stage of product life cycle, which includes ‘Introduction, Growth, and Maturity’ in
the following graph (Figure 6.1). Suppose that there are 2 companies to sell one
kind of new product in the same market. The market managers use one kind of
control — advertising — to maximize profit and maximize final market share. The

main notations are as follows:
x(t) Market share of company 1 at time t.

y(t) Market share of company 2 at time t¢.

u;(t) Control/Advertising of company i at time ¢.

(7 Price of company i’ product.

w; Weight factor, which shows the relative importance between two objectives

of sale managers.

o Effectiveness of natural growth of company i’ s product.
k; Market limitation for company 4’s product.

B; Effectiveness of control/advertising of company 1.

o Effectiveness of randomness on the sales.

To describe the dynamics in the fist stage of the product life cycle, we still adopt
the assumptions that the sale growth of new product has an approximate logistics
growth, which is called natural growth, and the market capability for one product is

limited, so in the basic dynamics of state variables we will adopt following equations
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x(t)
A
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Introdution Growth Maturity Saturation Decline

Sales volumn vs Time

FIGURE 1

to describe the growth of sale:

d
d_f: (ky — z)x
dy
a = ey

Another driving force for the dynamics is from competition. We suppose that
bigger control/advertising will lead to bigger driving force, bigger own market share
will lead to less driving force, and bigger competitor’s market share will lead to bigger
own advertising effectiveness. Based on Lanchester competition model we integrate

our assumptions about competition in following formula:

— = By \/ ]fl - 33 — Baus y)x

The third force to affect the dynamics of sale is randomness. Just as we mentioned
in previous section, in reality, there are many factors we can not expect exactly to
affect the dynamics of state variables. We model the randomness as white noise (dB;),
where dB; is Brownian motion. In order to quanitify the randomness, we adopt the
assumption that when sale is in the middle of its range, it has larger randomness, and
when sale approach the broader portion of its range, it has smaller randomness, and
the two companies’ sales will interact to increase the randomness. Thus, we adopt

following formula to describe randomness in the market competition:
oxy(ky — x)(ky — y)dB,

Based on the above analysis, we synthesize these three factors to set up stochastic

differential equation for sales:

dor = (al(k‘l —x)z + frui/ (k1 — x)y — Pous y)x) dt

+ oxy(ky — x) (ko — y)d B,
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dy = (Oéz(k‘z — Y)Y + Boua/ (k2 — y)x — Brur/ (k1 — 93)?/) dt
—ozy(ky — x)(ky — y)dB,
Each company has its own objectives. Based on practical considerations, usually
there are two goals in this competition for each company in the first stage of product

life cycle, one is maximizing profit, the other is maximizing the final market share.

So we integrate these two factors into each competitor’s objective function as follows:

Ji(x(t), y(t), ui(t), us(t),t,ty) = maxE{/t f(clgc(t) —2(t))dt + w %}

u1 (tr) +ylty)

J2(2(t), y(t), ui(t), uz(t), ¢, ty) = max B {/t (can(t) - u3(t))dt + MZ%}

where J;(x(t), y(t), ui(t), u(t),t,tf) is optimal objective value when each company
adopt optimal control u}(t). We take expectation because of the objective value is a

random variable.

So we have our stochastic differential game model:

I (2(t)5(8), w3(0), 1, 1) = max E {/t N(exlt) — w3(t))ds + wl#}

" x(ty) +y(ty)
o050, 501 0.7) = mx £ { [ (canlt) = ots 4w S0
s.t.

do = (al(/ﬁ —z)x + frui/ (k1 — x)y — Poug y)x) dt

+ oxy(ky — x) (ke — y)dB,

dy = (az(k2 — )y + Baugy/ (k2 — y)x — Brur/ (k1 — 95)?/) dt

—oxy(ky — x)(ky — y)dB,

(t), y(t) given
In the following sections, we will use dynamic programming to derive optimality
condition for the above stochastic differential game, then we will set up algorithm to

solve optimality conditions, and then solve the above model.

3. OPTIMALITY CONDITION

Now we will derive optimality condition for a generalized model of our problem.

The general model is as follows:
Ji(z(t),ui(t), us(t), t,ty) = maxE {/t ' fi(z(t), us(t), ua(t))ds + hl(:c(tf))}
R(al0)5(0). 30,1, 07) = max £ { [ ptot, e atonds + balo(ts)}
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s.t.
dr = a(z(t),ui(t), us(t))dt + o(x(t), ui(t), us(t))d By

x(t) given
where
w(t) =[1(t), 22(t), ..., 2a(t)]"
zi(t,w) : [0,t)] x Q=R
filt,w) 1 [0,tf] x Q2 —> R
fo(t,w) 1 [0,tf] x Q2 =R
a(t,w) : [0,t7] x Q@ —R"
o(t,w): [0,t7] x 2 —R"
B(t,w) : [0,tf]] xQ2 =R

Then we define the optimal solution for above stochastic differential game.

Definition 3.1. u}, u} are optimal solution for two-player stochastic differential game

if following conditions are met:

Ji(ui,uy) > Jy(ur,us),  Jo(ul, us) > Jo(ui, ug)

The following lemma will be used to derive the optimality condition for above

model.

Lemma 3.1. Suppose the process x1(t),z2(t), ..., x,(t) obeys the stochastic differen-

tial equations:
dl‘i = ai(t, 1’1(t>, e ,l’n(t))dt + O'i(t, l’l(t), . ,In(t))dBt
where 1 = 1,2,...,n. Define

y(t) = J(t, z1(t), ..., z,(1))

Then the stochastic differential equation for y(t) is as follows:
0J <~ 0J 1 0?J " 0J
dy = |+ —o; + = ——0;0;| dt dB
O P +2;;axiaxj”ﬂ +;axi" t

Proof. By general [to formula, we have:

oJ oJ 1 0*J
dy = ==t Sy 2 dvdr,

(2

oJ oJ 1
_ % Y o (a AB) + =YY o (a, AB,)(a: B
5 dt + : s (a;dt + 0;dBy) + 5 j Db, (a;dt + 0;dBy)(a;dt + o;dBy)
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oJ oJ
= Edt oz, —a;dt + Z oz, Udet ZZ o, (oi0;)dt

0J
_[8t+ : —; + = ZZ@ aza]dt+za 0;dB;

Now we derive optimality condition for above general model through dynamic

O

programming.

Theorem 3.1. Suppose Nash equilibrium (uf(t), u3(t)) ezits for above model. Then,
(ui(t),us(t)) should satisfy following equations:

G = {fl(”f(t) +ZM%+ ZZaiJI ' }

u1€[t,tf]

aJQ . aJQ a JQ
——; = max {fg( (), u —i—Z al—i- Zzaxiaxjaiaj}

qu[t,tf]

Proof. Suppose player 2 has reached his equilibrium u%(t), then player 1 will maximize
his objective under the condition that player 2 has already adopted optimal control.

So player 1 has following problem:

RO 500).t,t7) = s B { [ Fa(0) 0 us(0)ds + oo
s.t.
dr = a(x(t), ui(t), us(t))dt + o(x(t), ui(t), us(t))d By
x(t) given

Then
ORI ORAD) maxE{/ fi( ;(t))ds+h1(x(tf))}

ty

— { [ ) (1), w(0))ds +

ul

Fulat), wn (), wy()ds + m(z(tf))}

t+At

t+At
= max E{/t fi(@(t), ua (t), u3(t))ds

u1 €[t,t+AL

S E[ ff1<x<t>,u1<t>,u;<t>>ds+m(x(tf))]}

u1€[t+At,tf] t+AL

t+At
= max F {/ fi(x(t), ui(t), us(t))ds + Ji(uy, uy, x(t + At), t + At, tf)}

u1 €[t,t+AL

t+At
= max F {/ fi(z(t), us(t), us(t))ds + Jy(ui, uy, x(t + At), t + At, tf)}

u1€[t,tf}

t+At
— max E{ / Fi(a(t), wn(8), up(t))ds + Jy (i, s, o(t). 1, 1)

ulé[t,tf}
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(8J1+Za"laz+ DIES ) RO UABt*OW’}

by Lemma 3.1

= ulnel%ff} E{Jl(u”{, us, x(t), t,ty) + <f1($(t)7 uy(t), us(t))

8J1 +Z<9J1al+ Zza U,UJ>At—I—Za UZABt—I—O(At)}

—

B 8.,
0 _ulnel%]E{ (fl(x(t),ul() +Z 320t 3 ZZ&E o o—laj) At

0J
+) 5 OB+ O(At)}

03:,- ‘

0% '
T3 Z zj: WUZUJ> At + O(At)} since E[AB;] =0

0 = max {(fl(l'(t),ﬂl(t),uz(t))“—%“_ 4 %w

8J1
ot - uflel[%}t{f] {fl(x(t) )+ Z ' Z Z 8x 8x }

by dividing At

We can use the same argument for player 2. Then the necessary conditions for
optimal solution (u},u}) is:

aJl . 8J1 8 ']1
ot uflel[%(f] {fl( (t),u +Z al+ ZZ 0,01, UZUJ}

a,]2 . 8J2 8 JQ
ot uigﬁff]{ﬁ( (®), u +Z 0o ZZ&E o) “"’J}

In order to use above optimality conditions to solve our stochastic differential
game model, we will convert this necessary conditions into Stochastic Partial Differ-

ential Equation (SPDE) in the following way, and then solve the SPDE numerically
in the following section.
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From above necessary conditions for optimality, we write it out explicitly

0J o0J 0%J
8t1_m X{f1+z Lai+ = Zzﬁxal 0i0;}

= max{c;z — u?
uy

oJ
+ 8—1(a1(k1 — )z + frury/ (k1 — 2)y — Paus —y)T)

+ a—(az(k2 Y)y + Bauzn/ (ko — y)x — Brury/ (k1 — 1)y)
1 0%J 0%J 0%J
(8x21 +28x81y * 8 21> “2%y? (ky — @) (ke — y)*}

0J 0 o
IR AR D el Zzax 5,7}

= max{cor — u%
u2

oJ
+ a—2(a1(k1 — )z + frury/ (k1 — 2)y — PBaus —y)T)

n %—f(axkz )y + B/ Ter =)z — B/ = 2)9)

B 1(02J2 49 PRI, 0%
2" Ox? oxdy  Oy?

Jozy? (ky — x) (ks — y)*}

On the right sides of above equations, we have concave functions of uq,us re-
spectively, so first order derivative with respect to uq,us will vanish at the optimal

trajectories. Then, we differentiate right hand sides and get optimal wuy, us as follows:

o o5 0J
uy = 551\/ (k1 — if)y(a—; — a—yl)

.1 0Jy  0J,
Now let
(0 )2 (20 90
p=1Dp1 P2 o 8y

_ A aJQ aJQ
R el

and put uj, uj back to above partial differential equations system to get:

_ajl Hi(z,y,p,T 8}5 @ @ @)
a ST oy By 0x By
~0J, op 0p Or Or
TR AR il il il
and from
&]1 aJl

p1<t) = 8—x(x(t>vt7tf)7 p2(t> = 8—y(x(t>vt7tf)
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n(0) = S2a0.tt0), ralt) = T2 (a(0). 1t

we apply Ito formula to pi(t), pa(t),r1(t), r2(t) to get following related stochastic

differential equations:

_oHy g 0T

_ 1
== U+ Grar T auay 74P
COH; ) 9y
dpy = Lt + dB
P == (e T a0
 oH; a0,
dry = o dt + <8:E0x + 0$8y)adB
2 2
dry = gy (O O )odB

dy ( Oyoxr  Oydy

We put the above optimal uj, u3 back into the state equation, and get following
state and co-state system as follows, which is Stochastic Partial Differential Equations
(SPDE):

L L
dr = (an(k1 = 2)z + 507 (k1 — 2)y(p1 — p2) — 5B3 (ke — y)a(rz —r))dt
+ oxy(ky — x)(ky — y)dB
1 1
dy = (az(k2 — y)y + 553(1@ —y)x(rs — 1) — §ﬁf(k1 —z)y(p1 — p2))dt
—oxy(ky — z) (ke — y)dB
1
dp; = {—c1 — Zﬁf(Pl - P2)2

— pilarks — 2007 — %y(pl p2)® — —/52(k2 y)(rag —r1)]

- pz[%ﬂg(kz —y)(re —1m1) + 551 (p1 — p2)]

op.  Op 0
+ o2z (ky — ) (ks — 22)y2 (ks — m% + 2—87;1 p2]}dt
Op1 Op
+ [% a—y]fmy(lﬁ x)(ko —y)dB

dpz = {%512(747 —z)(p —p2)2
g Bk~ )p—p2) + 5 B(ra — 1)
Saalks = 24) — 5 BBa(ry = r2) = 3520y — )1 — o)
3171 Op2 | Ops

+ 0%y (ks — y) (ko — 2y)2* (k1 — )? [8— + 28— + —]}dt

—pz[

Opz  Ops
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1
dry = {Zﬁg(k —y)(r1 — r2)?
1 1
— rifag (k) — 22) — 5/6129(191 —p2) — 553%2 —y)(re —r1)]

— 1ol 030k = )1 = r2) + 5By — 2)

or or 0

(e ) (e 22— 271 L 01 O

+ o x(ky — x)(ky — 22)y* (ko — y) [8:17 + 2 o + ay]}alt
87’1 81’1

+ [% - 8—y]0$y(7f1 — x)(ky — y)dB

1
dro = {—cy — 153(7’2 — 7”1)2

Rl B — ) — ) + 5 53r(rs — 1)

— oo (ke — 2y) — %/52295(7’2 —7) — %/512“?1 —x)(p1 — p2)]

or or or

9 B _ 2,7 2191 2 2

+ o%y(ky — y) (ko — 2y)x* (ko — ) [—&E +2—81’ + —ay]}dt
87’1 87’2
— - = — — B
Boundary condition:
Yy
pl(x7 y7 tf) = w1 (,f(,’ + y)2 ‘tf

(z,y,t5) |
v = W5
P2\ T, Y, Ly 2($+y)2 ty

Tl(x7y7tf> = _WQ( |tf

Yy
x4+ y)?

7’2(.]}', Y, tf) = w2( ‘tf

x
T+ y)?

What we will do in next section is to design algorithm to solve the above specific
SPDE system.

4. NUMERICAL CALCULATION
We first rewrite the above SPDE system using simpler notation:

de = fi(z,y,p1, 02,71, 72)dt + g1(x, y)d By

dy = fax,y, p1,p2,r1,72)dt + ga(, y)d By

dpl = f3(x7y7p17p27rlvr27 8—];7 8—];)dt "‘93(1’7% 8—];7 8—];)dBt
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dp2 = f4(x>y7p1ap2arlar2a 8—];’ a—];)dt+g4(x>y> 8—];’ 8]'; )dBt
or; Or; or; Or;
drl = f5(x7y7p17p27rlvr27 a—.]}" 8—y)dt+g5(x7y7 8—$’ 8—y)dBt

or; Or; or; Or;
dr2 = f6(x>y>p1ap2arlar2a %7 8—y)dt +g6(x>y> %7 8—y)dBt

x(0),y(0) given
pi(x7y7tf)7ri(x7yatf) known

where i =1,2

so we can see that in above SPDE system to be solved, the initial value for state
x(0), y(0), terminal value for p;(x,y,ts), ri(x,y,tf) are known. We can call this spe-
cific SPDE Two-Point Boundary Value Stochastic Partial Differential Equation (TP-
BVSPDE).

The idea to solve the above problem comes from the observation of following graph
(Figure 6.2), which is xy-plane v.s. time. We discretize time interval [0, ] into N
subintervals, and at time 0, At,2At, ..., (N + 1)At, we have N + 1 parallel planes.
And on each zy-plane, we can do discretization for each xy-plane, dividing each plane
into N, x N, sub-rectangles. On the xy —t; plane, we know every value of p;(z,y,ts),
ri(x,y,ts), which means we know every discretized p;(x(7), y(j),tr), m:(x(3), y(j), ts)
at time ty. So if we can figure out p;(x (i), y(j), kAt), ri(z(i),y(j), kAt) at each zy-
plane, then we may solve our problem. We try to use backward Euler method to
integrate the SPDE backward.

-

Terminal time x-y plan

AT
v
ad
P

A

XV

Y/ Initial time x-y plane

FIGURE 2. xy-time plane
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The first problem we’d like to solve is how to evaluate 87;1, %Zi, %7;, %—’;. At one

discretized xy-plane, if we know the value of p;(z,y,t), r;(x, y,t) at each corner of the

sub-rectangular plane, then we can approximate them by 20+Ls: Z)w piledk) ote. The

second problem is how to do stochastic integrals. As to an autonomous SDE:

dX(t) = f(x(t))dt + g(X(1))dB(t), 0<t <t

where X (0) is given, the Euler-Maruyama(EM) Method takes the following form to

solve it numerically:
X(@+1)=X0G)+ f(X6)At+g(X#)(B(i+1)— B(3)), i=1,...,N

where B(1),...,B(N) is discretized Brownian path. These random variables are
simulated with a random number generator. Based on EM method to solve SDE, once
we get value for %(m(z’), y(j), kAt), we can use backward Euler-Maruyama method
to integrate the costate equation backward equation. So, after we get all the values
of pi(x(i), y(4), k), ri(x(i), y(j),k), we still use Euler-Maruyama (EM) Method to
integrate the state equations forward. And then using state and costate values we

evaluate controls. Based on above idea, we design Algorithm 6.1 to solve the above
TPBVSPDE.

Algorithm 4.1. Step 1. Discretize time interval [0,%;] into N subintervals. Dis-
cretize zy-plane into N, x N, sub-rectangles.

Step 2. Generate discretized Brownian path at each sub-time intervals: dB(1), ...
dB(N).

Step 3. Evaluate p;(i,7, N + 1),r;(i,5, N + 1).

Step 4. Use Backward Euler method to integrate costate equations backward:
fork=N:1

: Opi Opi 9ry Ors pi(i+1,5,k)—pi(i,5,k)  pi(1,3+1,k)=pi(i,g,k)  ri(i+1,5,k)—7i(3,5,k)
approx1mate ox’ Oy’ Ox’ Oy b Az ’ Ay ’ Az ’
7‘1(27.]+17k) TZ(Z .] k)
Ay :

fori=1:N;,j=1:N,
pi(i,j, k) = pi(i, 4,k + 1)
—fi(z(@), y(4), pa(, 4,k + 1), p2(i, 3,k + 1), 714, 4, k + 1), ro(4, 5, k + 1),
@i (i, 5), B (i, §)) At
—gi((i), y(4), (i, ), B0, §)) AB(k)
ri(, j, k) =i, j, k + 1)
—filx(@), y(3), pr(é, gk + 1), p2(iy 3,k + 1), m1(d, 5, k + 1), ra(d, j, k + 1),
G (i, 7), G0, 5)) At
—gi(x (i), y(5), G20, 5), G2(i, 5))AB(k)
end

end
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Step 5. Use forward Euler-Maruyama method to integrate state equations for-
ward:
fork=1:N
w(k+1) = z(k) + fi(z(k), y(k), p1(x(k),y(k), k
ri(@(k), y(k), k), ra(z(k),y(k), k)) At + g1 (z
y(k+1) = y(k) + foa(k), y(k), pr(z(k),y(k), k), p2(x(k), y(k), k),
ri(x(k),y(k), k), ro(x(k), y(k), k)) At + ga(x(k), y(k)) AB(k)
end
Step 6. Evaluate controls wuq, us:
fork=1:N+1
ui(k) = 361/ (k1 — 2(k))y(k) (p1 (2 (k), y(k), k) — pa(a(k), y(k), k)
us(k) = 302/ (ko — y(k))x (k) (r1(x(k), y(k), k) = rao(2(k), y(k), k))

end |

5. NUMERICAL RESULTS

Using Algorithm 6.1, we solved our model. In this section, we will discuss some
important numerical results based on practical considerations. The result we will get
is in terms of strong solution of SDE, which means the solution is based on the path
of the underlying Brownian motion. Each time we generate a Brownian motion path,
we will get one sample solution path. So, in the following experiment, we run each
case three times, from which we can see some common features, which is what we

expected.

In case 1, the main assumptions about company X and company Y are 1) com-
pany X's sale increases more quickly, that is ay > ag; 2) Company Y’s product is
more competitive, that is #; < (2; 3) Company Y emphasizes final market more than
company X, that is w; < wsy. These assumptions have been reflected in the following
data set:

Case 1:

w; =015 w; =0.25
ki =0.9 ko = 0.7

=1 co=1.5
a; =002 ay=0.01
pr=1 [a =12
ro = 0.018 yo = 0.01
o =10

The numerical results are as follows. The expected objective value is J; =
0.0812, J, = 0.1476. The state and control trajectories are in Figure 3 and Fig-
ure 4. Regarding the state trajectories we can clearly see from these three sample

pathes that company X's sale is decreasing and company Y'’s sale is increasing. This
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result comes from a combination of two reasons, one is company Y emphasize more
final market share, the other is company Y’s product is more competitive. So, many
customers change to buy company Y’s product. In this case, competition effect dom-
inates natural growth effect. As to control trajectories, both of them use relatively
bigger controls at first, then decrease controls. This phenomena have been reflected
in the deterministic differential game, which is the competitors in a system always
compete furiously (use bigger controls) at first until they eventually find that they

can not get more from each other and comprise to some equilibrium.

Objective values:

Jl J2
0.08131269347293 0.14770122394696
0.08120381779516 0.14767756426844
0.08116196526100 0.14740749943551

In case 2, all the main assumptions about company X and company Y are the
same as case 1 except that company X'’s competitive capability is bigger than that

of company Y, that is, 51 > 5. So the related data set is as follows:
Case 2:

w; =0.15 w; =0.25
ks =0.9 ko =0.7

=1 co=1.5
a; =0.02 a;=0.01
G =12 By =1

xo = 0.018 g9 =0.01
o =10

Numerical results are as follows. The expected objective values are J; = 0.1030, J, =
0.11894. The state trajectories are in Figure 5. In this case, company X’s sale is al-
most keeping at some constant, and company Y'’s sale is just increasing a little bit.
This result is clearly from the fact that company X’s competitive capability has been
increased, although company Y wants final market share more. And as to controls,
the results are also as expected. Because of competitive capability and less emphasis
on final market share, company X’s control is approximately decreasing first and then
keeping at some constant low level. However, company Y will struggle for his goal,
more final market share under the condition that his competitive capability is not as
big as company X, so company Y’s control is increasing first and then keeping at

some higher level.
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FIGURE 3. State trajectories(Case 1)
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Objective values:

J1 Ja
0.10241283869068 0.11997014633432
0.10307904939597 0.11892865268987
0.10420939135293 0.11630669702601

In case 3, we are interested in the situation that weaker company X wants more
final market. Here all main assumptions about company X and company Y are still
the same as case 1 except that company X in this case will emphasize final market

share more than company Y, that is, w; > ws. So the related data set are as follows:

Case 3:
w; =025 w; =0.15

ki =0.9 ko= 0.7

=1 co=1.5
a; =0.02 a;=0.01
=12 [By=1

ro = 0.018 yo = 0.01
o =10

Numerical results are as follows. The expected objective values are J; = 0.1605, J, =
0.079. The trajectories for state variables are in Figure 7 below. Now in this case,
company Y'’s sale approximately increase a little and company X'’s sale approximately
decrease a little as time goes on. And as to controls(Figure 8 below), company X'’s
control is obviously bigger than that of company Y’s, both of them use big control
first and decrease to some level. This can be obviously explained by company X’s
want for more final market share but his competitive capability is not as good as
company Y. So he always uses bigger control all the time. However even with bigger
control, his sale sometime will decrease a little. On the side of company Y, he has
better competitive capability, and does not care much about final market share, so

he can just use smaller control to keep his sale on some level.
Objective values:
J1 Jo
0.16074372560537 0.07883976295665

0.16084549921485 0.08017856767953
0.16027936192200 0.07913855277273
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6. CONCLUSION

In this paper, we set up stochastic differential game model to explore competi-
tion in a market. We used dynamic programming to derive the necessary optimality
conditions for general two-person Stochastic differential game model. The optimality
condition consists of a system of Stochastic Partial Differential Equation with sep-
arated boundary conditions. Because of the nonlinearity of the equations, analytic
solution is hard to get. We appeal to numerical methods to solve it. Specific al-
gorithm is set up to solve the system of optimality conditions. The key technique
used in the algorithm is 1) simulating random variables, discretized Brownian path;
2) integrating backwards costate equations on every state planes at each discretized
time points, which means we will calculate all values of costate variables at all grid
point of the xzy-plane. This is necessary to approximate the partial derivative costate
variables. And this will induce much more computation than the usual Euler back-
wards method. 3) Approximating the partial derivatives at each grid point on each
xy-plane. 4) Integrating stochastic differential equations of state variables based on
Euler-Maruyama method. The numerical solution of our model is in terms of a strong
solution of Stochastic Differential Equation, which mean every specific solution tra-

jectories come from specific generated Brownian path.

We use our algorithm to solve our model based on some practical considerations.
The numerical results can be explained well from these practical aspects. Comparing
stochastic and deterministic differential game from metaphysical level, we have found
that 1) competition is always fierce at first and then settle at a lower equilibrium
level, and 2) competitor’s objective and characteristics will determine the outcome of
the competition. So based on these two rules, we can approximately anticipate the
state and control trajectories before numerical calculations in both stochastic and

deterministic situations.

Our algorithm is not hard to be extended to solve general n-person stochastic
differential game models. However before doing that, much research work should be

expected in analyzing stability issues under specific situations.
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