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1. INTRODUCTION

In this paper we shall investigate the existence of weak solutions of the Dirichlet

p-Laplacian problem:

—Ayu = V(z)f(u)in Q
u = 0on 09,
where © is a bounded smooth open set of R? and p > 1. We will exhibit a sufficient
condition on the norm of the positive function V' which belong to a certain space
depending on the position of p and d. The map f considered here is supposed
continuous, positive and non decreasing. The case p = 2 was treated in [12]. Along
this investigation we will use some regularity results (see [10] or [19]) and estimations
(see [14]) for the potential to replace the lack of linearity. The proof in the case p = 2
can be seen as a direct approach using estimations for the Green function. We will

show also a kind of sharpness of our estimations for certain class of functions V.

There are two different cases to distinguish for the study of this problem:
e The case where f(0) > 0, the trivial solution is eliminated. We will show the
existence of a positive solution using the topological degree theory applied to the
operator Ty : Cy (ﬁ) — () (ﬁ) This operator is defined by Ty (v) = w if and only
if u satisfies

u = 0 on 0f).

e The second case where f(0) = 0, we shall find a way to eliminate the trivial solution.

{—Apu = V(z)f(v) in Q

Therefore we will use a classical minimization technic and we will show that the energy

of the solution is negative, so the problem have a non trivial solution.
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2. MAIN RESULTS

Let us consider the Dirichlet problem

{ —Ayu = V(z)f(u)in Q P)
u = 0 on 0f2

where ) is a bounded smooth open set of R? and V is a positive function which
belong to a certain space depending on the value of 1 < p < oo. The non linearity f
is a nondecreasing continuous positive function.
We will denote
LY(Q), q > g, if p<d
E =< LY Log(L)?)(Q), B>d—1,ifp=d
Li(Q),q>1ifp>d
and || ||z the corresponding norm.

The main result of this paper can be stated as follows.

Theorem 2.1. Let 1 < p < oo, if V € E, then there exists a constant ¢ = c(d, p,2)
such that, if f(0) >0 and V satisfies

p—1

IV < ¢ sup =
a>0

fla)
then (P) have at least one positive bounded solution w. Furthermore, this solution is
stable i.e. d(I — Ty, M,0) =1 where M is a set to be pointed out later in the proof.

(2.1)

Theorem 2.2. Under the same assumptions of Theorem 2.1, if we suppose further-
more that ()\_VV(§))/\>O
when A\ — oo for a constant v > p and that 0 is an isolated zero of f, then (P)

converges weakly in measure to a positive Radon measure [

have at least one positive solution.

As an example for such function V' one can think about a —~-homogeneous
function, or a combination of an approximation of the identity and an homogeneous

function such that (A7V(%)) oo converges to a Dirac.

Now if {2 is an open set contained in €2, we denote \; (€', %)) the first eigenvalue

of the p-Laplace operator in the set " with weight function 1, i.e

w(@oy=int { [ s [ upo =1, we s}
o o
So we can state the following theorem.

Theorem 2.3. Assume that V = W € Hy(Y) = {veE; v>1v onQ}, where

W € E is a positive function, then there exist \* € [0, +0o0] such that:
i) if |V < A*, problem (P) have at least one positive solution.

i) if |V|| gz > A*, problem (P) have no positive solution.
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Moreover, we have the following estimation :
(9., Q) sup & < X < A (. ) sup
c(p,d, Q) su <\ < , ) su )
SR T V) P
Corollary 2.4. Assume that V = ”VV”E € Hs(Q) = {v € E; v >0}, then there exist
A* € [0, +o0] such that :

i) if |V||g < A*, problem (P) have at least one positive solution.
i) if |Vl > A*, problem (P) have no positive solution.

Moreover, we have the following estimation :
p—1 )\1 aP~1
c(p,d, ) sup <\ < —sup :
( ) a>0 f(O‘) d a>0 f(a)

3. PRELIMINARY RESULTS

Lemma 3.1. Let uy, uy € WyP(Q), there exist a constant ¢, such that
¢p [Vui-Vug|? if p>2
(—Apuy — (—Apus), ug — ug) > . |Vuy-Vusy|
(V| + [Vug|)* ™

if 1<p<?2

Consider the problem

(3.1)

—Ayu = f(z,u)in Q
u = 0on 09,

where f: Q) x R — R is a Carathéodory function.

Definition 3.2. We say that U is a super-solution of (3.1) if U € W, ”(Q) N L®(Q)
and

U 0 on 052.
Respectively, we say that U is a sub-solution of (3.1) if U € W,”(Q) N L®(Q) and
{ AU < f(z,U)in Q

~AU > f(x,U)in Q
U >

U < 0onof2.

Theorem 3.3 ([7]). Let us assume the following conditions :

i) The problem (3.1) have a sub-solution U and a super-solution U such that

u<vu.

ii) There exist K € L1(Q), ¢ > (p*)', such that
|f(z,s)] < K(), ae, 1€Q, Vs:U(z) <s < U(x).

Then (3.1) have at least one solution between U and U.

Let us define the Orlicz-Zygmund space L*Log®L, 1 < s, 3 € R.
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Definition 3.4. Let f be a measurable function in €2, we say that

f € L*Log®L (Q) if [, |f|"log” (e + | ) < +oo.
This space is equipped with the Luxemburg norm defined by
11l s Logsr, = inf {A > 0; Kl log” (e + m) < 1}
Q

5]
Remark that for 8 > 0, L¥Log’L (Q) C L* () and if we note
Flaw= [ 167108 (e 2.

Q [aiye

1N s Loger, < [fae < 211F

then

LsLogPL *
4. PROOF OF THEOREMS

4.1. Proof of Theorem 2.1. STEP 1: Boundedness results.

We start with the case p < d.

Lemma 4.1 ([1]). Let u € W3 (Q) and f € W17(Q) where r > p%l and p < d, such
that

{ —Apju = fin ) (4.1a)

u = 0 on 09
then u € L>®(QY), furthermore if we take F such that f = divF then

1
||u||L°°(Q) S C(pv d> Q) ||F’||£;1 .

Before proving this lemma we will use the following result, introduced by Stam-

pacchia for the study of the regularity of elliptic equation in [17].

Lemma 4.2 ([12]). Let ¢ : [ko, +00o[ — Ry be non decreasing function, such that if

ko < k < h then ¢(h) < ﬁgp(l{:)ﬁ, where ¢, and [ are given positive constants.

If 6 > 1, then @(ko + 1) = 0 where
1 = efp(ko))" 2755,
Proof. To proof these theorem we will use the classical Stampacchia approach.
Since f € W~(Q), there exist F' € L"(Q) such that f = divF and then we have
/Q|Vu|p_2 VuVu = /QF -V, Yo e WP (Q). (4.2)

So if we take for k > 0 the following test function
u—Fk if u>k
v=-sign(u—k)(ju| — k)t = 0 if —-k<u<k
u+k if —k>u.
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/ |Vv|p:/F-Vv,
Ak) 0

where A(k) = {|u| > k}. Using Holder inequality, we have

/F-vvgmes(A(k;))l—%—% /|F\q /|vv|p

Q A(k) A(k)

(4.2) become

So that

1_1

1
/ Vol | < mes (A(k))' "
(k)

—
=

Using Sobolev embeddings, there exist C' > 0 such that

b
pF r

c /\vv\p* < mes (A(k)) /\FV
A(k)

mes (A(h))7 (h — k) = /(h—k)p* < /w* < Bl

A(R) A(h) A(K)

finally we have

mes (A(h)) < — N
5 (h — k)

_a_
p—1?

1 1
P (-Dr
pacchia’s lemma to ¢(h) = mes (A(h)) to obtain

and using the fact that r >

we have p*( ) > 1 so we apply the Stam-

1
=T
||u||oo < CHFH{“T mes () %_(le)r_)_pi*.
Cvr 0

The case d = p is more different than the previous.

The Orlicz-Zygmund spaces are defined using the function P : RT — R such
that Ps(t) = tlog(e + s°).

Lemma 4.3. If ¢ > 1 then for s small enough,

5Py G) < (bg(e—i%))ﬂ
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Proof. 1t is easy to show that
1
i 1Py s,
e—+oox  (log(e + x))

and so the lemma is proved. O

Now we can state a result similar to Lemma 4.1

Lemma 4.4 ([4]). Letu € Wy (Q) satisfying —Aqu = f, assume that f € L* (log L)" (Q),
where > d —1 then u € L>*(Q). More precisely

1

d—1

||UHL°° < C(Qad) (HfHLl(logL)ﬁ(Q))

/|Vu|d ZVqu—/fv

for every test function v € WH4(Q2). We define for k > 0,

Ty(s) s if |s| <k
S) =
g ket A [s| >k

Proof. We know that

and for e > 0 we take v, = 2 (Tjse(u) — Ty(u)). Since Q is bounded, v. € Wyt (Q)
and by the Sobolev imbedding we obtain

1
Calloell o < [[Vedl =—/ Vul.
S e Jheul<hrey

We define F.(t) = min(¢*, 1), so

CallF. (= W)l oy <2 [ [9ul.
L=t € Jik<lul<hte)

In the other side, we have for s > 1,

go<k+a>=/ s/m(\u\—w
{lusk-+el} Q

where ¢ (k) = mes {|u| > k}. And for s = 2% we have

_d_

1 d—1
olk+¢e) < (—/ \Vu|) )
€ J{k<|u|<k-+e}

By Holder’s inequality we have

ok +e) < <_/ |Vu|d) (mes ({k < u| < +5}))
& J{k<|u|<k+e} €

1

(s ™) (P20

IA
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Finally we note
0, if 0<s<k
Qpo(s) =19 s—k, if k<s<k+e
g, if s>k+e,

so we have

/ WM“=F&W@WW»§/f%AWS€/ Al.
{k<|u|<k+e} Q {lu>k[}

But we know that in the dual space we have

||XE||(L1(1OgL)ﬁ(Q))* < mes (E)Pﬁ—l(

then if we use Lemma 4.2 we obtain

C

/ 1 < 1l o) 5.
{u>h) (1og (1+ =)

Thus
1 p(k) — p(k +¢)
(k“—f) < CHfHLl(logL (Q) d% ( - 5
log (1 + SD(k))>
then
1 ,
SO( ) < C Hf” logL (Q) digo (k)7
1 =
(10g (1 + m))
SO
1 (k)

1< -ClfE

¥
Ll(logL )P (Q) dL <p(/€)
<log (1 + w(k)))

After integration we obtain

1 -1
; (log(ﬁ))v - (log(i))y |:C||f’L1(logL )} ,

1

-1
e ] >
(log(eta)) [ Wi (loe(H))

and consequently we have the existence of ¢y such that ¢(ty) = 0 and moreover

1

lll e < CC2 ) (1 s gog o) -

The case p > d is a trivial case. It is a direct consequence from the Sobolev

embedding.
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Lemma 4.5. Let u € W, ?(Q) and f € L' (Q) such that

—Ayu = finQ (4.30)
u = 0 on 0N. .

Then u € L*(RY), furthermore there exists ¢ = ¢(d, 2, p) such that
1
lull e < ell Iz

Remark 4.6. i) The spaces used in this proof are in some way optimal if d > 2, in

fact we can show that the problem

Ay = finQ o
u = 0on 0N ’

have a non bounded solution if f € L' (log L)* " (2). We consider the function

f(r) = r~%{log(r)| ™ [log [log r|| ™"

We have, if a > 1, f € L' (log L)*" () where Q is a small ball, and f ¢ L' (log L)” (Q)
for all 5 > d — 1. And we can show that the corresponding solution of (4.4) is not
bounded if o < d — 1.

ii) In the case p = d = 2, we can use the Hardy spaces and we can show the

optimality of these spaces (see [12]).

The coming two steps are common for all cases of p.
STEP 2: The super-solution.
Let o > 0 and U the solution of

—Ayu = V(z)f(a)in Q
u = 0on 0.

Since V' € E, we have, using Lemma 4.1, 4.4 or 4.5,
_ 1 s
10| o) < ¢, d, D IIVIIET fla)e.

So if

aP~!

fla)’

then there exist a > 0 such that HUH Lo (@) < «, and consequently, U is a super-
solution of (P).

Vo < csup
a>0

STEP 3: Existence and stability.

Let us define B
f(U)

o e
+

> o o
TN
S

=)
=

o o w
AVARVARRLY,

f
f

~—~~
VA
~— ~—
—
—
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We note Ty : Co(Q2) — Co(Q) the operator defined by Ty (v) = u if and only if

—Ayu = V(z)f(v)in Q
uw = 0ond.

We know that Ty is a compact operator and if v € Co(€) then
T € 5 (0.0t IVIET FTL077 ).
So fv is uniformly bounded. This imply the existence of an Ry > 0 such that
VR > Ry, d(I — Ty, B(0, R),0) = 1,
where d denote the topological degree in Cy(€2). In fact, let us consider the homotopy
H(-,t)=1—tTy, vt €[0,1].

This homotopy is admissible for R sufficiently large. Because if there exists u € Cy(€2)
such that |lul|, = R and u = tTy (u), then R = ull . = tHTV(u)H < Ry which is
impossible. So it follow that

d(H(-,1),B(0,R),0) =d(H(-,0),B(0,R),0) =d(I, B(0,R),0) = 1.
Consider now, the operator Ty defined by Ty (v) = u iff

—Ayu = V(z)f(v) in Q
u = 0on0f.
We have the fact that Ty, = Ty in Mz = B(0,R) N {fveCy(); 0<v< U} Itis
easy to show that 0 ¢ (I —Ty) (OMg). We conclude that

VR > Ry, d(I —Ty,B(0,R)N Mg,0)=d(I —Ty,B(0,R),0) = 1.

Remark 4.7. We can also obtain the existence of a minimal solution using the
monotone iteration method of Theorem 3.3, but we lose the relative result of stability
obtained by the degree theory (for further results concerning the degree theory we

can see for example [11]).

4.2. Proof of Theorem 2. Here we have f(0) = 0, so we must find a solution

different from the trivial one.
We consider then the function fx defined by
f(s if 0<s<K
fue) =4 1)
f(K) if s>K.
We expand V' by zero outside 2. In this case, fx is a continuous bounded function.

Since there exists an 0 < sy < K such that f(sg) > 0, we have F(sy) > 0 where
F(s) =[5 fx(t)dt. So we consider the energy functional E defined on WyP () by

E(u):%/ﬂ\Vu\p—/QVF(u).
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Without loss of generality, we can suppose that 0 € Q. Let ¢ € D (£2) such that:
© >0, p=s0in B(0,£) and 0 outside B(0, R). We define also the scaled function
or(x) = p(Azx). After all these definitions we can start the proof.

It is easy to check that E is bounded from below on W,? () and E(0) = 0.

E(gn) = % / Vol - / Flo(Ax))V (2)dz

p=d
= Vl? — F(o(\x))V (z)dx
— [ 1vs /BM (CO)V (2)

)\pd T

= e —xt [ P

= ot (5 fwer - [ PG,

Since (ATV (%)) , converge weakly in measure to > 0. We have

)dx

Blea) ¢ 5~ [ F(p)iduto)

B(0,R)

We deduce that — inf B (u) < 0. It follows by usual minimization technics that
ueW,?(Q)
E have a critical point u; with negative energy, which correspond to a non trivial

solution of

-Ayju = V(z)fr(u)in Q
w = 0ond.

Using the same a priori estimates as in the previous proof, we have
lull o < c(,d,p) F(K) ™ V] 15 5
Since V satisfies (2.1), there exists K such that
a1 =
ull e < c(Q,d,p) f(K) = |V]p7 < K.

It follows that u is a solution of (P).

5. NONEXISTENCE RESULTS
In this section we will proof Theorem 2.3 and Corollary 2.4. So we suppose that

Q is a bounded domain of R<.

Let us remind an interesting result concerning the first eigenvalue of the p-Laplace

operator defined by:

A1 (2) :inf{/ |Vul|”; uGW(]l’p(Q),/ |u|p:1}.
Q Q
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We can define also the first eigenvalue with weight V' > 0 and V' € L9(Q2), where
q>gifp§dandq:1ifp>d,by

A1 (Q,V):inf{/ |Vul?; ueWol’p(Q),/V|u|p:1}.
0 0

We know, (see [8] or [4]), that this minimum is achieved in a function ¢; that satisfies
the Euler equation:
A1 = MV 1P 1 in ©
{ 1 = 01in 0Q

and have the following result:

Theorem 5.1 ([6]). Let V : Q — R be a given function such that V* # 0. Assume
that V€ L1(Q), where q > Ii‘f ifp<dandq=11if p>d, then \; (2,V) is simple,
isolated, and the corresponding eigenfunction is positive and belong to CH® (Q) for

some « € 10, 1].

Remark 5.2. The signification of “A; (€2, V') is simple” is that any other eigenfunction
1 with fixed sign is of the form v = Gy;.

We consider for 0 < h € L?(2), where ¢ > Ii‘f if p<dandq=1if p > n, the set

HL(Q)={V €FE;, V>h}.

Using this result we will show that for ||V, sufficiently large, the problem (P)

have no solution if V = ”VV”E € Hy(2). In fact suppose that (P) has a positive

solution u for every V. Let V= II‘;/IIE and ¢ the first eigenfunction associated to
—Ap(pl = )\1h |(p1|p—2 ®1 in
w1 = 0ondN.

Since ¢; > 0 and % < 0, there exist t > 0 such that ¥ = tp; < u in . Assume
that

A=V M (R e
= > ,h)sup ——,
H HE 1( >a>18 f( )

then for € > 0 sufficiently small and A\. = \; 4+ ¢ we have

—AU = MR UPTEU < AL U0 <AV [uf e < AV f(u) = —Au.
So the problem

5.1
v = 0in 0f) (5.1)

have a sub and super-solution. Using Theorem 3.3 the problem (5.1) have a positive

{—Apv = A ?vonQ

solution and this is a contradiction because )\ is isolated. Then we have the existence
of a constant \* = X*(p,d, Q) > 0 such that: If ||V||, < A*, the problem (P) have at
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least one positive solution; If ||V||; > A*, the problem (P) have no positive solution.

Moreover
aP~1 R

<N <A (Q,h)sup ——

c(p,d, Q) sup D o)

a>0f( )

and that shows the sharpness of our estimation.
We can also define for a subdomain Q C © the set Hh(ﬁ) = {V €el; V>hin ﬁ}

Then we have

(p, d, Q) o (€0, h) sup & 1
c(p, d, Q) sup <A< sup
a>0 f(Oé) a>0 f( )

The proof is the same, since we will consider the restriction of our problem to Q.

Wiy € Mal€) =
{veFE; v>0donQ}, then we get the existence of A* € [0, +00] such that:

Remark 5.3. We can see also that if we assume that V —=

i) if [|[V||z < A*, problem (P) have at least one positive solution.
ii) if ||[V||; > A*, problem (P) have no positive solution.
Moreover, we have the following estimation:
aP~t A () aP~!

clp.d Y sup s < 4 < == sup s

6. OTHER EXISTENCE RESULTS

Now we are going to weaken the hypothesis of monotonicity of f.

Proposition 6.1. Assume that f is an absolutely continuous function, then f = 7+L

where f is a continuous nondecreasing function and f is a nonincreasing function.

Let us define the set

D) = g : I — R; g is nondecreasing, g(0) = f(0) and
B there exists a nonincreasing function h : I — R such that f =g+ h |

Theorem 6.2. Assume that [ : R — R is an absolutely continuous function such
that f(0) > 0. If V € E and

ap~1
Vg <elp,d, ) sup sup——,
geD} (R+) >0 g(a)

then (P) have at least one positive solution.

Proof. We know that 0 is a subsolution of (P), so our propose is to find a supersolu-
tion. But since f is absolutely continuous, f < ¢ for every g € D;[(]R*), and using

Theorem 2.1 the problem

—Ayu = V(z)g(u)in Q
u = 0on 0N

have at least one positive solution. So this solution is a supersolution of (P) and that

achieve the proof using Theorem 3.3. O
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Theorem 6.3. Assume that f: R — R* is a continuous function such that f(0) >
0. IfV e FE and

aP~!
Vv <c ’de sup inf
IVily < clp.d, Q) sup_inf =,

then (P) have at least one positive solution.
Proof. Let Ty : Cy(Q2) — Cp(R2) the operator defined by Ty (v) = u, if

—Ayu = V(z)f(v) in Q
u = 0on 0f.

If v € B(0, ), for some o > 0, using the previous a priori estimates, we get

1
1

B <Cpd9) (H‘fHE sup f(v)) -

7€(0,a]

1Ty ()l < Clp, d, Q) [V f(v)]

So if |V z < c(p, d, ) inf,ep,q %, then Ty applies the ball B (0, «) to it self. Now
using the fact that if v € Cy(Q2) then Ty (v) € CH(Q) (Di Benedetto, Tolksdorf). We
obtain the compacity of the operator Ty,. So by the Schauder fixed point theorem,

Ty have a fixed point u, which correspond to a solution of (P). a

Remark 6.4. The previous result is a generalization of Theorem 2.1. But remark

that we loose the result of stability obtained by the degree theory.

7. AN EXTENSION TO THE WHOLE SPACE

Let us define the set

H = {¢:R" — R; ¢ is measurable,

1

Pt = [ o ([ wra) s <,

S

and consider the problem

—Ayu =1 in R?
‘ ‘lim u(z) = 0. (7.1a)
xr|—-+00

Proposition 7.1. If f is a positive radial function such that ¥(z) = ¥(|z|) where
Y € H, then problem (7.1a) has a positive bounded solution u, given by

+0o0 s . Til
() = / | Sd—1_1< /0 td‘lw(t)dt> ds.

1

In particular ||ul| , < (N(@Z)) .

Proof. Simple calculation. O
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If V' is a measurable function, we define
Ly ={veH; [V(z)]<¢(z]), aein R},

and
= inf N(v).
hV) = inf N()
Theorem 7.2. Let us consider a positive measurable function V € L (Rd) such that
h(V) < oo. If

p—1
h(V) < sup s,

the problem
—Ayu =V (x)f(u) in R
_ (7.2)

lim wu(z)=0

|z]— 400
where f : Ry — R is a continuous nondecreasing function, have at least one

positive solution.

Proof. Consider the problem
—A,u=V(x)in R?

lim wu(x)=0
|z]— 400

(7.3)

Like the proof of Theorem 2.1 we need 3 steps:
STEP 1: Boundedness.
Let us consider the approximation problem
{ —Ayuy, = Vi(z) in B(0, k)
ug(z) = 01if |z| =k,

where Vi (z) = min(V (), k)xp(ox)- It is clear that such solution u; exists. Further-
more, using the weak comparison theorem and Proposition 7.1, the sequence (uy) is
uniformly bounded in L (R?) by h (V). It follows that

L1Vl < 1V v,

and we deduce the boundedness of (uy) in W'? (]Rd). So there exist a subsequence
which will be denoted (uy,) and u € WP (R?) such that

up — u a.e on R?
u, — win L, (RY), p<qg<p
u, = u in W (R7)

(—Apuk, Uk — u) = \Vuk|p_2 Vuk (Vuk — VU) = / Vk (uk — u) S / V (uk — u) .
Rd Rd

Rd
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Since wy, — u in L™ () weak-*, we have the convergence of uy — u in W* (RY).
Thus we obtain the desired solution of (7.3) such that ||u||;. < h(V).

STEP 2: Super-solution.

1

Since h (V') < sup ‘}”E—;), we have the existence of
a>0

v € H such that V(x) < ¢(|z]) and N(¢) < sup 4.
a>0

So, w= [ = (J; td—lw(t)dt)ﬁ ds, is a super-solution of (7.2).

|z

STEP 3: Monotone iteration.

Now we consider the sequence (uy), defined by uy =u and

Ayt = V(@) (ux)
lim  wgy = 0.

|Z|—+o0

By the maximum principle, we have the fact that the sequence (uy), non increasing
and 0 < uy < w. Using the same arguments of the first step, we obtain the convergence
of uy, in W' (R?). O
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