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1. INTRODUCTION

Consider the fourth order p-biharmonic problem with the Dirichlet boundary

conditions 




∆2
p u = f(x, u) in Ω

u = ∇u = 0 on ∂Ω

(1.1)

where Ω is a bounded domain in R
n, n ≥ 1 with C2 boundary ∂Ω,

∆2
p u = ∆

(
|∆u|p−2 ∆u

)

is the p-biharmonic operator, p ∈ (1,∞), f is a Carathéodory function on Ω × R

satisfying the subcritical growth condition

|f(x, t)| ≤ C
(
|t|q−1 + 1

)
(1.2)

for some q ∈ (1, p∗2),

p∗2 =






np

n − 2p
, p < n/2

∞, p ≥ n/2
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is the critical exponent for the Sobolev imbedding W 2,p
0 (Ω) →֒ Lq(Ω), and C denotes

a generic positive constant. Assume that f(x, 0) = 0 a.e., so that (1.1) has the trivial

solution u(x) ≡ 0. The purpose of this paper is to obtain others.

We assume that

F (x, t) :=

∫ t

0

f(x, s) ds =
λ

p
|t|p + o(|t|p) as t → 0, uniformly a.e. (1.3)

for some λ ∈ R. Note that (1.3) holds if

f(x, t) = λ |t|p−2 t + o(|t|p−1) as t → 0, uniformly a.e.,

which leads us to the nonlinear eigenvalue problem





∆2
p u = λ |u|p−2 u in Ω

u = ∇u = 0 on ∂Ω.

(1.4)

It turns out that this eigenvalue problem plays an important role in solving the

problem (1.1).

Before giving some comments about (1.4), let us recall the eigenvalue problem

for the p-biharmonic operator with the Navier boundary condition





∆2
p u = µ |u|p−2 u in Ω

u = ∆u = 0 on ∂Ω.

(1.5)

Drábek and Ôtani [2] showed that the first eigenvalue of (1.5), given by

µ1 = inf
u∈W 2,p(Ω)∩W

1,p

0
(Ω)

R

Ω
|u|p=1

∫

Ω

|∆u|p,

is positive, simple, and isolated in the spectrum σ(∆2
p). So the second eigenvalue

µ2 = inf σ(∆2
p)∩ (µ1,∞) is also well-defined. The fact that µ1 is isolated enabled Liu

and Squassina [6] to split the space W 2,p(Ω) ∩W 1,p
0 (Ω) into two complementary sub-

spaces, and using the idea of local linking (see Liu and Li [5]) to obtain existence and

multiplicity results for p-biharmonic problems with the Navier boundary condition.

For the eigenvalue problem (1.4) with the Dirichlet boundary condition, El Khalil

et al. [3] obtained a nondecreasing and unbounded sequence of eigenvalues using

Ljusternik-Schnirelmann theory on C1-manifolds (see Szulkin [8]). However, to the

best of our knowledge, it is not known whether the properties of the first eigenvalue

are as good as in the Navier case mentioned above. It particular, we do not know

whether it is isolated. Therefore, we cannot split the underlying space W 2,p
0 (Ω) as in

Liu and Squassina [6] and solve the problem (1.1).
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Here we will work with a new sequence of eigenvalues constructed in Perera et al.

[7]. This sequence is based on the Z2-cohomological index of Fadell and Rabinowitz

[4] and gives nontrivial critical groups, a fact that will play a crucial role in our proofs.

We say that the nonlinearity f is p-sublinear if

lim
|t|→∞

F (x, t)

|t|p
= 0 a.e., (1.6)

and p-superlinear if

lim
|t|→∞

F (x, t)

|t|p
= ∞ a.e. (1.7)

In the p-sublinear case we will strengthen (1.6) to

|F (x, t)| ≤ C (|t|r + 1) (1.8)

for some r ∈ (1, p). In the p-superlinear case we will assume the Ambrosetti-

Rabinowitz condition

0 < µ F (x, t) ≤ tf(x, t), |t| ≥ T (1.9)

for some µ > p and T > 0. Note that integrating (1.9) gives

F (x, t) ≥ c(x) |t|µ − C (1.10)

where c(x) = min F (x,±T )/T µ > 0, which implies (1.7). We will prove

Theorem 1.1. Assume (1.2) with q ∈ (1, p∗2), (1.3), and (1.8) with r ∈ (1, p). If

λ > λ1 is not an eigenvalue of (1.4), then problem (1.1) has two nontrivial solutions.

Theorem 1.2. Assume (1.2) with q ∈ (1, p∗2), (1.3), and (1.9) with µ > p and T > 0.

If λ is not an eigenvalue of (1.4), then problem (1.1) has a nontrivial solution.

Remark 1.3. We can also prove the corresponding theorems for the problem with

the Navier boundary conditions





∆2
p u = f(x, u) in Ω

u = ∆u = 0 on ∂Ω

(1.11)

by working in the space W 2,p(Ω) ∩ W 1,p
0 (Ω). This problem has been considered in

Liu and Squassina [6]. However, there it is required that for |t| small, p F (x, t)/|t|p is

bounded between the first two eigenvalues of (1.5). Our approach here does not have

such a restriction.

Our proofs will be based on an abstract framework for nonlinear eigenvalue prob-

lems introduced in Perera et al. [7], which we will recall in the next section.
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2. PRELIMINARIES

In this section we recall an abstract framework for nonlinear eigenvalue problems

introduced in Perera et al. [7].

Let (W, ‖ · ‖) be a real reflexive Banach space with the dual (W ∗, ‖ · ‖∗) and the

duality pairing (·, ·). We consider the nonlinear eigenvalue problem

Ap u = λ Bp u (2.1)

in W ∗, where Ap ∈ C(W, W ∗) is

(A1) (p − 1)-homogeneous and odd for some p ∈ (1,∞):

Ap (αu) = |α|p−2 α Ap u ∀u ∈ W, α ∈ R,

(A2) uniformly positive: ∃ c0 > 0 such that

(Ap u, u) ≥ c0 ‖u‖
p ∀u ∈ W,

(A3) a potential operator: there is a functional Ip ∈ C1(W, R), called a potential for

Ap , such that

I ′
p(u) = Ap u ∀u ∈ W,

(A4) of type (S): for any sequence (uj) ⊂ W ,

uj ⇀ u, (Ap uj, uj − u) → 0 =⇒ uj → u,

and Bp ∈ C(W, W ∗) is

(B1) (p − 1)-homogeneous and odd,

(B2) strictly positive:

(Bp u, u) > 0 ∀u 6= 0,

(B3) a compact potential operator.

The following proposition is often useful for verifying (A4).

Proposition 2.1 ([7, Proposition 1.0.3]). If W is uniformly convex and

(Ap u, v) ≤ r ‖u‖p−1 ‖v‖ , (Ap u, u) = r ‖u‖p ∀u, v ∈ W

for some r > 0, then (A4) holds.

By Proposition 1.0.2 of [7], the potentials Ip and Jp of Ap and Bp satisfying

Ip(0) = 0 = Jp(0) are given by

Ip(u) =
1

p
(Ap u, u) , Jp(u) =

1

p
(Bp u, u) ,

respectively, and are p-homogeneous and even. Let

M =
{
u ∈ W : Ip(u) = 1

}
.
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Then M ⊂ W \ {0} is a bounded complete symmetric C1-Finsler manifold radially

homeomorphic to the unit sphere in W , and the eigenvalues of (2.1) coincide with

the critical values of the even C1-functional

Ψ(u) =
1

Jp(u)
, u ∈ M

(see Section 4.1 of [7]).

Denote by F the class of symmetric subsets of M and by i(M) the Fadell-

Rabinowitz cohomological index of M ∈ F (see [4]). Then

λk := inf
M∈F

i(M)≥k

sup
u∈M

Ψ(u), 1 ≤ k ≤ dim W (2.2)

defines a nondecreasing sequence of eigenvalues of (2.1) that is unbounded when W

is infinite dimensional (see Theorem 4.2.1 of [7]).

Now we consider the operator equation

Ap u = F ′(u) (2.3)

where F ∈ C1(W, R) with F ′ compact, whose solutions coincide with the critical

points of the functional

Φ(u) = Ip(u) − F (u), u ∈ W.

The following proposition is useful for verifying the (PS) condition for Φ.

Proposition 2.2 ([7, Lemma 3.1.3]). Every bounded (PS) sequence of Φ has a con-

vergent subsequence.

Suppose that u = 0 is a solution of (2.3) and the asymptotic behavior of F near

zero is given by

F (u) = λ Jp(u) + o(‖u‖p) as u → 0. (2.4)

Proposition 2.3 ([7, Proposition 9.4.1]). Assume (A1) - (A4), (B1) - (B3), and (2.4)

hold, F ′ is compact, and zero is an isolated critical point of Φ.

(i) If λ < λ1, then Cq(Φ, 0) ≈ δq0 Z2.

(ii) If λk < λ < λk+1, then Ck(Φ, 0) 6= 0.

3. PROOFS OF THEOREMS 1.1 AND 1.2

First let us verify that our problem fits into the abstract framework of the previous

section. Let W = W 2,p
0 (Ω) with the norm

‖u‖ =

(∫

Ω

|∆u|p
)1

p

,
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and define Ap , Bp ∈ C(W, W ∗) and F ∈ C1(W, R) by

(Ap u, v) =

∫

Ω

|∆u|p−2 ∆u ∆v, (Bp u, v) =

∫

Ω

|u|p−2 uv

and

F (u) =

∫

Ω

F (x, u).

Then (A1), (B1), and (B2) are clear, (Ap u, u) = ‖u‖p in (A2), and (A3) and (B3)

hold with the potentials

Ip(u) =
1

p

∫

Ω

|∆u|p, Jp(u) =
1

p

∫

Ω

|u|p,

respectively. By the Hölder inequality,

(Ap u, v) ≤

(∫

Ω

|∆u|p
)1−

1
p
(∫

Ω

|∆v|p
)1

p

= ‖u‖p−1 ‖v‖ ,

so (A4) follows from Proposition 2.1. We have

Φ(u) =

∫

Ω

1

p
|∆u|p − F (x, u), u ∈ W,

and (2.4) follows from (1.2) and (1.3).

Proof of Theorem 1.1. Since λ > λ1 is not an eigenvalue of (1.4), it follows from

Proposition 2.3 (ii) that Ck(Φ, 0) 6= 0 for some k ≥ 1. By (1.8) and the Sobolev

imbedding,

Φ(u) ≥
1

p
‖u‖p − C (‖u‖r + 1) ∀u ∈ W.

Since p > r, it follows that Φ is bounded from below and coercive. Then every

(PS) sequence of Φ is bounded and hence Φ satisfies the (PS) condition by Propo-

sition 2.2. Thus, Φ has two nontrivial critical points by the following “three critical

points theorem” of Chang [1] and Liu and Li [5].

Proposition 3.1. Let Φ be a C1-functional defined on a Banach space. If Φ is

bounded from below, satisfies (PS), and Ck(Φ, 0) 6= 0 for some k ≥ 1, then Φ has two

nontrivial critical points.

Remark 3.2. Note that it suffices to assume λ > λ1 is not an eigenvalue from the

particular sequence (λk) in (2.2).

Proof of Theorem 1.2. Note that F (x, t) and H(x, t) := tf(x, t) − µ F (x, t) are

bounded from below by (1.2) and (1.9).

Lemma 3.3. If (1.2) with q ∈ (1, p∗2) and (1.9) with µ > p and T > 0 hold, then Φ

satisfies the (PS) condition.
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Proof. Let (uj) be a (PS) sequence, i.e., Φ(uj) = O(1) and Φ′(uj) = o(1). By

Proposition 2.2, it suffices to show that (uj) is bounded. We have

µ Φ(uj) − (Φ′(uj), uj) =

∫

Ω

(
µ

p
− 1

)
|∆uj|

p + H(x, uj),

and H is bounded from below, so

(µ − p) ‖uj‖
p ≤ o(1) ‖uj‖ + O(1).

Since µ > p > 1, it follows that (uj) is bounded.

Next we show that the sublevel sets of Φ at infinity are homotopic to the unit

sphere S =
{
u ∈ W : ‖u‖ = 1

}
. For u ∈ S and t > 0,

Φ(tu) =
tp

p
−

∫

Ω

F (x, tu)

≤
tp

p
− tµ

∫

Ω

c(x) |u|µ + C |Ω| → −∞ as t → ∞ (3.1)

by (1.10), where |Ω| denotes the volume of Ω, and

t
d

dt

(
Φ(tu)

)
= tp −

∫

Ω

tuf(x, tu)

= p Φ(tu) −

∫

Ω

(µ − p) F (x, tu) + H(x, tu)

≤ p
(
Φ(tu) − a0

)
(3.2)

where a0 := inf ((µ − p) F + H) |Ω|/p > −∞. So all critical values of Φ are greater

than or equal to a0. Since F (x, 0) ≡ 0 ≡ H(x, 0), a0 ≤ 0.

Lemma 3.4. For each a < a0, there is a C1-map Ta : S → (0,∞) such that

Φa :=
{
u ∈ W : Φ(u) ≤ a

}
=

{
tu : u ∈ S, t ≥ Ta(u)

}
≃ S.

Proof. For fixed u ∈ S, we have Φ(tu) ≤ a for all sufficiently large t > 0 by (3.1), and

Φ(tu) ≤ a =⇒
d

dt

(
Φ(tu)

)
< 0

by (3.2), so there is a unique Ta(u) > 0 such that

t < (resp. =, >) Ta(u) =⇒ Φ(tu) > (resp. =, <) a.
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The map Ta is C1 by the implicit function theorem. Then W \{0}, which is homotopic

to S, radially deformation retracts to Φa =
{
tu : u ∈ S, t ≥ Ta(u)

}
via

(W \ {0}) × [0, 1] → W \ {0} ,

(u, t) 7→






(1 − t) u + t Ta(û) û, u ∈ (W \ {0}) \ Φa

u, u ∈ Φa

where û = u/ ‖u‖.

We are now ready to prove Theorem 1.2. The critical groups of Φ at zero are

given by

Cq(Φ, 0) = Hq(Φ0, Φ0 \ {0}), q ≥ 0

where H∗ denotes cohomology. Suppose that Φ has no nontrivial critical point. Then

Φ0 is a deformation retract of W and Φ0 \ {0} deformation retracts to Φa for any

a < 0 by the second deformation lemma, so

Cq(Φ, 0) ≈ Hq(W, Φa).

If |a| is sufficiently large, Φa is contractible by Lemma 3.4, so

Cq(Φ, 0) = 0 ∀q.

On the other hand, since λ is not an eigenvalue of (1.4), it follows from Proposition 2.3

that Ck(Φ, 0) 6= 0 for some k ≥ 0. This contradiction shows that Φ has a nontrivial

critical point.

Remark 3.5. Again it suffices to assume that λ is not an eigenvalue from the sequence

(λk).

REFERENCES

[1] Kung Ching Chang. Solutions of asymptotically linear operator equations via Morse theory.

Comm. Pure Appl. Math., 34(5):693–712, 1981.
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