Communications in Applied Analysis 14 (2010), no. 1, 13-20

QUANTITATIVE ESTIMATES IN THE OVERCONVERGENCE OF
SOME SINGULAR INTEGRALS

GEORGE A. ANASTASSIOU! AND SORIN G. GAL?

!Department of Mathematical Sciences, The University of Memphis
Memphis, TN 38152 USA

E-mail: ganastss@memphis.edu

2Department of Mathematics and Computer Science, University of Oradea
Oradea, 410087 ROMANIA

E-mail: galsoQuoradea.ro
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1. INTRODUCTION

Let £ > 0 and f: R — R be continuous on R. If f is 2wr-periodic or nonperiodic
and bounded on R or of some exponential or polynomial growth on R, the following

singular integrals are well defined :

+00 +oo
Pe(f)(x) = 21—5/_ fla+t)e e ar = 21—5/_ Flu)e Ve,

ng(x):; et %du
o _ &[T fa+t) & [t
/ R dt / +52 du,
_ 2 [ flary) 28 f(u)
Re(f) () = 2 / L / T C—
We(f)(x) = % / " b+ e e dt % Pa—
+00 )
We (f)(x) ¢_ fla+te "/ dt = \/_/ Flu)e /€ gy,

Here Pe(f) is called of Plcard type, Q¢(f), Qi(f) and Re(f) are called of Poisson-
Cauchy type and We(f), W{(f) are called of Gauss-Weierstrass type.
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Concerning the approximation of f(z) by the above real singular integrals (as
¢ — 0), many qualitative and quantitative results are known, see e.g. [3], [4], [2], [1],

to mention only a few.

A quite natural problem would be the study of the overconvergence phenomenon
for these singular integrals, that is the approximation of the analytic function f(z)
by the complex singular integrals obtained replacing x by z in the above formulas of
definition.

Remark 1.1. For each from the above singular integrals, it is easy to show that
by replacing € R with z € C, the two forms identical in the real case, produce
two different complex operators. While the first forms of each operator will appear
to have the overconvergence phenomenon, unfortunately the second complex form
of each operator is not good for approximation. Indeed, to exemplify this fact we
consider the case of the Picard singular integral but the considerations for the other

operators are similar. In this case, for the second form we get the complex operator

PUNE = ¢ [ e eau

and taking f(z) =1, z = z + iy, after the successive substitutions u —xz =t, n=1/¢

and t = v/n we obtain

Pn(l)(z):/ e_\/”2+"2y2dv</ e Vv =1,
0 0

for all > 0. For any fixed v,y, denoting F(n) = e~V *7¥* we easily get F'(n) < 0
for all n > 0, that is F'(n) is strictly decreasing on [0, c0). This implies that as function
of n (with fixed z), P,(1)(z) is decreasing, therefore from the above inequality it follows
lim, o P,(f)(2) < 1= f(2) for f the constant function 1.

The aim of this note is to give some quantitative answers to the overconvergence

problem for the first complex forms of the above mentioned singular integrals.

2. MAIN RESULTS
The first main result is the following.

Theorem 2.1. Let d > 0 and suppose that f : Sy — C is bounded and uniformly
continuous in the strip Sq ={z =z +iy € C; z € R, |y| < d}.

(i) Denoting Pe(f)(z) = 2—15fj;0 flz+te Weat, for all € > 0 and z € Sy we

have
IPNG) — FE) S sl 3 )s

where

wa(f;0)s, =sup{|fu+t) —2f(u)+ f(u—1t)|;u,u—t,u+t e Sy |t| <}
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(11) Denoting Re(f)(2) = 2 f+°° SCED dt, for all € > 0 and z € Sy we have

™ (t24£2)2
[Re(f)(2) = f(2)] < Cwalf;€)su
where C' > 0 is independent of z, £ and f.
(#ii) Suppose in addition that f is of Lipschitz class a € (0,1) in Sy, that is there

exists a constant M > 0 such that

|f(w) — f(v)] < M|u—v|* for all u,v € Sy.
Denoting Q5 = %ﬁ;o ’;i:g; dt, for all§ >0 and z € S; we have

Q:(f)(2) = f(2)] < C€°,
where C' > 0 is independent of z and & but depends on f.
(iv) Denoting Wi (f)(z) = ﬁ fj;o Flz+t)e /5 dt, for all € >0 and z € Sy we

have

(W () (2) = f(2)] < Cun(f; Vs,

where C' > 0 is independent of z, £ and f.

Proof. (i) If z € Sy then clearly that for all ¢ € R we have z + ¢ € Sy and since f is
bounded in S; (denote its bound by M (f)) it easily follows |Pe(f)(2)] < 2M(f) for
all z € Sy. Therefore P¢(f)(2) exists for all z € 4. Also, the uniform continuity of f
on Sy implies that 0 < limg_qwa(f;€&)s, < 2limeowi(f;€)s, = 0.

For all z € S; we have

PUA)(=) — 1)) = \2% [ 1540 = 25) + 4 - e e
< ig / " (5 (/6)€) s,V
a3z ||+ (/P odt = Zan( i),

For the last equality see [2], pp. 252-253, proof of Theorem 5.2.

(ii) We reason exactly as at the above point (i). We obtain

R - )] = |5 [T DA D20l

. @ + &)
25 [+ wo(f5(1/6)6)s,
< /o ey

3 2
< (56, 5/ [1+f] < Canl s
0

since by easy calculation we get that

263 [ ul? 1
7/0 {”E] Erept=o
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where C' > 0 is independent of &.
(iii) We get

+1t)— f(2)
Zu2+€2 ]du

/ - ),

t2+£2

5/
<2M= _
- T Jo t2+§2du

2M R
el d
5/ v2—|—1v

where it is easy to prove that fo = +1dv < 0.

(iv) We get

W) - 16 =| e [Tt 0206+ 1 - 0l
L +00w . 6_t2/g
S \/71-_6/0 2(.f7 (t/\/g) \/E)Sd dt
wa(f; LY e 26—t2/£ oo f:
< 2(f,\/g)sd\/ﬂ—§/0 {\/Ejtl] dt < Cun(f; /s,

Qe(N)(2) = f(2)] =

since

1 /Oot2 _t2/§ 1 /OO 2_2
— —e dt = — vie "V dv < 0o
vr€Jo § VT Jo

2 o t _t2/5 2 /OO 02 2 /OO _ 2
— —e dt = —/¢ ve U dv = — ve " dv < oo.
V€ Jo VE Vg 0 VT Jo

and

O

Remark 2.2. Simple examples of functions f satisfying Theorem 2.1 are given by
any finite sum of the form 7,,(z) = >, ax cos(kz) + by sin(kz), where a, by, € C,
which for each fixed m is bounded in Sy together with its derivatives of any order.
These follow from the relationships [sin(z)]" = cos(z), [cos(z)]’ = —sin(z), for all
z € C and from the inequalities valid for all for all z = x4y € Sy and k£ =0,1,2, ...,

|sin(kz)| < Ml < ek | cos(kz)| < el < M
These inequalities follow from sinh(y) = (e¥ —e™¥)/2 for y € R, which implies

|sin(z)] = \/sin () + sinh?(y) = /(€% + =) /2 — cos2(x) < eI,

Replacing now z by kz we obtain the required inequality in the statement for sin. For

the upper estimate of | cos(z)| we take into account that

|cos(z)| = |sin(w/2 — z)| = |sin(7/2 — z — iy)]

= \/0082(x) + sinh?(y)
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= /(e + e=2)/2 — sin?(x) < eV,
which proves the inequality for | cos(kz)| too.

Remark 2.3. If in Theorem 2.1 f is analytic in Sy and we have |f”(z)| < M for all
z € Sy, then by the mean value theorem in complex analysis, for all z € S; and £ > 0

we obtain the more concrete estimates

[Pe(f)(2) = f(2)| < C&,, [Re(f)(2) = f(2)] < O, [WE(f)(2) = f(2)] < CE.

In the cases of the other two singular integrals (on the interval [—m, 7]) we can

state the following local/pointwise estimates.

Theorem 2.4. Let d > 0 and suppose that f : S; — C 1is continuous in the strip
Sd:{z:x+iy€C'a:€R ly| < d}.
(1) Denoting Q¢(f =& S ICH) dqt, for all € > 0 and z € Sy we have

T t2+£2
w2(f; g)[Z—T(,Z-‘rT(]

1 2
Qe(F)(:) — F2)] < {1 # inrt+ 1)) 2
where [z —m, 2+ 7] ={(z —=7)(1 = A) + Az +7); A€ [0,1]} and for0 <d <7

w2(f;5)[z—7r,z+7r]
=sup{|f(u+1t)—2f(u)+ flu—t)[;u,u —t,u+t €z —m 2+t €R |t| <0}

2
+ €501 flse

(ii) Denoting We(f)(z) = ﬁfj: flz+ e P/8dt, for all € >0 and z € Sy we
have

CW2(f;£)[z—7r,z+7r} 1
(We(f)(2) = f(2)] < : +2||f||sd\/g'm,

where C' > 0 is independent of z, & and f.

Proof. (i) Fix z € S;. Evidently that for all ¢t € R we have z + ¢ € S; and the
continuity of f in Sy evidently implies that Q¢(f)(z) exists for all z € S;. Also, the

uniform continuity of f on [z — 7, z + 7] implies
0< él_r)% (.Ug(f; 6)[2—#,2—1—#] < 2?_{% wl(f; 5)[2—#,2—1—#] = 0.

For all z € S; we have

Qe(f)(2) — f(2) = § /ﬂ flz+1) _;Jzzg;- flz—1t)

dt — f(2)E(§),
where : ;
2 T t 2 2
|E(§)|:E(f):1—?/o mzl—;aﬂ?tggﬁpf

(for the last estimate |E(£)] < 3¢ see e.g. [2], p. 257).
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It follows
@) - s < & [THERDZEIE = Mgy g, m0e)
<& [TABOR nen gy, i)
< & wnlfiemern [ [14 2] g+ Wl 1560)

Reasoning as in the proof of Theorem 3.1, pp. 257-258 in [2], we arrive at the desired

estimate in statement.

(ii) We reason exactly as at the above point (i). We can write

We£)(2) - f(z) = % / ) — 2+ e — e dt

— f(z {1 -~ —/ ‘t2/5dt}
Here

o A I Y
ey Y

e 'r/ _t%dt'—”fﬂsd f/ _dt_2||f||sd\/g'#.

Reasoning as in [2], p. 258), this implies

We(£)(2) — £(2)] < %5 / wa(Fi e mmrme e dt + 2 f||5d\/g#

CwZ(.f; 5)[2—7r,z+7r} 1
< : +2| flls, V€ - e

which proves the theorem. O

In what follows, for P¢(f)(z) and W (f)(z) we will consider the weighted approx-

imation on Sy, which seems to be more natural because Sy is unbounded in C.

For this purpose, first we need some general notations. Let w : S; — R, be a
continuous weighted function in Sy, with the properties that w(z) > 0 for all z € Sy

and lim|,|—.oc w(2z) = 0. Define the space
Cw(Sy) ={f :Sq — C; f is continuous in Sy and || fl|, < oo},

where || f]l, := sup{w(2)[f(2)]; 2 € Sa}-
Also, for f € C,(5;) define the weighted modulus of smoothness

waw(fit)s, = sup{w(2)|f(z +h) = 2f(2) + f(z = h)[; 2 € Sa, h € R, [h] < 2}
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Remark 2.5. This modulus of smoothness has the properties : a) it is increasing
as function of ¢ ; b) wau(f50)s, = 0; ¢) waw(f; M)s, < (A + 1)2wa(f;t)s,, for all
At > 0. (The proofs are similar to those for the functions of real variable in [4],
p. 234).

Theorem 2.6. Let d > 0 and suppose that f : S; — C 1is continuous in the strip
Si={z=z+iyeC zeR, |yl <d}.

Let the Freud-type weight w(z) = e~ 4% with ¢ > 0 fized and f € Cy(Sy). Denot-
ing Pe(f)(z) = i [T fz+t)e e dt and We()(z) = \/%g [ fz+t)e /e at, we

have

5

HPE(f> - f“w < §w2,U)(f;£)Sd7 fOT all 0 < 5 < 1/(]

and

||Wg*(f) — fllw < Cwau(f; \/E)Sd, forall0 < & < 1,
where C' > 0 is independent of z, & and f.

Proof. The continuity of f in Sy implies the continuity of P¢(f) and W¢(f) in Sa.
We have

RN = g [ e+ 076+ 02 e

1 [ _
< I lhgg =1 qt < Ce || f |-

Passing to supremum after z € Sy it follows that P:(f) € C,(S4), forall 0 < £ < 1/q.

Also, for all z € S; we obtain
wEIPe(f)(2) — F(2)] = };—g / W) (1) — 20(2) + [z — me-wgdt‘
< % / " i (1)) s,e e dr

<onulliOsigg [ 11+ ORI dt = Swna(f:6)s,

Passing to supremum with z € Sy we get the desired estimate for ||Pe(f) — f]|w-
In the case of W*(f)(z) first we get

W = | [l kst 0 e

w(z +1)
D) 00 B
< ||f||w—F§/0 et dt.

00 +1 0o
/ GHa—t/9) gy — / " a0 g / eHa—t/6) gt
0 0 g+1

But
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and for 0 < ¢ < landt > g+ 1 we get t(q —t/€) < —t and e!97%/8) < e~ which

implies
/ 179 gp < / o—tdt — o—(atD)
g+1 g+1

In conclusion, from the above considerations we get [w(z)W¢ (f)(2)] < Cg ol fllw and
passing to supremum with z € Sy it immediately follows VV5 (f) € Cy(Sa), for all
0<¢<1.

For the estimate, for all z € S, we obtain

WDWE (G = £ = | = [ WU+ = 20) + £ = )
NG
< wou(f; \/E)sd\/%5 /OOO {\/LE - 1]2e‘t2/fdt

S CW2,w(f; \/E)S(p
(for the last inequality see the proof of Theorem 2.1 (iv)). O
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