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of solutions of integro differential equations with retardation and anticipation.
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1. INTRODUCTION

Recently there have been special situations in decision making, organizational
transformation, chaotic equations, wavelet theory and so on, where specific equations
with anticipation as well as retardation and anticipation appear in modeling [2,5,6].
This lead to the initiation of the study of the general theory of differential equations
involving anticipation as well as retardation and anticipation in [15] and continued in
[7,8].

Integro differential equations [13] appear to be suitable models to investigate
problems in biology and social sciences. The monotone iterative technique is an effec-
tive and a flexible mechanism to obtain theoretical as well as constructive existence
results in a sector, which isa closed set. Using the lower and upper solutions of a
given system, the sector is determined. These lower and upper solutions form lower
and upper bounds for the solutions of the considered differential equations [2,9,10,11].
Hence in this paper we develop the monotone iterative technique for integro differ-
ential equations with retardation and anticipation, to study the existence of coupled

minimal and maximal solutions of the considered equations.
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2. PRELIMINARIES

We begin with the integro differential equation given by,
¥ = f(t,z,Sx), teJ
I(to) = 2o

t

where Sz(t) = [K(t,s)x(s)ds, t € J K(t,s) € C[J x J,R], and f € C[J X R x
to

R, R]. There has been an extensive study of these equations in [13]. The monotone

iterative technique for initial value problem and periodic boundary value problems

was developed in [3,13].

The initial value problem for delay differential equation is described by
= f(t,x), te

xto = ¢07
¢o € C1 = C[[—h1,0], R] and f € C[J x C1, R]. Much literature exists for the above
equations in [14] and the monotone iterative technique for delay differential equations

was developed in [11]. The differential equation with anticipation is given by
¥ = f(t,x, "), te

a’ = o,
o € Cy = C[[0,hs], R] and f € C[J x R x Cy, R]. Combining all these types of
equations we describe the following differential equation with retardation and antici-
pation.
Consider the integro differential equation with retardation and anticipation given
by
v = f(t,x, S,z 2"), t€J (2.1)
T, = do, T =1hy (2.2)
where ¢g € C, 1)y € Cy and f € C[J x R x R x Cy x Cy, R].

The following definitions are a prerequisite to introduce the monotone method.

Definition 2.1 (Coupled Lower and Upper Solutions). (i) A function vy € C'[J, R]
is said to be coupled lower solution of (2.1) and (2.2) if v < f(¢, vo, Svo, Vo, W)
where vg;, = ¢1, vo" = y;

(i) A function wy € C'[J, R] is said to be coupled upper solution of (2.1) and (2.2)
if wy > f(t, wo, Swo, wor, vfy) where wp, = ¢o, wol = 1y, and ¢, 0 € C,
Y1, 12 € Oy such that ¢1 < @0 < ¢a, Y1 < Yo < Pa.

Definition 2.2 (Maximal and Minimal Solutions). (i) Let r(¢) be a solution of (2.1)
and (2.2), then r(t) is said to be maximal solution if for every solution z(t) of
(2.1) and (2.2) existing on [tg, T, the inequality x(t) < r(t) holds for ¢ € [ty, T].
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(ii) Let p(t) be a solution of (2.1) and (2.2), then p(¢) is said to be minimal solution
if for every solution z(t) of (2.1) and (2.2) existing on [tg, 7], the inequality
p(t) < z(t) holds for t € [ty, T

3. MAIN RESULTS

We first give the necessary notation. Let I = [ty — hy, T + ho] with hy > 0, hy > 0,

J = [to, T] and = € C[I, R], We Define the integral operator S € C[C[J, R], C[J, R]].
t

by Sz(t) = [ K(t,s)x(s)ds, t € J where K(t,s) € C[J x J,R], and max K(¢t,s) =

to
ki (t € J). Next consider the integro differential equation with retardation and

anticipation given by
v = f(t,x, S,z 2"), teJ (3.1)
Ty, = do, xT =1hy (3.2)
where f € C[J x R x R x Cy x Cy, R|,C; = C|[[—hy,0], R],Cy = [[0, hel, R], and
¢o € Ch, Yy € Cy. Furthermore, x; : [—hy,0] — R is such that z,(s) = z(t + s),
—hy < s <0 and, 2 : [0,hy] — R is such that 2'(c) = 2(t +0), 0 < 0 < hy. We
need the following lemma concerning the linear integro differential equations involving

retardation and anticipation to develop the monotone iterative technique.

Lemma 3.1. Let p € C[[to — hy, T)(C'[J, R]] where J = [to, T| and

p'(t) < —Nip(t) — NoSp(t) + /pt(s)ds on J (3.3)

t
where Sp(t) = [ K(t,s)p(s)ds. Suppose further that either

to

A) p(to) < pi,(s) <0, s €[—hy,0] and,
[N1 + Noky(T — to) + N3 (T — tp) < 1. (3.4)

or

B) pi,(s) <0, s € [=hy,0], p € CY[to — hy, T, R], and p'(t) < A where

T—to+h1’
t e [to — hl,to], minp(s) = —)\, A>0 and [to — hl,to], maXK(t, S) = k‘l, tedJ

[N1 + Noky (T — to) + Nahy (T — to + hy) < 1 (3.5)
then, p(t) <0 on J.

Proof. Assume that the conclusion of the Lemma does not hold, A) There exists
t1,ty € J such that t; < t9, p(t2) > 0, and minp(t) = —\ = p(t1) < 0 with A > 0.
[to — h1,ts]. Let us first consider the case A > 0. By mean value theorem there exists
t € [t1,t] such that,
- ta) — p(t1) A
"F) = p( 2 >
R

(3.6)
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on the other hand, we have,

P(E) < —Nip(E) — NoSp(d) — Ny / pr(s)ds

—hy
t 0
< N — ]\@/K(f, s)p(s)ds — N3 / p(t + s)ds
to —h1

< Ny A+ Noky AT — to) + NsAhy
< [N1 + Noky(T — to) + N3hi]A

>

p(t) <

(3.7)

~

— to
by hypothesis (A) this is contradiction to (3.6). Hence p(t) < 0 on J. If A = 0 then
p(t) > 0 on [ty — hy,ts] but from (3.7), p/(t) < 0. As a consequence p(t3) < p(0) <0,
which contradicts the fact that p(ty) > 0. Hence in this case also p(t) < 0 on J.
B) The minimal value of p(t) on [ty — hy, t2] lies on [tg — hq, o], min p(t) = minp(t) =
—A=p(t’") <0 where t' € [to— hq,to], [to — h1,ta], [to — h1,to]. Hence using the mean
value theorem on [t/ t,], there exists t € [/, ,] such that

~ ta) — p(t') A
/t:p(2
Pt) th—t T —totIn

(3.8)

Now ¢ may belong to either [to — h1,to] or [to,t2]. We consider the two possibilities.
If T € [to,to] then (3.5) yields,

P < —Nup(@) — NoSp(@) — Ny / pr(s)ds

—hy
t 0
< Ny — NQ/K( t,s)p(s)ds — Ns / p( t+ s)ds
to —h1

< NiA + Noky AT — to) + N3Ahy

< [N7 + Noky(T — to) + N3hi]A
A

< -

— T —to+ M

which is a contradiction to (3.8) and thus we conclude that p(t) < 0 on J. If t €

[to — hi,to] then from (3.8) we have p/(f) > ﬁ which is a contradiction to
hypothesis (B). Hence p(t) < 0 on J and the proof is complete. O

We now state the following hypothesis which is needed.
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H; : vy, wy € C'J, R] satisfying, v < f(t,vo, Svo, vog, wh), vog, = é1,v8 = 1y, and
wh > f(t, wo, Swo, woy, V), Woy, = P2, wa = P2, where @1,y € Ch, b1,y € Cs,
such that ¢1 < @9 < @2 and 1 < 9Py < ¥y, and vo(t) < wo(t) on J;

Hy: f(t,x,T, ¢,£) is non increasing in ¢ for each (t,x, 7, ¢);
0

H3 : f(t,$,f, ¢7¢) - f(t7y7y7£7¢) > _Ml(x_ y) - M2(§_y> - M3 f (¢—f)(8)d$,

—h1

with [Ml + MQ]{?(](T — to) + M3h1](T — to) < 1, and M(T — to) > %, where
vo(t) <y < o < wlt), Swo(t) <7 < T < Swo(t), My, Mo, Mz > 0, vy, < € <

¢ < woy, 9, € € Cr, 9 € Cy;
Hy : vy, — ¢o, 0o — woy, satisfying the assumptions of Lemma 3.1.

We now proceed to present the main result.

Theorem 3.2. Suppose that the assumptions Hy to H, are satisfied. Then there
exist monotone sequences {v,(t)},{w,(t)} such that v,(t) — p(t) and w,(t) — r(t)
uniformly as, n — oo in [ty — hy, T + ha] and that p,r are coupled minimal and

mazximal solutions of (3.1), (3.2).

Proof. For any n,v € [vy, wp], consider the linear integro differential equation with

retardation and anticipation given by,

0
' + Mz = —MySx — M; / z(s)ds + g(t) (3.9)
—hy

0
where g(t) = f(t,n(t), Sn(t), n, V') + Min(t) + MaSn(t) + Ms [ m(s)ds. Now by
_h/l
using the variation of parameters and simplifying we get,

t 0
z(t) = z(to)e Mrl-to) 4 =Mt / M~ My S — Ms / z5(0)do + g(s)]ds
to —h1
which is a solution of the linear differential equation. Now define,

t 0
Fa(t) = x(ty)e Mlt=to) 4 o=t / M~ My Sz — M / zs(o)do + g(s)]ds
—hy

to

We claim that F' is a contraction and to show this consider

|[Fa(t) — Fy(t)] =

[x(to)e_Ml(t_tO)

t

0
+e—M1t/eMls —M25$(8)—M3/$s(0')d0+9(5) ds]
_hl

to
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t 0

— | @(to)e MU0 4 e / eM*[— My Sy(s) — Ms / ys(o)do + g(s)]ds
to —h1

eMlt Myt __

< e M Mykola — ylo(T — to)—— + Ms|z — yloh el e
S 2K0 Ylo 0 M, 3 Yo M,

< Myko|z — ylo(T — o) n M|z — yloh
- M1 Ml
< Mykolz — ylo(T — to) n M|z — ylohy
- M1 Ml
Mgko(T — t(]) + Mghl
M, |z —ylo

For any x,y € C[J, R] and the norm | - | is the supremum norm in C[J, R]. So we

(1 o eMl(t()—t))

<

have that F is a contraction using hypothesis H3. Thus by contraction principle F has
a unique fixed point and the linear integro differential equation with retardation and
anticipation has a unique solution. Now we proceed to build the iterates. Consider

the following coupled linear problem for n =1,2,3,4...

V1 = f(t, v, Sy, Ung, Wh) — My (Vpy1 — Un) — M[Svps1 — Svy)
0

s / (Vnsae — var) (3)ds
—hy
wh = [t Wy SWh, Wy, vh) — My (wyi1 — wy) — Ma[Swy 41 — Swy,]
0
— Mj /(wn+1t — Wyt )(8)ds,

—hy
where v,41, = ¢o, Wny1,, = ¢o and Upt1!,Wne1! are chosen such that vy! < v;7 <
vl <<t < vt < wen? < w, < < < wet and {v, T} {w, "}
converges uniformly to ¢o on [0, hy]. Now clearly the linear problem has a unique
solution on [ty — hy, T + ho] we wish to show that vg < v <wvy < -+ <, < vy <
Wpy1 < w, < --- <wyp <wgon J. We first claim that vg < vy on J. For this consider

pP=vy—U
/ / /
P =v—1

< f(t,v0, Svg, vor, wh) — { f (¢, vo, Svo, vor, wh) — My(vy — vg) — Ma[Svy — Svy)

0

- My [ (o = ) (5)ds)

—hy

< —Mip(t) — MySp(t) — M; / p(s)ds
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But p;, < Vo, — V1, = 0o — ¢o = 0. Now M, My, M3 are such that hypothesis of
Lemma 3.1 is satisfied. Thus we can conclude that p(t) < 0 on J. Hence vy < vy on

J. Similarly we can show that w; < wg on J. Next we consider

pP=1v1 —w
o=~}
0
= f(t, Vo, SUQ, Vot wé) — Ml(Ul — UQ) — MQ[S’Ul — SUO] — M3 /(Ult — ’U()t)(s)ds

—h1

- {f(tv Wo, Sw()’w(]t’/u(t)) - Ml(w1 - wo) - Mz[Swl - Swo]

0
— M; /(wlt - th)(s)ds}
—h
= [f (¢, vo, Svo, vor, wh) — f (£, wo, Swo, wor, v5)] — My (v1 — v9) — Ma[Sv1 — Swy)
0
— M3 /(Ult — Uot)(S)dS + Ml(wl — ’lUQ) + MQ[S’LUl — Swo]

—h1
0

+ M; /(wu — wor)(s)ds

using the hypothesis H, and simplifying we get,

< —Myp(t) — MaSp(t) — M / po(s)ds

But p;, < vy, — Wy, = oo — ¢pg = 0. Now My, My, M3 are such that hypothesis of
Lemma 3.1 is satisfied. Thus we can conclude that p(t) < 0 on J. Hence v; < wy
on J, and thus we proved that vy < vy < w; < wp on J. Now assume that for some
n=%kv <v <uvg < - <o <wp <--rwp <wyon J. Now we claim that

Uk < Upaq < wpaq < wy on J. Next we consider

P = Vk — Vg1
P =), = Uy
= [f(t, vr—1, SUk_1, Vk—16, Wr_1") — f(t, vk, SOk, Ve, wi")]
— My (v, — vg—1) + My (Vg1 — )
0
— My [Svp — Svg_1] + M3[Svg1 — Svg] — M3 /(vkt — v_14)(s)ds
e
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0

+ Ms /('Uk—i-lt — Uge)(s)ds

—h1
using the hypothesis H, and simplifying we get,

0
< =M (v — Vps1) — Ma[Svgp — Svgqa] — M3 /('Ukt — vp_11)(5)ds

—h1
0
< “Mip(t) — MySp(t) — My / pu(s)ds
—h

But p,, < Vkyy — Uk, = b0 — oo = 0. Now My, My, M3 are such that hypothesis of
Lemma 3.1 is satisfied. Thus we can conclude that p(¢) < 0 on J. Hence vy < vpy;.
Similarly we can show that wg,; < wyg on J. We next show that vy, < wgyq on J.

For this consider

P = Uk41 — Wg41
P =V — Whin
= f(t, vk, Svg, v, wi') — My (vt — vg) — Ma[Svp — Svy]
0
— Ms; /(Uk+1t — Upe)(s)ds
—hy
— { [ (t, wi, Swi, We, ") — My (wpy1 — wi) — Ma[Swyrq — Swy]
0

— M /(wk+1t — wie)(s)ds}

—h1

using the hypothesis Hy and simplifying we get,

< —Mip(t) — MySp(t) — Ms / pi(s)ds
_hl

But p,, < Vk+1y, — Wht1,, = 0o — ¢o = 0. Now My, My, M3 are such that hypothesis
of Lemma 3.1 is satisfied. Thus we can conclude that p(t) < 0 on J. vpy1 < wrig
on J. Now using mathematical induction,we observe that, vg < vy < vy < --- <
U < Uk < Wiy < wy < --cwp < wg, The sequences {v,} and {w,} are uniformly
bounded and equicontinuous. Hence from Ascoli’s Theorem and Dini’s Theorem we
can conclude that the sequences {v, } and {w, } converges uniformly on [to—hy, T+ ho]
ie., v, — pand w, — r uniformly on [ty — hy,T + hs]. To show that p and r

are coupled minimal and maximal solutions of (3.1) and (3.2). We have v], ., =
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0

F(t, 0ny SO, Vg, W) — My (Vng1 — v5) = Ma[Svng1 — Svn] = My [ (Ung1 — vne)(5)ds
—h1

where vi414, = ¢o. The corresponding integral equation is given by,

t

Upa1(t) = xo + /

to

f(t, Un, Svna Unt, wnt) - Ml(vn-i-l - Un)

0

— M [Svp41 — Sv,| — M3 /(Un-i-lt — vnt)(s)ds] ds.
—hy

It is easy to show that p is a solution of (3.1) and (3.2) since by taking limit as
t
n — oo. We conclude that p(t) = zo + [ f(t, p, Sv(p), pr,7")ds Similarly we show

to
that r(t) is also a solution of (3.1) and (3.2). To prove p and r are minimal and

maximal solutions of (3.1) and (3.2) respectively, we need to show that if z(¢) is any
solution of (3.1) and (3.2) with xz;, = ¢, 7 = 1y such that vy < z < wy on J then

vy, < p<r<w,onJ. Next we consider

p=v1 —%
p’:vi—x’

= {f(taUOa SUOa'UOtaw(t)) - .f(tha S[L’,l’t,l’t)} - Ml('Ul - UO)

0
— MQ[S’Ul - SU(]] — M3 /(’Ult — U()t)(S)dS

< | =Mi(vg — z) — My[Svg — Sz| — M5 /(’U()t —x)(s)ds| — My(v1 — vg)

—h1
0

— M, [Svy — Svg| — M /(Uu — o) (8)ds
h
< —Mi(vg — x + vy — vg) — Ms[Svg — Sz + Svy — Suy)
0
— M; /(UOt — xy + vt — vot)(s)ds

—h1
0

< M (v — 2) — Ma[Suvy — Sz — M, / (it — ) (s)ds

—hy

< —Mip(t) — MaySp(t) — Ms /pt(s)ds
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But py, < vy, — ¥, = ¢o — ¢o = 0. Now My, My, M3 are such that hypothesis of
Lemma 3.1 is satisfied. Thus we can conclude that p(t) < 0 on J, v; < z on J,
similarly we show that x < w; on J. Therefore v; < x < w; on J. Assume the result
istrueforn =k vp < < <y < <p<ax<r<w < <wp <wyon J.

Next we prove this for n = k + 1. For this consider

P=Vg41 — T

/ / /
D =V =

= f(t, v, Sv, vpt, wh) — My (vpy — vp) — Mo[Svps — Svy]
0
— M; /('Uk—i-lt — V) (8)ds — f(t,x, Sx, x4, 517t)
—h

using the hypothesis Hy and simplifying we get,
0
S —Ml(Uk+1 - I‘) - MQ[SUk+1 - SI] - M3 /(Uk—l—lt - I)(S)dé’

—h1
0

< —Myp(t) — MaSp(t) — M / po(s)ds
“hy
But ps, < Ukt — Ty, = o — o = 0. Now My, My, M3 are such that hypothesis
of Lemma 3.1 is satisfied. Thus we can conclude that p(¢) < 0 on J. vy < x on
J. Similarly we show that x < wg,q on J. Therefore by mathematical induction we
conclude that for all n, v, < = < w,, t € J. By taking the limit as n — oo we
conclude that p < x < r, t € J. Therefore vg < v; < v < -+ <, <--- < p <

r<r<---<w, <---w; <wyon J. Therefore p and r are coupled minimal and
maximal solutions of (3.1) and (3.2). Hence the theorem. O
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