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ABSTRACT. We are concerned with the existence of even number of positive solutions for the

3nt" order three-point boundary value problem

(=1)"y® = Fly®), 9P @),y O @), ...,y TI@), te [t ta],
satisfying the boundary conditions
a3i72,1y(3i_3) (t1) + 063i72,2y(3i_2)(t1) + 063i72,3y(3i_1)(t1) =0,
aBifl,ly(Biig) (t2) + Oésifl,zy(giiz)(tz) + a3i71,3y(3i71)(t2) =0,
a3i,1y(3i_3) (t3) + Oé3i,2y(3i_2) (ts) + a3i,3y(3i_l)(f3) =0,
for 1 <i<n, wheren >1,t; <ty <t3and f:R" — R" is continuous. We establish the existence

of at least two and then 2m positive solutions for an arbitrary positive integer m, by using the Avery

and Henderson functional fixed point theorem.

AMS (MOS) Subject Classification. 39A 10, 34B 05

1. INTRODUCTION

The general theory of differential equations is emerging as an important area of
investigation due to its powerful and versatile applications to almost all areas of sci-
ence, engineering and technology. Much interest has been developed since last decade
regarding the study of existence of positive solutions to the third order boundary
value problems as they are arising in a variety of applied mathematics and physics
problems, such as fluid flow problems in which surface tension forces are important.
The study of the existence of positive solutions for higher order boundary value prob-
lems have been studied by Eloe and Henderson [5], Anderson [2], Anderson and Davis
3], Li [14], Guo, Sun and Zhao [11], Greaf and Yang [10], Shahed [19].
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In this paper, we consider the 3n'* order differential equation

(=" = fly(@),yP ),y O ), ..., y® @), te [t ], (1.1)

satisfying the general three-point boundary conditions

(3i—1

043i—2,1y(3i_3) (t1) + 043i—2,2y(3i_2) (t1) + asi—2,3y )(t1>
043i—1,1y(3i_3) (t2) + 043i—1,2y(3i_2) (t2) + Oé3i—1,3y(3i_1)(t2) =

Oé3i,1y(3i_3) (t3) + asi,2y(3i_2)(t3) + asi,3y(3i_1)(t3) =0,

0,
, (1.2)

forn>1,and 1 <i <n, t; <ty < t3. Our interest here is to establish even number
of positive solutions for the boundary value problem (1.1)—(1.2) by using the Avery

and Henderson functional fixed point theorem.

For convenience we adopt the following notation:
_ _ 2 _ 2
Bj = Qsi—34j1titQ3i-3152, 1 = Q3i-3+4.18; +203i 3452620313153, [j = A3i-3115" —
2035 + 7; and define

Q3i—34+k,175 — A3i—3+5,17k
)
2(03i—34k,105 — @3i—-3+5,10k)

mkj =

ﬂgi—3+k,1%‘ - ﬂﬂk
(0432'—3+k,1ﬂj - Oé3i—3+j,15k)

for k,7 =1,2,3 and also let m = max {mja, my3, ma3},

M = min {mgg + ma my3 + W}

Mkj -

and

di = |asi—21(B2y3 — B372) — Bi(asi—1,173 — @3i,172) + Y1(Qsi—1,103 — azi102)]-
We assume the following conditions throughout this paper:

(A1) f:R"™ — R* is continuous;

(A2) agi—21 >0, agi—11 > 0 and ag;; > 0 for 1 < i < n are real constants, such that
a3;—2,2 a3;—1,2 3,2
Qagi—21 asgi—1,1 aszi1’
2
(A3) m <t; <ty <t3 <M, 2031303111 > Q3 19,
2 2
203123003121 < 3;_99, 2031 30313 > Q3 9.

(A4) m§3 > Mgg, m%2 < Mlg, m%3 > Mis and dz > 0.

The rest of the paper is organized as follows. In Section 2, we construct the
Green’s function for the homogeneous boundary value problem corresponding to
(1.1)-(1.2) and estimate the bounds for the Green’s function. In Section 3, we estab-
lish a criteria for the existence of at least two positive solutions of the boundary value
problem (1.1)—(1.2) by using the Avery-Henderson functional fixed point theorem.
We also establish the existence of 2m positive solutions for any arbitrary positive
integer m .
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2. THE GREEN’S FUNCTION AND BOUNDS

In this section, we construct the Green’s function for the homogeneous boundary
value problem corresponding to (1.1)—(1.2) and estimate the bounds of the Greens

function.

Let Gy(t, s) be the Green’s function for the homogeneous problem
—y/// =0, te [tl,t3] (21)

satisfying the general three point boundary conditions (1.2). First we need few results

on the related third order homogeneous boundary value problem (2.1) and (1.2).

Lemma 2.1. The homogeneous boundary value problem (2.1) and (1.2) has only the
trivial solution if and only if d; = [asi—21(02y3 — Bs72) — Oi(asi—1173 — @si1Ye) +
Ti(asi—1103 — agi12)] #0 for 1 <i<n

Proof. On application of boundary conditions (1.2) to the general solution of (2.1),
it can be established. O

Lemma 2.2. For 1 < i < n, the Green’s function G;(t,s) for the homogeneous

boundary value problem (2.1) and (1.2) is given by

(G (t,s), ti<s<t<ty<ty
Gi,(t,s), t1 <t <s<ty<ts
Gilt.s) = Gi(t,s), t1 <t <ty <s<ts (2.9)
Gi,(t,s), t1 <ty <s<t<ts
Gi(t,s), i<ty <t<s<ts
L Gis(t,s), 1 <s<ty<t<ts

where

1
Gy (1, 5) =54 [— (B3 — B372) + t(aszi—1,173 — a3i,172)

— t*(azi—1103 — @zi102)] X 1,

1
Gi,(t,s) =5 [—(B1vs — Bsm1) + t(asi—2,173 — @3i171)

- tz(asi—z,lﬁ?, - 0431',161)] X ly
1
+ Td[(ﬂl% — Bam1) — t(azi—a172 — Q3i—117M1)

+ tz(asi—z,lﬁz — agi—1.101] % I3,

1
Giy(t, s) =5, [(Biv2 — Ban1) — tasi-2172 — azim11M1)

+ t*(asi—2,102 — asi—1,101)] X Is,
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1
Giy(t,s) ==[—(Payz — B572) + t(agi—1,2173 — @3i.172)

- 2d;
— t2(a3i—1,153 —ai102)] X 1y
+ 21& [(Bivs — Bsy1) — t(asi—2173 — Qiziiy)
+ 1 (u3i—2,1 03 — s Bi] X Lo,
Gi(t, 5) :2; [(B172 — Bay1) — t(asi—a172 — Q3i—117M1)

+ t2(a3i—2,1/52 — azi—1,101)] X 3,

1
Gig(t, 5) =od. [— (B3 — B372) + taszi—1,173 — @3i,172)

- t2(043i—1,1/63 — i1 B)] X 11
Proof. G,(t, s) is constructed by using standard methods [18]. O

Lemma 2.3. Assume the conditions (Al)—(A4) are satisfied. Then, for 1 <i < n,
the Green’s function G;(t,s) of the boundary value problem (2.1) and (1.2) satisfies
Gz(tv S) > O; fOT’ (tv 8) < [tla t3] X [t17t3]'

Proof. For (t,s) € [t1,t3] x[t1,t3], Gi(t, s) stated as in (2.2), if we consider sequentially,
from (A2)-(A4),

Gi(t,s) >0, for (t,s) € [t1,t3] X [t1,13]. (2.3)

]

Lemma 2.4. Assume the conditions (Al)—(A4) are satisfied. Then, for 1 <i < n,
the Green’s function G;(t,s) given by (2.2) satisfies that

Gi(t,s) < max {Gi(tl, s), Gi(s, s), Gy(ts, s)}

Proof. This can be proved by proceeding sequentially with the branches of G;(t, s) in
(2.2).
Case 1. Fort; < s <t <ty <ts.

1
Gi(t,s) = Gy, (t,s) = 5. [—(B2ys — B572) + t(vsi—1173 — 3i.172)

- t2(043i—1,1/63 —azinfh] X I
which is decreasing in ¢ from (A2)—(A4). Therefore Gy, (t,s) < Gy, (s, 8) < Gy, (t1, 9).
Hence G(t, s) < Gi(t1, s).
Case 2. Fort; <t <ty < s <ts.

1
Gi(t,s) = Gyt s) = 5. [(B1ye — Bam1) — tazi—2,172 — @zim1171)

+ t2(043i—2,1/62 —agi—1101)] X I3
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which is increasing in ¢ from (A2)—(A4). Therefore G;,(t,s) < Gi,(s,s) < Gy, (ts, s).
Hence G(t, s) < G;(ts, s).
Case 3. Fort; <t < s <ty <ts.

Gi(t,s) = Gy,(t, s)

1
= od [—(B173 — B371) + tlasi—2173 — aziim)

- tz(asi—z,lﬁ?, - 043i,1/61)] X ly

1

+ od. [(B1v2 — Boy1) — t(agi—21v2 — 3i—1,171)

+ t2(043i—2,1/52 —agim1101) X I3

which is increasing in ¢ by (A2)—(A4) and case 2. Therefore G;,(t,s) < Gy,(s,s).
Hence G;(t,s) < Gi(s, s).
Case 4. Fort; <t <ty <s<t<ts.

Gi(t,s) = Gy, (t,s)

1
=9 [—(Bays — B372) + t(asi—1173 — @3i.172)

— t2(a3i—1,l/63 — a1 02)] X Iy

1
+ ﬁ[(ﬁl% — Bsm1) — t(asi—2,173 — Q3i17M1)

+ tz(a?,i—z,lﬁs — a1 )] X Uy

which is decreasing in ¢ from case 1 and case 2. Therefore G;,(t,s) < G;,(s,s). Hence
Gi(t> S) < Gi(s> S)'

Similarly we can prove when the Green’s function G;(t, s) = G;,(t, s) and G;(t, s) =
Gi,(t,s) as in case 2 and case 1 respectively, where G, (t,s), Gi,(t, s) are given as in

(2.2). From all above cases
Gi(t,s) < max{G;(t1,s), Gi(s, s), Gi(ts, s)}.
U

Lemma 2.5. Assume that the conditions (A1)—(A4) holds. For 1 <i <n, and fized
s € [t1,t3], the Green’s function G;(t,s) in (2.2) satisfies

min G;(t,s) > m;[|G;(., s)|,

tE(to,t3]

where

m: — min Gil (t?n S) Gi4(t3> S) Gis(t2> S)
L Gil(tQaS)’ Gi4(t2>$)’ Gi5(t37$)

and || - || is defined by ||z|| = max{xz(t) : t € [t1,t3]}.
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Proof. For s € [t1,ts], Gi(t,s) = G4 (t,s) which is decreasing in t by (A2)-(A4).

Therefore

Gi(t,s) Gyt s) Gy, (t3, s)
Gi(5.5)  Gu(5,5) ~ Gullars)
For s € [to,t3] and ¢ <ty <t < s < t3. G;(t,s) = Gy, (t,s) which is increasing in ¢
on [ty,t3] by (A2)—(A4). Therefore
Gi(t,s) Gi(t,s) _ Gi(te,s)
Gi(s,s)  Gi(s,8) — Giltss)
For s € [to,t3] and t] <ty < s <t < t3. Gi(t,s) = G;,(t,s) which is decreasing in ¢
on [ty,t3] by (A2)—(A4). Therefore
Gi(t, s) _ Gi,(t,s) S Gi,(t,s) < Gi, (3, s)
Gi(s,s) Gy (s,s) = Gi(ta,s) = Giy(ta,s)

Therefore from Lemma 2.4 and by all the above cases we have

min G;(t,s) > m4||G(., s)]|,

w

| /\

w

tE(ta,t3]
where
. Gil (t3a 3) GM( 3 S) Gis (t2>s)
m; = min ; ) :
{ Gn ( ) GM( ) Gis (t3> )

O

Lemma 2.6. Assume the conditions (A1)—(A4) are satisfied and G;(t,s) as in (2.2).
Let us define Hi(t,s) = G4 (t, s)and recursively define

Hy(t,s) = / CH (6 1)Gy(r, 5)dr

for 2 < j < m, then H,(t,s) is the Green’s function for the homogeneous problem
corresponding to (1.1)—(1.2).

Lemma 2.7. Assume the conditions (A1)—(A4) holds. If we define

n—1 n—1
K=1]%;, L=]]mL;
j=1 j=1
then the Green’s function H,(t,s) in Lemma 2.6 satisfies
0< H,(t,s) < K||G,(s,s)]], (t,5)€ [t1,t3] x [t1,15] (2.4)

and
H,(t,s) > m,L||G,(s, )|, (t,s) € [ta,t3] X [t1,13] (2.5)

where my, is given as in Lemma 2.5,
t3
K= [ G s s)lds > 0. for1<j<n,
t1

and '
3
Lj:/ |G,(s,s)||ds >0, forl<j<mn.

t2
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Proof. By using Lemma 2.5 and induction on n, we can easily establish the Proof. [

Let C = {v|v : [t1,t3] — R is continuous function}. For each 1 < j < n —1,
define the operator T; : C' — C' by

_ / Hots)o(s)ds, € [t t]
t
By the construction of 7}, and the properties of H;(t, s), it is clear that
(1 (T0)® () = o(t), ¢ € [t 1),
O‘3i—2,1Tj'U(3i_3)(tl) + O‘3i—2,2Tj'U(3i_2)(tl) + a3i—2,37}U(3i_1)(t1) =
i1 T () + a3 12T (t) + g1 3TV (1) =
i ) T ) (t5) + g o T2 (t5) 4 gy s TV (15) = 0.

Hence, we see that the boundary value problem (1.1)—(1.2) has a solution if and only

if the following boundary value problem has a solution

)+ fTocrvlt) Togo®), - Tio(®:0(0) =0, t€lintel - (20)
a3i—210 ) (1) + i 00" )(tl) + asi—a30® V(1) =0,
agi_mv(?’ —3) ( 2) + ozgi_mv(g )(tg) + asi_1 311(32 1)(152) =0,. (2.7)
a3i7lv( i—3) (t3) + 0631'72’(]( )(tg) + ;. G 1)(153) =0
Indeed, if y is a solution of the boundary value problem (1.1)—(1.2), then v(t) =
y*™=1(t) is a solution of the boundary value problem (2.6)-(2.7). Conversely, if v

is a solution of the boundary value problem (2.6)—(2.7), then y(t) = T,,_1v(t) is a
solution of the boundary value problem (1.1)—(1.2).

_ /: Ho(t, 5)o(s)ds,

v(s) = / ' G(s,7)f(Thq1v(T), Thov(T), ..., Thv(T),v(T))dT.

t1

In fact, y(t) represented as

where

is a solution of the boundary value problem (1.1)—(1.2).

3. MULTIPLE POSITIVE SOLUTIONS

In this section, we establish the existence of at least two positive solutions of the
boundary value problem (1.1)—(1.2) using Avery-Henderson functional fixed point

theorem.

Let B be a real Banach space. Every cone P C B induces an ordering in B given
by
r<y ifand onlyif y —x € P.
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We say

x <y whenever r <y and x # y.

A functional 1) is said to be an increasing functional on a cone P of a real Banach
space B provided ¥(z) < ¢(y) for all x,y € P with z < y.

Let ¢ be a nonnegative continuous functional on a cone P of the real Banach

space B. Then for a positive real number ¢ we define the set
P, d)={yeP:4(y) <}

In obtaining multiple positive solutions of the boundary value problem (1.1)-
(1.2), the following Avery and Henderson’s functional fixed point theorem will be the

fundamental tool.

Theorem 3.1. Let P be a cone in a real Banach space B. Suppose o and v are
increasing nonnegative continuous functionals on P and 6 is nonnegative continuous

functional on P with 0(0) = 0 such that for some positive numbers ¢’ and k,

Y(y) < 0(y) < aly) and |ly|| < ky(y) for ally € P(v,c).

Suppose there exists positive numbers a’ and b’ with o' <V < ¢ such that

O(\y) < M(y), 0<X<1andyedP,V).

Further, let T : P(vy,c) — P is completely continuous operator such that (B1)~(Ty) >

d for ally € OP(v,c), (B2)0(Ty) <V for all y € OP(0,V), (B3)P(a,d’) # 0 and

a(Ty) > d for all y € OP(a,a’) with O(Ty) > V. Then, T has at least two fized

points y1,ys € P(v,c) such that
O(yr) <V, with a(y;) > d,
and
Y(y2) < & with O(ys) > b'.
Let B = {v|v € C[ty, t3] be the Banach space equipped with the norm
Joll = max (o).

Define the cone P C B by

P = {v € B:ou(t) >0, and min wv(t) > M||v||},

tE[tzﬂfg}

L .
where M = m;{ and m;, L, K are as in Lemma 2.7.
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Define the nonnegative continuous increasing functionals ~, 6 and « on the cone
P by
7(v) = min Jo(t)],

tE[tg t3]

O(v) = nax. (@),

= t
a(v) = max [v(t)]

We observe that for any v € P,

Y(v) = 0(v) < max [v(t)] = a(v), (3.1)

tE[tg t3]

1 1 1

1
Joll < 57 min [o(0)] < 7 max (O] < 200) = 790, (32
and also
1
< = —av).
o]l te’%}lﬂl}“(t) téﬁ?ii]”(t) 372
Let
G(t,s) = min{G(t,s), Ga(t,s),...,Gu(t,s)},
and

- t3 t3 t3
L = max { / G1(s, s)ds,/ Go(s, s)ds, . .. ,/ G, (s, s)ds}.
t

to t2 2

We are now ready to present the main result of this section.

Theorem 3.2. Suppose there exist 0 < o' <V < ¢ such that f satisfies the following

conditions:
(D1) f(up—1,upn—2,...,us,ug) > % for all (Jup—1], [tn—2l, ..., |ui|, |uo|) in
e ] ’
I,y [myc (IG5 L) Ly, St (¢, 2
(D2) f(un—lvun—% SR ulvu(]) < % fOT’ all (|un—1|7 |Un_2|, ceey ‘ul‘v ‘UOD n
rrn—1ge. . /
T}l (T L) Ly, S5 x [0, )
(D3) flun—1,upn—2,...,ut,uo) > < for all (|un-1|, [up—2l, ..., |u1l,[uol) in
NI KNK
Wl (5 L) Ly, “S5725] x (M, o).

Then the boundary value problem (1.1)—(1.2) has at least two positive solutions.

Proof. Define the completely continuous operator 7' : P — B by

To(t) :/SG(t, S)f(Th_1v(s), Tn_ov(s),...,Tiv(s),v(s))ds. (3.3)

t1

It is obvious that a fixed point of 7" is the solution of the boundary value problem
(2.6)—(2.7). We seek two fixed points vy, vy € P of T'. First, we show that T : P — P.
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Let v € P. Clearly, Tw(t) > 0 for t € [t1, 3], we have

t3

min 7Tv(t) = min G(t,s)f(Th-1v,Ty—ov,..., Thv,v)ds

tE[tz ,t3] tE[tg ,t3] t

t3
> M/ G(s,8)f(Th-1v, T _ov,...,Thv,v)ds
t

2
= M||Tv]|.
Thus, T: P — P.
Next, it is obvious that 6(0) = 0. Further, for any v € P, by (3.1)-(3.2),

respectively, we have
v(v) = 0(v) < a(v)quad and ||v]| < y(v).
Also, for any 0 < A <1 and v € P, we have

O(M\) = max |[\v(t)| = A max |v(t)] = A\0(v).

tE[tl,tg] tE[tl,tg}

It remains to verify conditions (B1)—(B3) of Theorem 3.1. To show that condition

(B1) holds, let v € OP(~,¢), so
= mi ).
() = min [v(t)]
For t € [to, t3] it is clear from (3.2) that
]' /

1
¢ = min [o(t)] < [o(t)] < [lv]] < g7a(v) < 2

te[tz,tg
For 1 <j<n-—1andtE€ [ty t3],

Too(t) = /t CH (¢, s)o(s)ds

1

SM 5 H;(t,s)ds

C’K/t3
< Gi(s,s)||ds
i e

. C/KKj

For 1 <j<n-—1andte€[t,ts],

Toolt) = /t CH (¢, $)o(s)ds

1

t3
> c'/ H;(t,s)ds
to

t3
> dm;L / 1G5, ) ds

t2

= c/mjLLj.
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We may now use condition (D1) to obtain

t3
v(Tv) = min }/ G(t,s)f(Th_1v, Th_ov, ..., Thv,v)ds

te[tz ,t3 t

/

d [
> :/ G(s,s)ds > (.
L

to
Therefore, we have shown that v(Tv) > ¢ for all v € OP(~, ).
Next, we shall verify condition (B2) holds, let v € dP(0,V'), so

O(v) = max |v(t)]|.

te[t1 ,tg}

For t € [ty, 3], it is clear from (3.2) that

/

b
b = < g
tgpﬁ|w)l_HvH_Jw

/Hts

<Mt H( s)ds

b/K t3
<% |16 s

VKK,
===

For 1 <j<n-—1andte€[t,ts],

For 1 <j<n-—1andtE€ [ty 3],

t3
v(t) :/ H;(t,s)v(s)ds
t1
t3
>b'/ H;(t,s)ds
to

t3
> VL / 1G5, ) ds

to
= b'mjLLj .

We may now use condition (D2) to obtain

tE tl t3

/ (s,s)d
t1

<V.
Therefore, we have shown that 6(Tv) < V' for all v € OP(6, V).

t3
0(Tv) = max / G(t,s)f(Th-1v,Ty_ov, ..., Thv,v)ds
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Finally, we show that (B3) holds. Clearly, % € P(a,d’) # 0. Now, let v €
OP(a,a'), so

a(v) = max |v(t)].
tE[t27t3]

For t € [to,t3], it is clear from (3.2) that

a/
d = max [v(t)] < |v@)] < |v]| < —.
ma (0] < (o) < o] <

For 1 <j<n-—1andtE€ [ty t3],

To(t) = /t " H (8, $)0(s)ds

1

al t3
SM/tl H;(t,s)ds

a’K/t3
< Gi(s,s)||ds
i e

_CI,/KK]'
=7
For 1 <j<n-—1andtE€ [ty t3],

Too(t) = /t CH(t, s)o(s)ds

1

t3
> a’/ H;(t, s)ds
to

t3
> a'm,L / 1G5, 5) ds

t2

=a'm;LL;.

We may now use condition (D3) to obtain

t3
a(Tv) = max / G(t,s)f(Th-1v,Th—ov,...,Thv,v)ds

tE[tQ,tg] t

a/ t3

> :/ G(s,s)ds
L Ji,

>a.

Therefore, we have shown that a(7Tv) > o for all v € OP(«, d’).

We have proved that all the conditions of Theorem 3.1 are satisfied and so there
exist at least two positive solutions vy, vy € P(7,¢) for the boundary value prob-
lem (2.6)—(2.7). Therefore the boundary value problem (1.1)—(1.2) has at least two

positive solutions ¥, yo of the form

t3
yi(t) = Th_1vi(t) = / Gn_a(t,s)vi(s)ds, i=1,2.

t1

This completes the proof of the theorem. O
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Now we prove the existence of at least 2m positive solutions for the boundary

value problem (1.1)—(1.2) by using induction on m.

Theorem 3.3. Let m be an arbitrary positive integer. Assume that there exist num-
bers a;(1 <i<m+1) and b;(1 < j <m) with

0<ay <b <ay<by <-+<ay<by<an

such that
a;
f(un—lvun—% s 7u17u0> > = fOT all (‘un—1‘7 ‘un—2‘7 R ‘u1|7 |U0|)
(I K K (3.4)

m H}:n_l[mjai(ﬂyz_llLi)Lj, LW] X [MCL,’, ai]? 1 S { S m + 1a

fup1, Up—g, .. ug, up) < b—Ié for all (|un—1|, |[un—al, ..., |uil, luo|)

. 1 n—1 b (I KK by (3’5>

in IG_, o [mb(IGZ) L) Ly, === x [0, 5], 1 <1 <m.

Then the boundary value problem (1.1)—(1.2) has at least 2m positive solutions in

P

aAm+1

Proof. We use induction on m. First, for m = 1, we know from (3.4) and (3.5)
that T : P,, — P,,, then, it follows from Avery and Hendersons functional fixed
point theorem that the boundary value problem (1.1)—(1.2) has at least two positive
solutions in P,,. Next, we assume that this conclusion holds for m = k. In order to

prove that this conclusion holds for m = k + 1, we suppose that there exist numbers

a;(1<i<k+2) andbj(1<j<k+1)

with
0<a1<61<a2<bg<~-~<ak+1<bk+1<ak+2
such that
f(un—1,tn-2, ..., u1,u9) > % for all (Jup—1l, [un—sf, ..., [ul, [uol) (3.6)
. n71 . . .
in T, [mya; (7 L) Ly, =K%y 5 g, ), 1<i <k +2,
f(un—17 Up—2;5 - - - ’Ul,UO) < b_]é for all (‘U‘TL—1|7 |un—2‘7 R |u1|7 |U0|)
. 1 n—1 b (I KK b (3'7)
in I, [mb (TG Li) Ly, === < [0, 35, 1 <1 < K+ 1.

By assumption, the boundary value problem (1.1)—(1.2) has at least 2k positive
solutions u; (1 = 1,2,...,2k) in P, ,. At the same time, it follows from Theorem 3.2,
and (3.6) and (3.7) that the boundary value problem (1.1)—(1.2) has at least two

positive solutions u,v in P, , such that,

O(u) < bry1, with a(u) > agyq,

and

v(v) < agre  with 0(v) > byyq.
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Obviously, u and v are different from w; (i = 1,2,...,2k). Therefore, the boundary

value problem (1.1)—(1.2) has at least 2k + 2 positive solutions in P, , which shows

A+2

that this conclusion also holds for m = k + 1. O
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