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ABSTRACT. We establish conditions for the existence of at least two positive periodic solutions

of the following functional differential equation of the form

a'(t) = a(t)z(t) — f(t,z(h(t))).
Applications to some ecological models are given.
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1. INTRODUCTION

In this article, we investigate the existence of two positive periodic solutions of a

first order functional differential equation of the form

2'(t) = a(t)z(t) — f(t,=(h(1))), (1.1)

where a,h € C(R,R") and a(t + T) = a(t), h(t + T) = h(t), T > 0 is a real number,
f:RxRt— Rt f(t+T,z) = f(t,x), R = (—00,00) and R" = [0, c0).

Periodicity plays an important role in the problems associated with real world
applications in particular ecosystem dynamics. There has been considerable contri-
butions in recent years on the existence of periodic solutions of functional differential
equations having periodic causal functions. Many authors have used fixed point theo-
rems on cone expansion and cone compression method, upper-lower solution method,
iterative technique method and continuation theorem of coincidence degree principle
for the existence of at least one or two positive periodic solutions of (1.1). For instance
one may see [2, 8,9, 18, 19, 27, 28, 31, 32, 33]. On the other hand Leggett-Williams
multiple fixed point theorem [11] has been used in [1, 20, 21, 22, 23] for the existence

of three positive or nonnegative periodic solutions of the equation of the form

2'(t) = —a(t)x(t) + f(t, z(h(1))), (1.2)
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where a,h and f are as defined earlier. If h(t) =t — 7(t) and 7 € C(R, R") with
7(t) <'t, then (1.1) and (1.2) take the form

() = a(t)z(t) — f(t,x(t — (1)) (1.3)
and
' (t) = —a(t)x(t) + f(t,x(t — 7(1))). (1.4)

As the existence of positive periodic solutions of (1.1) is regarded, one can find
from the arguments in the succeeding sections that some similar results can be derived
for (1.2). We note that the results obtained in [1, 20, 21, 22, 30] can be applied
to (1.1). One may observe from the sufficient conditions assumed in the papers
[1, 20, 21, 22, 23], that the function f is needed to be unimodal, that is, the function
f first increases and then it decreases eventually. This is because of the choice of a
constant ¢4 needed in the use of a theorem of Leggett-Williams [11] for the existence of
three fixed points of an operator which is equivalent to the existence of three positive
periodic solutions of (1.1) or (1.2). The above choices of functions exclude many

important class of growth functions arising in various mathematical models, such as:

(a) The logistic equation of multiplicative type with several delays ([10])

n

?(t) = z(®)]a(t) — [[o:(0)a(t — 7:(t))], (1.5)
i=1
where a, b;, 7; € C(R, R") are T-periodic functions.

(b) The generalized Richards single species growth model ([10])

! [L’(t — T(t)) 0
_ _ W) 1.
w'(t) = x(t)]a(t) - ( B )], (1.6)
where a, E,7 € C(R, R") are T-periodic functions and 6 > 0 is a constant.
(¢) The generalized Michaelis-Menton type single species growth model (10, 24])
~ bzt — (1)
"(t) = z(t)[a(t) —
20 =20l - 2 T = n @)

i=1

1, (1.7)

where a,b;,¢; and 7; € C(R, R") are T-periodic functions.

In this article, we have made an attempt to study the existence of two positive T-
periodic solutions of the Eq.(1.1). Then we shall apply our result to find out sufficient
conditions for the existence of two positive T-periodic solutions of the models (1.5)—
(1.7). To prove our results, we shall use Leggett-Williams multiple fixed point theorem
([11], see Theorem 3.5). The following open problem was proposed by Kuang [10]
(open problem 9.2):

Obtain a sufficient condition for the existence of positive periodic solutions of the

following equation:
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2'(t) = x(t)[a(t) — b(t)x(t) — c(t)x(t — 7(t)) — d(t)2'(t — o (t))]. (1.8)
Liu et al. [15] gave a partial answer to the above problem by using fixed point theorem
for strict set-contractions. They proved that (1.8) has at least one positive T-periodic
solution. Freedman and Wu [7] studied the existence and global attractivity of a
positive periodic solution of (1.8) when d(t) = 0. In this paper, we have used Leggett-
Williams multiple fixed point theorem [11] to show that (1.8) has at least two positive
T-periodic solutions (see Example 4.1) when d(t) = 0.

It is well known that the Leggett-Williams multiple fixed point theorem [11] has
been used by many authors for the existence of multiple periodic solutions of boundary
value problems. Once the problem is transformed to an equivalent integral operator,
then it is easy to study the existence of fixed points of the operator by using different
fixed point theorems which is equivalent to the existence of periodic solutions of the
problem. In this paper, we have used the same technique to find the existence of

periodic solutions of (1.1). The results of this paper can be extended to

2'(t) = a®)z(t) — f(t,2(ha(t)), ..., x(ha(t))), (1.9)
where hi(t) > 0,i=1,...,n, f € C(R x R"",R") is periodic with respect to the
first variable, h;(t +T) = h;(t), 1 <i < n.

This work has been divided into four sections. Section 1 is Introduction. Some
preliminary results are given in Section 2. Section 3 deals with the main results of this

paper. Applications of the obtained results to the mathematical models (1.5)—(1.8)
are given in Section 4.

2. PRELIMINARIES

The following concept from Leggett-Williams multiple fixed point theorem [11]
is needed. Let X be a Banach space and K be a cone in X. For a > 0, define
K, = {z € K;||z|| < a}. A mapping ¢ is said to be a nonnegative continuous

functional on K if ¢ : K — [0,00) is continuous and

(px + (1= p)y) = p(z) + (1= p)(y), =y € K,pel0,1].
Let b,c¢ > 0 be constants with K and X as defined above. Define
K(ip,b,c) = {z € K;ip(x) > b, ||z < c}.

Theorem 2.1 (Leggett-Williams multiple fixed point Theorem,(Theorem 3.5,[11])).
Let c3 > 0 be a constant. Assume that A : K., — K is completely continuous, there
exists a concave nonnegative functional ¥ with ¥(z) < ||z||,z € K and numbers ¢,

and co with 0 < ¢1 < ¢ < c¢3 satisfying the following conditions:

(1) {x € K, co,¢3);0(x) > ea} # ¢ and Y(Ax) > o if x € K(, o, ¢3);



450 S. PADHI, S. SRIVASTAVA, AND S. PATI

(1) ||Az|| < ¢ if v € K.

and

(i) P(Ax) > 2||Az|| for each x € K., with ||Az| > cs.

Then A has at least two fized points x1,xo in K.,. Furthermore, ||zi|| < ¢ < ||x2| <

C3.

Theorem 2.2 (Leggett-Williams multiple fixed point theorem,(Theorem 3.3, [11])).
Let X = (X, ||.||) be a Banach space and K C X a cone, and ¢4 > 0 a constant.
Suppose there exists a concave nonnegative continuous function v on K with(u) < u
forue K., and let A: K., — K., be a continuous compact map. Assume that there
are numbers c1,cy and c3 with 0 < ¢1 < 3 < ¢3 < ¢4 such that

(i) {u € KW, cs,¢5);6(u) > 2} # & and ¥(Au) > ¢ for allu € K(, ez, cs);

(i) || Au|| < ¢1 for all u € K.;

(131) P(Au) > co for all u € K (1, co, cq) with ||Aul| > cs.

Then A has at least three fived points uy,us and us in K.,. Furthermore, we have
up € K.y, ug € {u € K1, ca,¢4);00(u) > e}, uz € K, \{K (¥, ca,c4) UK., }.

One may observe that (1.1) is equivalent to

£(t) = / G(t, 5)f (s, 2(h(s)) ds.

where G(t,s) = % is the Green’s kernel. The Green’s kernel G(t, s) used
—e [

in this paper is well known in the literature. As is shown in many articles, its lower
bound, being positive, is used for defining a cone. It is easy to verify that G(¢,s)

satisfies the property

5 1
- < < - =
0<a 1_5_G(t,s)_1_6 B, se€t,t+T],

where § = e~ Jo a(®)do < 1.

Let X = {z(t);x € C(R, R), z(t) = x(t+T)} with the norm |[z[| = sup;ep 7y |2(?)],
then X is a Banach space with the norm ||.||. Define a cone K in X by

K ={z(t);z € X,z(t) > 0||lx|| Vtel[0,T]}

and an operator A on X by

(Az)(t) = /t G(t,s)f (s, x(h(s))) ds. (2.1)

It is easy to verify that A(K) C K. One may proceed as in the lines of Lemma 5
due to Han and Wang [8] that A : K — K is completely continuous. The existence
of a positive periodic solution of (1.1) is equivalent to the existence of a fixed point
problem of A in K.
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3. MAIN RESULTS

In this section, we shall prove the main results of the paper by using Theorem
2.1 and Theorem 2.2. Denote

f? = limsup f(t,z) and F? = lim sup f(t,m)‘

r—0 a(t)x z—0 x

Theorem 3.1. Assume that there exist constants ¢; and co with 0 < ¢y < ¢y such

that
(Hy) [y f(s,2(h(s)))ds > 2 for e;<a<2
and
(H) [y f(s,(h(s)ds <% for 0<z<e

hold. Then (1.1) has at least two positive T-periodic solutions.

Proof. Define a nonnegative concave functional ¢ on K by v¥(x) = minyep mx(t).
Then ¢(z) < [|z|. Set s = 2 and ¢o(t) = ¢o = 3%, Then ¢y € {z;2 €
K (¢, ca,¢3),¥(x) > co}. Further, for x € K (1, co, c3) we have, by using (H;)

Y(Axr) = min /+ G(t,s)f(s,xz(h(s)))ds

0<t<T

> /fs:c ))ds > cs.

Now, let # € K,,. Then, by using (H,)

|Az|| = sup / G(t,s)f(s,xz(h(s)))ds

0<t<T

Sﬂ/fsx ))ds < 1.

Next suppose that z € K., with ||Az| > ¢3. Then

W(Az) = min / G ) (5, 2(h(s)) ds

0<t<T J,

> a/o f(s,z(h(s)))ds

and
e < lAz| < 8 / F(s,2(h(s))) ds
= 5[ st as
< ()
imply that

Y(Az) > 2| Az
C3
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Hence, by Theorem 2.1, (1.1) has at least two positive T-periodic solutions. This
completes the proof of the theorem. O

Theorem 3.2. Assume that there exist constants ¢ and co with 0 < ¢; < ¢y such
that

(H3) f(t,z(h() > %  for <z<$

and

(Hy) f(t,z(h(t)) <55 for 0<2<q
hold. Then (1.1) has at least two positive T-periodic solutions.

The proof of the theorem follows from Theorem 3.1. Indeed, (H;) and (Hs) follow
from (H3) and (H,), respectively.

Theorem 3.3. Let

(Hs) ming<<r f = 00
and

(Hg) maxg<icr fO =10

hold. Then (1.1) has at least two positive T-periodic solutions.

Proof. From (Hs), it follows that there exists a real co > 0, ¢z large enough such that
flt,z) > a(t)x for c < < 2.

Set a nonnegative concave continuous functional ¢ as in Theorem 3.1, c3 = ¢ and

Po(t) = o = 5%, Then ¢ € {z;2 € K(¥,¢o,¢3),0(x) > co}. For x € K (1, ¢y, ¢3)

we have

0<t<T

Y(Az) = min/t G(t,s)f(s,xz(h(s)))ds

>  min /t a(s)G(t,s)x(s)ds

0<t<T

+T
> ¢y min / a(s)G(t,s)ds = ca.
t

- 0<t<T

Next, by (Hg), there exists areal £,0 < £ < ¢o such that f(¢,x) < a(t)z for 0 < z < &.
Set ¢; = &. Then ¢; < ¢ and f(t,x) < a(t)c; for 0 < x < ¢;. Using this fact, we can
easily prove that |Az| < ¢, for v € K.,.

To complete the proof of the theorem, it remains to show that the condition (7i7)
of Theorem 2.1 holds. Now

e < || Az] < 8 / £ (s 2(h(s))) ds
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implies that

v(Az) > « (s,z(h(s)))ds

Co
> 0| Az]| = —[| Az
C3
Hence the theorem is complete. O

Theorem 3.4. Suppose that there exists a constant ;1,0 < p <1 such that

(H7)  fO<up
and
(Hs) f>>

hold. Then there exist two positive T-periodic solutions of (1.1).

Corollary 3.5. If f° <1 and f>* > 1, then (1.1) has at least two positive T-periodic

solutions.

Theorem 3.6. If

(H9) maXge[o, 7] F'=aq, € (0, BLT)

and there exists a constant co > 0 such that
(Hyo) f(t,x) > 7z forc; <w < %,

then (1.1) has at least two positive T-periodic solutions.

Remark 3.7. The conditions of our Theorems 3.1-3.6 improve the results in [8, 15,
31, 33].

Theorem 3.8. Suppose that
(Hy1)  f is nondecreasing with respect to x.

Further assume that there are constants 0 < ¢ < ¢y such that

JT fter) dt 6 [T f(t,cz)dt
(Hip)  2i5e— <1< =5, —

holds. Then (1.1) has at least two positive T-periodic solutions.

Proof. Set c3 = <. Define a nonnegative concave continuous functional 1 as in

Theorem 3.1 and ¢o(t) = ¢ = 252, Then ¢y € {z;2 € K(1), ¢z, ¢3),9(x) > co}. For
x € K(1, 9, c3), it follows from (Hy;) and (Hp2) that we have

(Az) = min/t G(t,s)f(s,xz(h(s)))ds

0<t<T
> « : (s,z(h(s)))ds
0T
e f(S,CQ)dS
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Next, for x € K, it follows from (H;;) and (H2) that we have

|Az|| = sup/ G(t, 5)f (s, 2(h(s))) ds

0<t<T

ARV IA
o ™ ™
O\’ﬂO\
< ~
w e
o fr—
- 8

Finally, for x € K., with ||Az|| > c3, we have
+T
wlde) = iy [ Gl o(h() ds
t

> « i (s,z(h(s)))ds

and
T
e < |[[Az]] < B i f(s,2(h(s)))ds
o [T
= - (s,2(h(s)))ds
0 Jo
1
then

Y(Ar) > 2| Az
C3

Thus all the conditions of Theorem 2.1 are satisfied. Consequently, (1.1) has at least

two positive T-periodic solutions. This completes the proof of the theorem. O

Theorem 3.9. Suppose that (Hy1) holds. Further assume that there are constants

0 < ¢; < ¢y such that

(Hy) Deeor/te) gmineefo.r) F(tez)
13 (1=0)c1 (1—d)c2

holds. Then (1.1) has at least two positive T-periodic solutions.

1
<7<

Example 3.10. Consider the delay differential equation
1
2/ (t) = (sin® t + cos t)w(t) — —[x(t) + 2%(t — 7)], (3.1)
7r
where 7 > 0 is a real constant. Here a(t) = sin*t + cos*t, f(t,x) = L[z + 2%, T =%
and § = e~ Jo )4 — (0.3 Now choosing ¢; = 0.3 and ¢ = 4, we observe that
the conditions of Theorem 3.8 are satisfied. Hence (3.1) has at least two positive

T-periodic solutions.

In [29], Wang introduced the notation

io = number of zeros in the set {f,, f..}
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and

is = number of infinities in the set {f, foo},

where

fo = lim M and f__ = lim M
z—0t T rT—oo I

for the existence of positive T-periodic solutions of the differential equation

/(1) = a(t)g(x(t))x(t) — Ab() f(x(t — 7(1))), (3-2)

where A > 0 is a positive parameter, a,b € C(R,[0,00)) are T-periodic functions,
fOT a(t)dt > 0,f0T b(t)dt > 0,7 € C(R,R) is T-periodic function, f,g : [0,00) —
[0, 00) are continuous, 0 < [ < g(z) < L < oo for z > 0,1, L are positive constants,
f(x) >0 for z > 0.

In the following, we apply Theorem 2.1 in Eq.(3.2) to obtain some new results
differ those in [29]. The Banach space X and a cone K in X are the same as above,

while the operator A is replaced by

(Axz)(t) = )\/t Go(t,s)b(s)f(x(s —7(s))) ds,

— [ a(6)g(x(0)) do
P (&
where G, (t,s) = P T T

satisfies the property

is the Green’s kernel. The Green’s kernel G, (¢, s)

5L 1
< < .
gz Gt =g

If we proceed as in the lines of Theorem 3.8, we obtain the following theorem:

Theorem 3.11. Let f be nondecreasing. Further assume that there are constants
0 < e; < ¢y such that
(1—6%)ca (1—-6Ycq
(H14) 5Lf(02)f0T b(s) ds <A< f(cl)foT b(s)ds
hold. Then (3.2) has at least two positive T-periodic solutions.

Theorem 3.12. Let fy < 1— 06" and f., <1 — 6" hold. Further, assume that there
exists a constant co > 0 such that
5L _sL
(His) fla(t—7(t) > Yales for o <z < fitde
holds. Then (3.2) has at least three positive T-periodic solutions for
oF 1

7 b(t) dt <A [ b(t)dt

Proof. By fs < 1— 8, there exist 0 < € < 1 — 4" and ¢ > 0 such that f(z) < ex for

y 1-—6F )
1 -0l —e ob(1 — o)

¢4 > max{
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Then, for z € K.,

lAszll = sup A / G(t, $)b(s) f (x(s — 7(s))) ds

0<t<T

1 T
Tisl)\/o b(s)f(x(s—7(s)))ds

IA

1 T
L
< 1T 5l)\/0 b(s)(€||x|| + ) ds

1
1—5l(

IA

€Cy + 7) < Cy,

that is, A: K., — K.,.

PATI

Now, we define a nonnegative concave functional ¢ on K as ¢ (z) = minejo 17 2(t).
Then ¥(z) < ||z||. Set ¢z = #6_[(;[)02 and ¢o(t) = ¢pg = “E%. Then ¢; < ¢3 and
oo € {x;x € K(¢,c9,03),0(x) > ca}. For x € K(1, ca, c3) it follows from (H;s) that

Y(Axr) = min )\/t G(t,s)b(s)f(z(s — 1(s))) ds

&* r (1—d")
> 1_5L)\/0 b(s)ds S C2 > G2
Next by fo < 1 — ¢!, there exists a positive o < ¢y such that
flz) < (1 =Yz for 0<z<o.

Set ¢; = 0. Then ¢; < ¢y. For z € fel, we have

IAsz| = pr/) G(t, 5)b(s) f (x(s — 7(s))) ds

0<t<T

IA

1_&Nébmg—yn@

1 4 l
< m)\/o b(s)(1 —0")e1ds < ¢y.

Finally, for © € K (¢, ca, ¢4) with ||Ayz|| > c3, we have

1 T
1= 5l)\/0 b(s)f(z(s —7(s)))ds,

c3 < |[Ayz|| <

which in turn implies that

V) = T [ e Gals = r(s)) ds
ot .
> 1= 5L(1 — 0 ) Co.

Hence, by Theorem 2.2, (3.2) has at least three positive T-periodic solutions.
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Corollary 3.13. If iy = 2 and there exists a constant co > 0 such that (His) holds,
then (3.2) has at least three positive T-periodic solutions for
ot 1
e <A< .
Jy b(t)dt J, b(t)dt

Remark 3.14. Wang [29] obtained three different results for the existence of at
least one positive periodic solution of (3.2) by using fixed point index theory [3].
In Corollary 3.13 we have shown that (3.2) has at least three positive T-periodic
solutions when ig = 2. It would be interesting to obtain sufficient conditions for the
existence of at least two or three positive periodic solutions of (3.2) when iy € {0,1}
and iy, € {0,1,2} by using leggett-Williams multiple fixed point theorems. Bai and
Xu [1] obtained a sufficient condition (Theorem 3.12 in [1]) for the existence of three
nonnegative T-periodic solutions of (3.2). Although the condition iq = 2 holds both
in Theorem 3.2 in [1] and in our Corollary 3.13, our condition (H;5) and the condition

(Hs) in [1] are different. Accordingly, the ranges on the parameter A are also different.

Padhi et al. [23] have considered the functional differential equation

(1) = a(t)z(t) — Ab(t) f (z(t — 7(1))), (3.3)

which is a particular case of (3.2), A\,a,b,T and f are defined as in (3.2). The results
of [23] can be extended to (3.2). In the following, we show that our Theorem 3.12
and Corollary 3.13 are different from some of the results given in [23]. Extending
Theorem 3.4 and Corollary 3.5 of [23] to (3.2), we obtain the following results.

Theorem 3.15. Let f, < T and f., < T hold. If there exists a constant cy > 0 such
that
s oL
(Hi) f(z(t—1(t))) > %02 for ¢ <ax < %02 and 0<t<T,
then (3.2) has at least three positive T-periodic solutions for
1-¢ 1- 4
— <A< ————.
2T [ b(t)dt T [, b(t)dt

Corollary 3.16. Let ig = 2. If (Hyg) holds, then (3.2) has at least three positive
T-periodic solutions for
1 -6 1 -4
R T — <A< R
2T [ b(t)dt T [, b(t)dt

One may observe that the upper bounds on f, and f__ in Theorem 3.15 and The-
orem 3.12 are T and 1 — &', respectively. We may note that 7" and 1 — §' are not
comparable. Similarly, one may compare our Corollary 3.13 with Corollary 3.16. Al-
though the condition iy = 2 holds both in Corollary 3.13 and Corollary 3.16, the
conditions (Hi5) and (Hig) are different. Accordingly, the ranges on the parameter A

are also different.
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4. APPLICATIONS

Ye et al. [31] showed that the models (1.5)—(1.8) have at least one positive periodic

solution, respectively. In the following section, we shall apply some of our results to

obtain sufficient conditions for the existence of at least two positive periodic solutions
of the models (1.5)—(1.8).

Example 4.1. The generalized logistic model of single species

2'(t) = w(t)[a(t) — b(t)z(t) — c(t)z(t — 7(1))] (4.1)

has at least two positive T-periodic solutions, where a(t), b(t) and ¢(t) are nonnegative

continuous periodic functions.
Proof. Set f(t,x) = x(t)[b(t)x(t) + c(t)x(t — 7(t))]. Since
f(t, ) b(t) c(t)
e e = e Uy Hlel + mee {25

we see that (Hg) is satisfied. Further, since
fltz) b(t)
i e 2 T

then (Hs) is satisfied. Thus by Theorem 3.3, (4.1) has at least two positive T-periodic

solutions. 0

Hiz|| — 0 as x — 0,

Hlzl| — o0 as x — oo,

Example 4.2. The logistic equation of single species
() = Z b(t)a(t — (1)) (12)

has at least two positive T-periodic solutions, where a, b;, 7; € C(R, R™) are T-periodic

functions.

Example 4.3. The logistic equation with several delays (1.5) has at least two positive

T-periodic solutions.

Example 4.4. The generalized Richards single species growth model (1.6) has at

least two positive T-periodic solutions.
The proofs of the Examples 4.3—4.4 are similar to the proof of the Example 4.1.

Applying Corollary 3.5 to the generalized Michaelis-Menton type single species
growth model (1.7), we obtain the following result:

Example 4.5. If
o~ bi(t)
—>1
el T) ; alt)e(t) ~

then (1.7) has at least two positive T-periodic solutions.
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Now, we assume that the population is subject to harvesting. Under the catch-

per-unit-effort hypothesis [3], consider the harvested population’s growth model

_b(na()
1+ c(t)z()

where ¢ and E are positive constants denoting the catch ability coefficients and

. . . 1—-§
harvesting effort respectively. Ye et al. [31] proved that if 0 < ¢F < -%> and

(% +qF) > 52T, then (4.3) has at least one positive T-periodic solution, where
b™ = ming<;<7 b(t) and 0 < ¢(t) < c.

| — qEx(t), (4.3)

Theorem 4.6. Suppose that 0 < qF < IT_J and & +qF > 62% Then (4.3)

has at least two positive T -periodic solutions.

Proof. Set f(t,z) = b(t)a +¢Ex. Then ¢F < 2 1mphes the condition (Hy). Choose

1+c(t)x
_ 5(1—qEadT) coad®T [T b(t ) dt . _ e
“2 T LT [T b(t) di—c(1—qEadT)’ Then 5ccs T qEadT = 1. Set 3 = §F =
(1—qFEadT) c
T T 00 di—c(1—qBadT) Then ¢y < c3. Now for ¢ < < %, we have
T
3 fo (t) dt co cad°T [ b(t)dt
t Ecy = . EadT
f(t.z) 1+ c% ke a5T[ 0 + cco + qBadT]
Ca
adT’
that is, (Hip). Hence by Theorem 3.6, (4.3) has at least two positive T-periodic
solutions. O

Remark 4.7. One may see in the literature, that very few result exist on the existence
of two periodic solutions of (1.1) with its application to the models (1.5)—(1.8). Hence
a simple result on the existence of two periodic solutions of the above equations are

of immense important.
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