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ABSTRACT. In this paper, we have studied some extensions of Hardy-Hilbert’s inequality with
an improved weight coefficient. We have also established reverse inequalities of Hardy-Hilbert type

inequalities.
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1. INTRODUCTION

If a,, b, >0,p > 1, 1_19+% =l,and 0 <) 2 a,’ <oo,0<> 7 b7 < oo, then
the famous Hardy-Hilbert inequality (see Hardy et al. [2] texolowa) is given by

ZZ m+n sin(::/p){f:“i}l/p{ibi}l/q, (1.1)

n=1 n=

where the constant factor - ( o) is the best possible. This inequality plays important
role in analysis. Con31derable attention has been given to develop some types of
strengthened inequality by estimating the weight-coefficient. Gau [3] considered the

general case and proved a new inequality for the weight coefficient w(q,n) as

T 0,
sin(r/p)  nl/r

1 1
w(g,n) < (q>1 —I——zl,nEN), (1.2)
P q

where 6, = p — 1. Yang and Gau [8] found the best possible value for 6, = 6 =
1 — C = 0.42278433", where C' is Euler’s constant. They also proved the following
new Hardy-Hilbert’s inequality

ZZ (ﬂinfr;’b) = {nz::l [Sin(:‘/p) nl/P }} {Z [sm 7T/p 1n_1/qc} }E (1'3)

n=1
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Yang [5] proved a strengthened version of Hardy-Hilbert’s inequality as follows

0o 0o ambn 0o - ] »
PN o1 I S S
n=tm=1" tn oy oSm (m/p) 2n /P 4+ n—1/q
N T 1 1/q
B bq} : 1.4
X{ ; [Sinﬂ'/p 2nl/a +n—1/p] n (1.4)
Yang [6] has given reverse of the Hardy-Hilbert type inequality as If 0 < p < 1,
_—|———1 p, by >0, SUChthat0<Zn12n+1<ooand0<zn12+1
Ay = 1 aP 1
> 2{ |:1— ] n }p
N 1 be 1
1- [V s
X{Z[ 6(n+1)2n+1)12n+1 (1.5)

n=0
where the constant factor is the best possible.

In this paper, we have generalized the results of [5] and [6], which is related to

the double series of the form

For this series, we have estimated the weight-coefficient of the following form

> 1 n\ 1/ak
w(ge,n) =Y (—> (gx > 1, pr+qe =1, n€N). (1.6)
— m4+n\m

2. PRELIMINARIES

The sequence space [, has been generalized to [(p), in the following manner (see

Simmons [4]).

Definition 2.1. Let a bounded sequence, p = (pi) of strictly positive numbers, with
0 < pr <suppr = H < o0o. Then

U(p) = {w = (zx) : ) |zl < o0},

A natural metric on [(p) is

© 1/M
y)I(Z\xk—prk) :
k=0

where M = max(1, H).

Das and Nanda [1] have generalized Holder’s inequality in {(p) space, which is

given below.
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Lemma 2.1 (Das and Nanda [1]). Let (p,,)52, is a real sequence be defined by pinjLé =

1, for all n. Let a,,b, > 0. We write

m m
Am = E anpn’ Bm = E bnqnv
n=1 n=1

A= f:anp",B = ibnq”
n=1 n=1

and whenever the series on the right converge.
(a) Let p, > 1 for all n. Then

(4)
Z arbr < B,
k=1

1 1
where ay = sup — + sup —, B, = sup A P B0
1<n<m Pn 1<n<m Qn 1<n<m

(17) If a € l(p), b € l(q), then ab € | and

o0
Z arby < af,
1

1 1
where o = sup — + sup —, [ = sup (AP BYan),
n>1 Pn n>1 Qdn n>1

(b) Let 0 < p, <1 for alln. Then
(4)

Zazk Sfym[ sup pn"‘ sup (1_pn)]7
k=1

1<n<m 1<n<m
m m
p/ 1—pn Pn
where v, = sup [(g bkk) (E akbk> };
Isnsm =25 k=1

(17) if a € l(p) and b € I(p'), then

> ap < v[suppn +sup(1 —pn)],
k=1

° / 1_ n & n
where v = sup [( E bzk> : ( E akbk)p ]
" k=1 k=1

(2.1)

(2.2)

It may be observed that by taking p, = constant, we get the usual Holder’s inequality

for P space.

Lemma 2.2 (Yang [7]). If forr =0,1,2,3,4, f(c0) =0, f&V(z) <0, f@)(z) >

0, z € [1,00), and [~ f(z)dz < oo, then

;ﬂm < /100 f()dw + %f(l) - 1—12f’(1).

(2.5)
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Lemma 2.3 (Yang [5]). If x > 1, n € N, then

fol@) b galr) > 2o L L (2.6)

3. MAIN RESULTS

Lemma 3.1. If (py) and (qy) are real bounded sequences defined by p;' + ¢, ' =1
where g > 1 for allk € N,n € N then

wlawn) < s { S = ) +aoll forallkz 1 (@

Where w(qy,n) is defined by (1.6), and for x > 1

f@)=ot gL L]
() =
122 (1+x)n  12zn?  3(1 + 3z)n?
—— 1 o1, 7
n €Tr) = — R P — J—
J 12an 2(L+2z)n2 12 2n @ 1202 1203

Proof. Let for all £ > 1

1
gr(x) = CESrT where z € [1,00)( ¢ > 1,n € N). (3.2)

We define f(x) = supy> gi(z). By (2.5), we obtain that

- 1 > 1
—— < swp{ [ ———d
D T |

m=1
1 1 1 1
+<E a 12pk) T+n 1201 +n)2}' (3:3)

Since for all £ > 1

1 1 o
w 1 w
dy = / — 1)V Yk g
[ | 2y

n > —1)v
— —1) v=1/ak g, — Pr 7(
> | omay o 2 Tt p
3
Pk (-1)"
> - - > @
nPk Uz:% (14 vpg)n?

1 (-1 (—1)”
- m[pk_l—zlw _Zv(l—kvpk)nu}

v= v=1

|=
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putting z = ny, we find that

/oo 1 d 1 /n 1 p
e €T =
1 (ZL’ + n)gjl/% nl/ak 0 (1 + y)yl/qk Y

1 1 ° L (—1)v (=1
= nl/ax sin ( )_E[pk_l_z vnY _Zv(ljtvpk)n“}

plk v=1 v=1
We then find that
1 1 -1
) e )

1+n n n n n 2
and

1 _1<1+1>—2<1<1 2+3)

(14+n)2  n2 n n? n  n?/’

Substituting the above results in(3.3), by (1.6) we have (3.1). O

Lemma 3.2. If (py) and (qy) are real bounded sequences defined by p;' + q.' =1
where g > 1 for allk € N,n € N then

m 1
w(py,n) < ilgl) {sin(w/pk) TS } for allk € N. (3.4)

Proof: Since for n > 3,

(1 1 1)(1+1)_1+1<1 1 1 1)>1
2  12n  2n3 on/) 2 n\6 24n  2n2 4n3 2’

By (3.1) and (2.6), we have for all & > 1

( ) < { ™ 1 (1 1 1 >}
w n su — - =
i kzll) sin(w/py)  n'/Pe\2  12n  2n3

< { - 1 } (n>3) (3.5)
?gf sin(m/py)  2nY/Pe 4+ n-1/a n=9) :

Taking 6, = 1 — C, by (1.2)(see Yang and Gau [8]), we find that for all & > 1

(1) < { s 1-— C’} - { T 1 } (3.6)
w(qy, sup § — — sup { — — : :
o kzlf sin(m/py.) 1 kzll) sin(m/pr)  2x1+1
Since C' < 3/5 = 0.6, then we have

1 1-C

2 % 21/pk 4 2—1/ax < S forall k > 1
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and

w(qr, 1) < su { T —1_C}<su { a — ! }
e kZII) sin(7/px) 21/pk k;; sin(m/pr) 2 x 2V/pk 4 2-Var )
It follows that for n = 1,2, (3.4) also holds. Then (3.4) is valid for any n € N.

Theorem 3.1. If a,,b, > 0,(px) and (qx) are real bounded sequences defined by
é —I—i =1, where py > 1 for allk € N, and 0 < > "7 abk < 00,0 <y > b¥ < co.
Then

[c oo o]

00 T 1
< Pk}pk
“ ilili { Z [sm(ﬂ/pk) 2nt/pr 4 n_l/Qk] @n

=1

b [sm (/px) 2t/ in—l/m]b#}% (3.7)

n=1

m=1 n=1

and we also have

2 <; m+n>pk = At meﬁ]m_l

— k>1 /D

E m 1
- Pk
X — [Sln(ﬂ'/pk) 2n1/pk + n_l/Qk]a” . (38)

Proof. By generalized Holder’s inequality (2.2), we have

e i f: [ 1 (m)l/pk% ] [ 1 (n)l/pqub }
= - | — A, _ n
— oot (m +n)t/re \n (m 4+ n)Yar \m
< aSUp{ii 1 <m>ﬁ m}f’lk{ii 1 (ﬁ)plkb(ﬁc}qlk
B k>1 m=1n=1 m + nan " m=1 n=1 m + nam "
> > 1 (n)l/%} }1/Pk
= «su — a?
kzll){; [mZ::lmjLn m
> > 1 n\ 1/px 1/qx
X — b%}
{Z [Z m-+n (m) ] "
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Hence by (3.4), inequality (3.7) holds.

Since by (3.4), w(pg,n) < Wﬂ/pk)’ then by Holder’s inequality (2.2), we obtain
i by, i [ an, ( >l/pqu] [ ( >1/pqu]
~m+n N — (m + n)Y/rk m+n1/qk
5 1 n\ /ax 1/ps, 1/pky 1/
< asup{ (o) e " [ ()
kzlf ; L(m +n)\m ] ;
> 1 n\ 1/ /P
= asu — aﬁk} w(pg, n) /%
k>11){; _(m—l—n)(m) ] {wipe, n)}
e 1/qi 1 1
< asmp{ S [ () e} T
k>1 « L(m +n)\m | sin(7/py.)

3
Il

By (3.4), we find

- 2. by, \ P r T 108/ e
< —
Z (;m—i-n) oy Lsin(7/py) mZ:

m=1 k>1

= s [T Y [ 3 s ()

k>1

r T 1Pe—1 &
= asup |——— w(qy, n)al*
k2I1) Lsin(m/py) ] Z (@5 )y

S T pet f: [ T 1 ] Pk
= Ssu P —— - a
k;f Lsin (7 /py) sin(7/py)  2n'/Pe 4+ m—Va ]

n=1

This proves (3.8). O

4. SOME REVERSE TYPE INEQUALITIES

In this section we have generalized the reverse inequalities of Hardy-Hilbert type

inequalities in I(p) space.

Lemma 4.1 (Yang [6]). Define the weight function w(n) as

w(n) = (n+ >Zk‘+++1) n € No(= N U {0}). (4.1)

then we have

- ——= <wn) <1- (n € Np). (4.2)
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Theorem 4.2. If a,,b, >0, (px) and (q) are Teal sequences deﬁned by i + i =1,

where 0 < pp <1 forallk € N, and 0 < 3°%° 2 < 00 0 < 32 < 0. Then

n=0 2n+1 n=1 2n+1

0o 00 00 1 Pk 1/pk
> 20l {31~ Frasy;
ZZ m+n+1 = TS Z 4(n+1)212n+1

n=0 m:O n=0

X{Z [1 - 4(n—1i—1)2} 2:%-];1}1/% (43)

where o = (sup py +sup (1 — pi)) "

Proof. By the reverse Holder’s inequality(2.4) and (4.1), we have

n:(]mzo(m+n+1
-3 |leme)
bt it m+n+1)2/Pk (m+mn+ 1)%a
ar L. > > bax L

> . Pk{ n }qk
2 (suppr + sup (1 = pi)) }gfl{zz m+n+12} n;);(m+n+1)2

s m+1/2 27 Y (o= o= n+1/2 208\ o
O‘}f;l Zo Zo m-+n+1)212m+1 ; n;)(m+n+1)2 2n+1

RS bt N b\

_Qaing{n;ow(m)zm+1} {;w<n)2n+1} (44)

where a = (suppy + sup (1 — pg))~!. Since 0 < p, < 1 and g < 0 for all k£ > 1, by
(4.2), it follows that (4.3) is valid.

Theorem 4.3. If a, > 0,(px) and (qx) are real sequences defined by ka + L =1,

- 9k

where 0 < py <1 for allk € N, and 0 <) > 02?111<oo Then

apk

s 1\pPe—1 s A Dk ) 1 b
Z(n+§) [Z(mjtn—l—l)?} >20z11£f1 [1_4(n+1)2 2n +1 (4.5)

where o = (sup pg + sup (1 — px))~
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Proof. By the reverse Holder’s inequality(2.4), (4.1) and (4.2), we have w(n) < 1 and
forall k> 1

o0

PO o [N (R

> abr > 1 pe—1
w2 )

vV

o
e
VE,
—

m=0
. e abs 1\ —1ype—1
N alir;fl{n;) m—l—n+1 }{w(n)(n+§> }
. f 1— pk e apk 4
> apt () Y ) (1.6
Hence
> 1\ Pr—1] a Pk .= aPk
n+ ) [ i } > oinf m
£ 0( 2 ZO m—+n+1) k>1n:0n;)(m+n+1)2
Sy m+ 1 2abr
aligln;) g(m—i—nle) 2m+1
. o apk
- 2%25”12:01”( Jom 11 (47)
by (4.2), we have (4.5). O
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