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1. INTRODUCTION

Alexits [1], Sahney and Goel [11], Chandra [2],Qureshi and Neha [9], Leindler
[5] and Rhoades [10] have determined the degree of approximation of a function be-
longing to Lipa class by Cesaro, Norlund and generalised Norlund single summability
methods. Working in the same direction Sahney and Rao [12], Khan [4], Quershi [7, 8]
have studied the degree of approximation of a function belonging to Lip(a,r) class
by Norlund and generalised Norlund single summability methods. But nothing seems
to have been done so far to obtain the degree of approximation of a function belong-
ing to Lip(£(t),r) class by (E, q)(C, 1)product summability method. The Lip(&(t),r)
is a generalization of Lipa class and Lip(«,r) class. Therefore, in present paper, a
theorem on degree of approximation of a function belonging to Lip(£(t),r) class by

(E,q)(C,1) product summability means of Fourier series have been established.

2. DEFINITIONS AND NOTATIONS

Let f(x) be periodic with period 27 and integrable in the sense of Lebesgue. The

Fourier series of f(z) is given by

Qo > .
f(z) ~ > +Z(an cosnx + by, sin nx) (2.1)

n=1
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with n'" partial sum s, (f; ). L.-norm is defined by

1f 1l = {/0% \f(ff)de}i r>1 (2.2)

and let the degree of approximation of a function be given by Zygmund [14].
En(f) = min|/t, — ]|, (2.3)
where t, () is some n'* degree trigonometric polynomial. A function f € Lipa if
flx+t)— f(x) =0(t]*) for0<a<1 (2.4)

f € Lip(a,r) if

(/0 W\f(x+t)—f(:c)|rdx)r =0(t]*), 0<a<landr>1 (2.5)

(definition 5.38 of Mc Fadden [6])

Given a positive increasing function £(t) and an integer r > 1, f € Lip(§(t), r) if

( / et - f(x)l’"dx))% — 0(e() (26)

If £(t) =t then Lip(£(t),r) class reduces to the class Lip(a,r) and if r — oo then

Lip(a, ) class reduces to the class Lipa.

Let > >° ,u, be a given infinite series with the sequence of its n partial sum
{sn}. The (C,1) transform is defined as the n'* partial sum of (C,1) summability

So+S1+So+ -+ 8,

t, =

n+1
1 n
:n+1k2:%sk—>s as n — oo (2.7)

then the infinite series » 2 u, is summable to the definite number s by (C,1)
method. If

1 = n ke

(E,q):EfL:inZ ¢ Fsp — sasn — oo (2.8)
S\ k

then the infinite series y ~  u, is said to be summable (E, ¢) to the definite number

s [3]. The (E, q) transform of the (C,1) transform defines (E, ¢)(C, 1) transform and
we denote it by FZC!. Thus if

EiC = ! ( Z ) POl — s (2.9)
0
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where E4 denotes the (E, q) transform of s,, and C'! denotes the (C, 1) transform of s,,.
Then the series >~ u, is said to be summable by (£, ¢)(C, 1) means or summable

(E,q)(C,1) to a definite number s. We use the following notations:

¢(t) = f(x+1)+ flz —1) = 2f(x)

1 - no\ Lk 1 i sin(v + 1)t
Kn(t):m2{<k>q <1+k)z sin% }

k=0 v=0

3. MAIN THEOREM

Theorem 3.1. If a function f,2mw-periodic, means of its Fourier series is given by

151 - F =0 4 1? ¢ (57 )] (3.1)

n+1
provided £(t) satisfies the following conditions:

([ (ey ad o (L)
([ () ) oo

n+1

and

where § is an arbitrary number such that s(1 —§) — 1 > O,% + % =1,1<r < oo,
conditions (3.2) and (3.3) hold uniformly in x and E4C} is (E,1)(C,1) means of the
series (2.1).

4. LEMMAS
For the proof of our theorem, following lemmas are required.
Lemma 4.1. |K,(t)| =O0(n+1), for0 <t < #1

Proof. For 0 <t < -1 sinnt < nsint
n+1

1
|Kn(t)|:m Z
1 n n - 1 i (2v+1)sin$
S27?(1+q)" p [(l{;)q <1+/€)UZ:0 sin £ ]

1 u n n—k
B (n+1) - n n—k
B <1+q>"k:0{<k>q H
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“ [ n
=0n+1 since =k — (1 4¢)"
(n+1) Z;<k>q (1+4)
[
Lemma 4.2. |K,(t)| =0 (1), for n+r1 <t<m.
Proof. For —= <t <, by applying Jordan’s lemma sin £ > £ and sinnt < 1

1 = - sm(v+ )t
|Kn(t)|:27r (14 q)" Z ( ) ' 1+ k)u sin £

Ly
~2m (14 )" —~
1 " n 1\ <
:2(1+q)nt,§ <k:>q <1+k)§ ”
B 1 “ n ke
ottt |\ k)1
— (%) sinceZ(Z)q"_k:(1+q)"

5. PROOF OF THE THEOREM

Following Titchmarsh [13] and using Riemann-Lebesgue theorem, s, (f;z) of the
series (2.1) is given by

salf0) @) = o [To ™2y

2m Jo sin 5

Therefore using (2.1), the (C, 1) transform C! of s,(f;x) is given by

1 B 1 i " sin(k + $)t
Cn = fla) = 2m(n + 1) /0 ¢(t)zo st

Now denoting (F, ¢)(C, 1) transform of s,(f;z) by E1C} we write

EgCi—f(x):mg%[(Z)q"_k ;iﬁﬁ <k‘%1-1) {Zsm(v%— ) }dt]
:/ng(t)K (t) dt
SIARIAE

=1, + Iy (say) (5.1)
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We consider,
1

sl
nl< [ el o
Using Holder’s inequality and the fact that ¢(t) € Lip(&(t), 1),

el Y o] [y o]
:O<nil> |

R oy 52

Co( L[ mryeny T
_O<n+1) _/0 {f} dt] by Lemma 1

Since £(t) is a positive increasing function and using second mean value theorem for

integrals
n=o{s (2] s ces 1
o]
~o{e(i) o)
:O{(n+1)%£<ni1)} since%+§:1 (5.2)

Now we consider,

Bl < [ 10115 (0] d

n+1

Using Holder’s inequality,

/” {t—éga(st()t) }Tdtr /” {f(t)gn (t)l}sdtls

n+1

=o{mn+1’} /W {W}Sdtr by (3.3)

:O{(n+1)6} /W {il(l?}sdt] by Lemma 2

Now putting ¢ = i,

|| <
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Since £(t) is a positive increasing function and using second mean value theorem for

integrals,

Combining (5.1), (5.2) and (5.3),

|ELC) —

Now, using L,-norm, we get

|ELC, —

:O{m+n

L-{

O{m+n

o =

-/nn+1 ys(iyl)#} for some % <n<n+l1
_ 1

-/1n+1 ys(éd—yl)-ﬂ} ) for some % <1<n+1
I ys(1=9)-1 nt1] %

{5(1_5)_1}1 ]

(n -+

since % + % . (5.3)

\:o{(nﬂ)%g(nil)} (5.4)
|ESC) — f(2)|" da }1

([ foorely )

1
n-+1

S =

)}
)}

([s}]

3
5(%

+1

Si=

This completes the proof of the theorem.

6. APPLICATIONS

Following corollaries can be derived from our main theorems.

Corollary 6.1. If & (t)

= o

0

< a < 1, then the class Lip ({(t),r), r > 1,

reduces to the class Lip (a,r) and the degree of approximation of a function f €

Lip (a,7),

‘EgLCrIL_f‘:O( 1
(n+

%<a< 1, is given by

1

oa—=
r

)

)
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Proof. We have

ezt g, =0{ [ Imct- s e |

{m+1ﬁgcji)} {/ M&E—fyw}%
0(1)=O{/OQF\EZC}L‘HW } © o{(n+1)11€(i)}
Hence

q 1 _ % 1
|ELC) — f) —O{(n+1) g(nH)}

for if not the right-hand side will be O(1), therefore

|ELC, — {( ) (n+1)r
( =)

Corollary 6.2. If r — oo in corollary 1, then the class Lip («, ) reduces to the class

S e

O

f € Lipa and the degree of approximation of a function f € Lipa, 0 < o < 1, is
given by

g1 — 1
|| EnCn_f||00_O{(n+1)a}

Corollary 6.3. If£(t) =t* 0 < a <1, then the class Lip ({(t),r), r > 1, reduces
to the class Lip (o, r) and if g=1 then (E, q) summability reduces to (E, 1) summability
and the degree of approximation of a function f € Lip (a, 1), % < a <1, s given by

. 1
Ol —fl=0——
=] <m+w”J

Corollary 6.4. If r — oo in corollary 3, then the class Lip («, ) reduces to the class
f € Lipa and the degree of approximation of a function f € Lipa, 0 < o < 1, is
given by

HwOﬁ—ﬂu=0{@j%p}

Remark 6.5. Independent proofs of above corollaries 1 and 3 can be obtained along

the same lines of our theorem.
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