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ABSTRACT. The purpose of this paper is to develop monotone technique by introducing the
notion of upper and lower solutions together with the associated monotone iterations for nonlinear
weakly coupled time degenerate parabolic system with initial and boundary conditions. Under
suitable initial iterations and for mixed quasimonotone boundary functions, two monotone sequences
are constructed. It is shown that these two sequences converge monotonically from above and
below respectively to maximal and minimal solutions of Dirichlet initial boundary value problem
for nonlinear weakly coupled time degenerate parabolic system which leads to existence-comparison
and uniqueness results for the solution of the Dirichlet initial boundary value problem for nonlinear

weakly coupled time degenerate parabolic system.

1. INTRODUCTION

Monotone technique is one of the important and widely known method in the
theory of applied nonlinear analysis. It is developed and extensively employed in
the study of various aspects of both elliptic and parabolic boundary value problems,
which arise in physical, chemical and biological phenomena.The method of upper
and lower solutions is employed successfully in the study of existence-comparison
and uniqueness of solutions of initial boundary value problem (IBVP) of a nonlin-
ear partial differential equation.An excellent account of these results are given in the
elegant books by Ladde, Lakshmikantham and Vatsala[4], Leung[5] and Pao[6]. Re-
cently, the monotone technique is developed by Dhaigude, Dhaigude and Dhaigude
2], for nonlinear time degenerate parabolic IBVP.The qualitative properties such as
existence-comparison and uniqueness of solution of time degenerate problem are stud-

ied. We extend this study by developing monotone technique for system of weakly
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coupled nonlinear time degenerate parabolic problem when the reaction functions are
mixed quasimonotone.Such results for weakly coupled nonlinear uniformly parabolic

problems have been established by Chandra, Dressel and Norman [1].

2.UPPER-LOWER SOLUTIONS

In this section, we state the following Dirichlet IBVP for weakly coupled nonlinear

time degenerate parabolic system

d(l) ($7 t)(ul)t - D(l)v2u1 = f(l) (Iv t> Uy, Ug)

in Dp (2.1)
d® (x,t)(uz) — DOV2y, = f(z) (x,t,uy, us)
with boundary conditions:
uy(z,t) = g(l) x,t
on St (2.2)
UQ(QU, t) = 9(2)(I7 t)
and initial conditions:
Ul(l’, 0) = U1 O(I)
in (2.3)
UQ(SL’, 0) = U2 O(I)

Here Q is a bounded domain in R"(n = 1,2,...) with boundary 092, Dy := Q x (O, T
is parabolic domain and Sy := §Q2 x (O, T],T > 0 is parabolic boundary.

Suppose that the functions d™M (x,t), d® (x,t) are nonnegative in Dy.However we
will not assume that dM(x,t) and d®(x,t) are bounded away from zero.Since we
assume that dM(x,t) = 0, d®(x,t) = 0 for some (x,t) € Dy and hence the system
is time degenerate.Further suppose that DM > 0, D@ > 0 are constants in Dr.The
functions fU) (@, t,up, ug), £ (2, t,u1, up) are in general nonlinear in u;, us and depend
explicitly on (z,t).The functions fM(z,t,uy, ug), f@(z,t,ur,us), gV (x,t),9? (z,1)
and uy (), ug0(x) are Holder continuous in their respective domains.Suppose that

the reaction functions f™(x,t,uy, up) and f® (x,t, uy, up) are mixed quasimonotone.

Definition 2.1. A C'-function (fV), f®) is said to be mixed quasimonotone in J C
R?, if

(1) )
of _ . of
8U2 - 8u1

for (uy,uq) € Jy X Jo = J.

> 0; (or vice versa)

Definition 2.2. Two functions @ = (i, %) and 4@ = (i, d)in C(Dy) N C*Y(Dy)

with the condition (ay,@s) > (41, Gg)are called ordered upper and lower solutions of
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the Dirichlet IBVP (2.1)-(2.3) if they satisfy the differential inequalities:

1)-
(l’,t)( 1)t D V2’1~L > f (ZL’ t Ul,UQ)
W (2, ) (), — DO V2a1 < fO(x,t, 0, )
in DT
(l’,t)( g)t D u2 > f (ZL’ t Ul,UQ)
(l’,t)( 2)t D V U2 < f (.ZL’ t ul,u2)
boundary conditions:
Uy(x,t) > g(l)(at,t)
711(.]7, t) < g(l)(xu t)
on St
in(z,t) > g (x,1)
dy(z,t) < g9 (x, )
and initial conditions:
’&1(1’, 0) Z ULQ(ZL')
’&1(1’, 0) S ULQ(ZL') )
B in Q
Ug(l’, 0) Z UZ(](.Z’)
712(.]7, 0) S UZ(](SL’)
Definition 2.3. Let @ = (@,u2) and @ = (uy,U) be any two functions with

(U1, U2) > (071, Ug) then we define the sector
(@, 0) = { (u1,u3) € C(Dr) : (tiy, liz) < (u1,ug) < (@y,ls) }

Assume that (f1), f)) satisfies the one sided Lipschitz condition then there
exists nonnegative constants ¢, and ¢, such that for every pair of (u1,us), (vy,v9) in

the sector (u, @),

f(l) (LU, t, Uy, UQ) — f(l) (LU, t, V1, UQ) Z —gl(ul — ’Ul) fOI'

>
IN
A

(VAN
S

(VAN
<

FO(x,t,ur, up) — fP(x,t,ur,v5) > —co(us — v3) for

>
(VAN
S
)
VAN
<
)
—~ A
=g}

which ensure the existence of a solution of Dirichlet IBVP (2.1)-(2.3). Further assume
that

F(l)(x> ta Uy, u2) =G + f(l)(zv t> Uy, Ug)
F(z)('xv t7 Uy, Ug) =G + f(2)($, tv U, u2)
are Holder continuous in Dy X (4, ).

Lemma 2.4. Suppose (u1,us) and (vy,ve) are any two functions in the sector (U, u)
such that (uy,us) > (vi,vs). Assume that (f, f®) is mized quasimonotone and

satisfy Lipchitz conditions (2.4). Then
F(l)(x7tau1>u2) > (1)(x,t,U1,U2)

F
F(z)(x7t7u17u2) Z F(z)(x7t7’0177)2)
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Proof: The Lipschitz conditions (2.4)and mixed quasimonotone property of
(f©, ), implies
F(l)($7 tu, UQ) - F(l)($7 t>vl>u2) = [Ql(ul - Ul) + f(l)(l',t, ula'UQ) - f(l)(l',t, U1>'U2)]

+ [f(l) (SL’, t, Uy, ’02) — f(l) (SL’, t, Uy, UQ>] Z 0.

Thus, FY (2, t,up,v9)—FY (2, t,v1,up) > 0. Similarly we can prove F'®) (2, t, uy, up)—
F(z)(llf,t, Ul>v2) 2 0
Lemma 2.5 (Positivity Lemma. Dhaigude, Dhaigude and Dhaigude [2]). Suppose
that uw € C(Dg) N C%*Y(Dy) and satisfies the inequalities

(1) d(z,t)u; — D(x,t)V*u + c(x,t)u >0 in Dr

(ii) o) %% + B(z)u > 0 on St

(#i) u(z,0) >0 in Q

where d(z,t) >0, D(z,t) >0, c(z,t)>0 in Dy

Then u(z,t) >0 in Dp.

3. MONOTONE ITERATIVE TECHNIQUE

In this section, we develop monotone method for time degenerate parabolic
Dirichlet IBVP (2.1)-(2.3); by introducing the notion of upper and lower solutions.
The operators L; and Ly are

Lyfur] = dO (2, 1) (uwr); — DYVZuy + ¢yun
in DT
Lo[ug) = d® (2, 1) (u); — DPV?uy + cyus
then the differential equations in (2.1) are equivalent to

Li[u] = cyuy + fO(z,t,uq, uy)
Lo[us] = cyus + f(2) (z,t, Uy, ug)
Monotone Iterative Process. The monotone iterative processes are given by
Lol = e+ O s, )
) (z,t) = gV (x,1) (3.1)

" (z,0) = uyo(2)

where k =1,2,...
Li[u”] = cul™V + fO (@, b0l al )
k

u™ (2,0) = uyo(x)

where £k =1,2,...
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Lofud] = coud ™ + f Oz, t, 7w )
_(k
ws (2,t) = g (x,1) (3.3)

where k =1,2,...
Lofuy’] = cpuf™ + £, 1,0V, uf )
w” (1) = g®(2,1) (3.4)
ugk) (x,0) = ug ()
where k =1,2,...

For k = 1, we start with (ﬂgo),ﬂéo)) = (1, Ug) as an initial iteration in the iteration
process (3.3) and applying the existence theory for linear time degenerate parabolic

initial boundary value problem Ippolito [3], we get Uél).

Similarly, we start with (u\”, u{")) = (@, @iz) as an initial iteration in the iteration
process (3.4) and applying the existence theory for linear time degenerate parabolic

initial boundary value problem Ippolito [3], we get gél).

Now, we start with (7", u{")) = (i1, @2) as an initial iteration in the iteration
process (3.1) and applying the existence theory for linear time degenerate parabolic

initial boundary value problem Ippolito [3], we get Ugl).

0) 7Oy _

Similarly, consider initial iterations as (u; ", s (U1, U9) in the iteration pro-

cess (3.2) and applying the existence theory for linear time degenerate parabolic initial

boundary value problem Ippolito [3], we get ygl).

Thus for k = 1, we obtain first iterations (ﬂgo),ﬂéo)) and (ulo), uéo)) :
For k = 2, we start with (ﬂgl),ﬂg)) = (1, Ug) as an initial iteration in the iteration

process (3.3) and applying the existence theory for linear time degenerate parabolic

initial boundary value problem Ippolito [3], we get H§2).

Similarly, we start with (u{", u$") = (@, @iz) as an initial iteration in the iteration

process (3.4) and applying the existence theory for linear time degenerate parabolic

initial boundary value problem Ippolito [3], we get gg).

Now, we start with (ul ,ugl)) = (U1, Us) as an initial iteration in the iteration

process (3.1) and applying the existence theory for linear time degenerate parabolic

initial boundary value problem Ippolito [3], we get U§2).

Similarly, consider initial iterations as (ggl),ﬂgl)) = (@1, Gg) in the iteration pro-

cess (3.2)and applying the existence theory for linear time degenerate parabolic initial
boundary value problem Ippolito [3], we get y§2).
Thus for k = 2, we obtain second iterations (7, 7”) and (u{”,u'?) .

Similarly for k = 3,4,... we obtain the sequence of these iterations as {@ ul ,Uék) }

and {u™ Wy,
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Thus we observe that in this iteration process the equations in (3.1) - (3.4) are un-
coupled but are inter related in the sense that the k" iteration (ugk), ugk)) or (ugk), ug ))
depends on all four components in the (k — 1) iteration.

Now, we prove monotone property of these two sequences { u ul , u2 } and { u1 , ugk)

Lemma 3.1 (Monotone Property). Suppose that

(i) (@1, Uz), (U1, Us) are ordered upper and lower solutions of the Dirichlet IBVP
(2.1)-(2.3).

ii) the reaction functions are mized quasimonotone

(ii) the reaction functions f, f® zed quasimonot

(iii) the functions fO(z,t,uy, uz) and f@(x,t,uy,us) satisfy the onesided Lips-

chitz conditions in uy, us.
f(l)(x7t7u17u2)_f(l)(xatuvlvu2) > —ci(ug —v1,) for w<wv <u <1
f(2)(:)3,t,u1,uQ) — f(2)(:)3,t,u1,v2) > —co(ug —wy,) for w<wvy<us <7

Then the sequences {U&k),ﬂgf)} and {ygk),uék) } possess the monotone property

i <ol <o <a <a <@ in Dy (3.5)
iy <ug? <uf™ <aft <@ <a in Dr (3.6)
fork=1,2,...
Proof: Define
w ="~ =i —uf’ @ =)

By definition 2.2, we have
dV(z,t) (@), — DYV > fO(x,t, 1, 05) in Dy
iy (z,t) > gW(x, 1) on St
Uy (z,0) > ugo(x) in Q
We have
Ly[wq] = d(l)(x, t)(wy)y — DOV, + c Wy
= [dY(z,1)](@); — DYV + ¢y1i]
— [dY (@, t)(@"), = DY (a, ) V?a + ¢a]

Ly[wy] = [dD (2, 8)(@); — DYV + ¢yi] — [, 7" + fO(z, 1,7, u))
(By iterative process)
= dW(x,t) (@), — DYV + ¢ty — [eyiy — fY (2,8, 1y, )]
(By using Ugo) = 1; and ggo) = 1Uy)

= dW (z, 1) (i1y); — DOV — fO (2,1, Gy, Gp) > 0
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Lywy] = dY(z, t)(wgo))t - D(l)Vngo) + glwgo) >0 in Dr.
Also

wy(z,t) = Gy (x,t) — a2, 8) > @ (2, t) — gV (z,t) >0 on Sy
and

wlz,0) = ty(z,0) — " (2,0) > Gy(x,0) — uro(z) >0 in O
Now applying the Lemma 2.5, we get

wlz,t) >0 in Dy

This implies that

( ) < u(o) in Dy (3.7)
Define
wiw) —u” =ui —dn (@ =)
We get on similar lines
uw\” <oV in Dy (3.8)
Now we define,
) )
We have
Lifwi"] = dY(z, ) (wi”); — DOV + ¢ wi”
= [dY(, t)(ag”)t DOV + cju)]

— 1dY (2, ) (u{M), = DOV + ¢ ul)]

1 —(0 —(0 0 0 0) —(0
Lifw"] = ey (2, )@ + fO(a,t, 7", ud)] — [er(z, )ul” + FO (2, t, u”, 75")]
(By iterative scheme)
- [Ql'al + f(l) ($7 t7 'ala ﬁ2)] - [Qlﬁl _l_ .f(l) (l’, t7 '&17 '&2)]
(By using @) = @y, ul” =, @) =ay and uf) = is)

= FW(z,t, @y, 0s) — FY(x,t, al,aQ) >0 (By Lemma 2.4)
LifwiV] = dO(z, t) (wV), = DOV + cwl™ >0 in Dy.

Also

w%l)(at, t) = ugl)(:v t) — ygl)(x,t) > g(l)(x,t) - g(l)(a:, t)=0 on Sr
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and

wi(2,0) = 7" (z,0) - ui”(x,0) > urofe) —urole) =0 @ Q
Applying the Lemma 2.5, we get
wgl)(x, t)>0 in Dy
This implies that
WV <ul)  in Dy (3.9)

Thus from (3.7), (3.8), (3.9), we get

ul” <oV <@V <@l i Dy (3.10)
Thus result is true for k£ = 1. We assume,the result is true for k

ygk—n < Q&k) < ﬂgk) < ﬂgk—n

and prove it for k + 1
u® < o) < gt <50 iy By

Define a function

k —(k —(k+1
w® = 7B _ g+

We have
Li[w®] = dD (2, t)(w?), — DOV 4 ¢ wl®)
= [dV(z, ) @), — DO (e, ) V7" + ¢
— [dV(z, )@Y, — DO (2, 1) V2" + ¢ @ttt

k _(k-1) _k 1 k—1 —(k
Lafw] = [e @™ + D, 0", ) = [e@? + fO (), )
(By iterative process)
= FO(z, t, 7"V uF) = FO(z, 1,7, w?) > 0 (By Lemma 2.4)
AV (z, t) (W), — DY (2, ) V*'l® + cw®™ >0 in Dy

I~
=
,—.
g

Also
w%k)(x,t) = ﬂgk)(x,t) — ngﬂ)(:c, t) > g(l)(a:, t) — g(l)(x,t) =0 on St
and

wi(z,0) =7 (z,0) — 7" (2,0) > uro(x) —uie(z) =0  in Q
Applying the Lemma 2.5, we get

w(z,t) >0 in Dy
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This implies that

Y < gl (3.11)
Define a function
wgk) _ _gk+1) _gk)
On similar lines we get
u? <" in Dy (3.12)
Define
w§k+1) _ ﬂgk-i-l) _§k+1)
On similar lines we get
u" <7 in Dy (3.13)
Thus, we get
ugk) < u§k+1) < ﬂgk-i-l) < ﬂgk) in Dy

From the principle of induction, we get,

i < u® < D <70 < 5® < g in Dy
for k =1,2,... On similar lines we get monotone property (3.6),
Uy < ggk) < ggkﬂ) < ﬂgkﬂ) < u(k) < s in Dy

for k=1,2,...
4. APPLICATIONS

In this section, we prove existence - comparison and uniqueness of solution of
time degenerate parabolic Dirichlet IBVP (2.1)-(2.3) when the functions f), f(?) are

mixed quasimonotone.

Theorem 4.1 (Existence-Comparison). Suppose that

(i) (ty1, Us), (U1, Us) are the ordered upper and lower solutions of degenerate Dirich-
lit IBVP (2.1)-(2.3)

(ii) the reaction functions f, @ are mized quasimonotone

(iii) the functions fO(z,t,uy,uz) and f@(x,t,uy, us)satisfy the one sided Lips-

chitz condition m Uy, U
f(l)(:v,t,ul,uQ) — f(l)(x,t,vl,ug) > —ci(up —vy) for au

f(2)(x,t,u1,u2) — f(z)(x,t,ul,w) > —co(ug —wvg)  for

IN
IN

u<a o (4.2)

(%1

IA
IA

V2

Then the sequences {ﬂgk), ﬂgk) } and {ggk),ygk) } converges monotonically to their
respective maximal solution (U, us) and minimal solution (u,, u,) of degenerate Dirich-

let IBVP (2.1)-(2.3) and satisfy the relations

i <ol <ol <oy <w <Y <al® <@ in Dy (4.3)
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and

B < o0 <y, <up <ald <@l <@, in Dy (4.4)

Uy < Uy

where k =1,2,. ..

Proof: From Lemma 3.1, we conclude that the sequence {Hgk),ﬂgk)} is monotone
nonincreasing and bounded from below hence it is convergent to some limit function.
Also the sequence { ggk),ggk) } is monotone nondecreasing and is bounded from above
hence it is convergent to some limit function. So
lim o (2, t) = (x, b); lim o (z,t) = W (z, 1)
and
(k) (k)

khm Uy (Iat)zﬂl(xat)§]}im uy (7,1) = uy(w,1)

exist and called maximal and minimal solutions respectively of the degenerate para-
bolic Dirichlet initial boundary value problem (2.1)-(2.3) and they satisfy the mono-
tone property

i <ul? <ol <u, <w <@V <@l <@ in Dy
and
iy < ud? <uf™tY <wy < <Y <T@ <@ in Dy

Theorem 4.2 (Uniqueness). Suppose that

(i) (U, o), (U1, Us) are the ordered upper and lower solutions of degenerate parabolic
Dirichlet IBVP (2.1)-(2.3)

(i1) the reaction functions f, @ are mized quasimonotone

(ii1) the functions fU (x,t,u1,us) and f@ (z,t,uy, ug) satisfy the Lipschitz conditions

—c;(uy —vy) < FO (2t ur,up) — fFY (2,8, 01, us) (4.5)
<C(ur—v) for w<v <up <4

—cy(tuy — v2) < fO (2t ur,up) — fP (2,1, uy, v5) (4.6)
< Cy(ug —v2) for <y <uy <a

Then the degenerate parabolic Dirichlet IBVP (2.1)-(2.3) has unique solution.

Proof: We know that (@, us2) and (uy,u,) are maximal and minimal solutions re-
spectively of the nonlinear weakly coupled time degenerate parabolic Dirichlet IBVP
(2.1)-(2.3). To prove uniqueness,it is sufficient to show that

uy(x,t) > uy(x,t) and Te(z,t) > uy(x,t)
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First we consider wy(z,t) = u,x,t — Uy (x, t)
dO(z,t)(wy); — DOV, = fO(x, ¢, uy,uy) — fO (2, t, 70, T)
= [f(l)(x,t,gl,QQ) - f(l)(:c,t,ﬂl,gz)]
[, 00, up) — fO (8,70, )]
—ci(uy =) + fO (2, 6,70, up) — fO (2,70, )

A%

> —G Wy + f(l)(x7taﬂl>y2) - f(l)(x7taﬂl>ﬂ2)

d(l)(xvt)(wl>t - D(l)v2w1 + cun > f(l)(xatuﬂlvu2> o f(l)(xvtaﬂlvﬂ2) >0
dY(z,t)(wy); — DYV?w, 4+ cyuwy >0 in Dr

also
wy(z,t) = uy(z,t) — up (2, t) > g(l)(:z, t) — g(l)(x,t) =0 on St
and

wi(z,0) = uy (z,0) — Ty (x,0) > uy(x) —uro(x) =0 in )
By using Lemma 2.5, we get
wy(x,t) >0 in Dy
w,(x,t) > u(z,t) in Dy
w,(z,t) = (z,t) in Dy
Similarly, we can show that,
Uy (2, t) > Uy(z,t) in Dy
Thus, (u,U2) = (uy,uy). This shows that the nonlinear time degenerate parabolic

Dirichlet IBVP (2.1)-(2.3) has unique solution.

Remark 4.3. If we replace linear Dirichlet boundary condition in IBVP (2.1)-(2.3) by
nonlinear Dirichlet boundary condition then monotone property,existence and unique-

ness results in this paper can be proved by assuming corresponding assumptions.
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