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1. Introduction

A causal operator [1,3] is a nonanticipative operator and differential equations
involving causal operators unify a variety of dynamic systems including ordinary dif-
ferential equations [2], delay differential equations [2] and integro differential equations

[5], name a few.

Set differential equations are useful in the study of multi-valued differential equa-
tions and multivalued differential inclusions. They include the theory of ordinary
differential equations and ordinary differential systems as special cases.

Thus combining these two very general and fruitful areas of research will naturally
result in a study that would encompass the study of many types of dynamic systems
along with their special cases and that too in a semi-linear metric space.

Hence the study of set differential equations involving causal operators with mem-
ory was introduced in [6,7], where in the comparison theorems and local and global

existence results including uniqueness were considered.

In this paper, we study the existence of extremal solutions and continuous depen-
dence of solutions relative to initial data and a parameter for set differential equations
involving causal operators with memory.
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2. Preliminaries

In this section, we give all the results that are needed to prove our main results.
We begin with the theorems concerning the scalar differential equation

u' = g(t,u),u(ty) = ug (2.1)
and then proceed to introduce the literature relating to set differential equations.

The following theorems concerning equation (2.1) (i.e) scalar differential equa-
tions are from [2]. We begin with an extremal result.

Theorem 2.1. Let g € C[Ry, R] where Ry is an open set in R? and (tg,ug) € Ry.
Then the IVP (2.1) has extremal solutions, that is, that can be extended to the bound-
ary of Ry.

Lemma 2.2. Let the hypothesis of Theorem 2.1 hold and let [ty,T] be the largest
interval of existence of maximal solution r(t) of IVP (2.1). Suppose [to, t1] is a compact
subinterval of [ty, T]. Then there is an ey > 0 such that for 0 < € < €, the mazximal
solution r(t,€) of the IVP

u' = g(t,u)+ € uty) =ug+e (2.2)

exists over [ty, t1] and
r(t) = limr(t, €)

e—0

uniformly on [to, t1].

Theorem 2.3. Let Ry be an open (t,u) set in R? and let g € C[Ry, R]|. Suppose that
[to, to + a] is the largest interval in which the maximal solution r(t) of (2.1) exists.
Let m € C[[to, to + a], R}, (t,m(t)) € Ry, fort € [to,to + a],m(ty) < ug and for a fived
Dini derivative

Dm(t) < g[t,m(t)], t € [to,to + a]
Then m(t) < r(t), t € [to,to + a), where r(t) = r(t,ty,uo) is the mazimal solution of
the IVP (2.1) existing on [ty,to + a).

Next we proceed to develop the basic notations, definitions and results related to
set differential equations. The set K.(R™) is introduced and concepts like Hukuhara
difference, Hukuhara derivative and integral are described. After giving the necessary
preliminaries, we proceed to state the results that have been developed in the earlier
papers. The Picard’s Theorem is stated in this setup.

Let K.(R™) denote the collection of all nonempty, compact and convex subsets
of R™ Define the Hausdorff metric

DI]A, B] = max[supd(z, A), supd(y, B)], (2.3)

zeB yeA

where d(z, A) = inf[d(x,y) : y € A], A, B are bounded sets in R". We note that
K.(R™) with this metric is a complete metric space.
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It is known that if the space K.(R™) is equipped with the natural algebraic op-
erations of addition and non-negative scalar multiplication, then K.(R™) becomes a
semilinear metric space which can be embedded as a complete cone into a correspond-
ing Banach space.

The Hausdorff metric (2.3) satisfies the following properties:

D[A+ C,B+C] = D[A, B] and D[A, B] = D[B, A, (2.4)
D[\A, AB] = ADIA, B], (2.5)
D[A, B] < D[A,C] + DIC, B], (2.6)

for all A, B,C € K.(R") and X € R,.

Let A, B € K.(R™). The set C' € K. (R") satisfying A = B 4 C is known as the
Hukuhara difference of the sets A and B and is denoted by the symbol A — B. We
say that the mapping F': I — K.(R"™) has a Hukuhara derivative Dy F'(ty) at a point
to €1, if

lim F(to+ h) — F(to) and  lim F(ty) — F(to — h)

h—0+ h—0+ h
exist in the topology of K.(R™) and are equal to Dy F(ty). Here I is any interval in
R.

With these preliminaries, we consider the set differential equation
DU = F(t,U), U(ty) = Uy € K.(R"), ty >0, (2.7)
where F' € C[R; x K. (R"), K.(R")].
The mapping U € C'[J, K.(R")], J = [to,to + a] is said to be a solution of (2.5)

on J if it satisfies (2.5) on J.
Since U(t) is continuously differentiable, we have

t
U(t) = Uy +/ DypU(s)ds, te€ J. (2.8)
to
Hence, we can associate with the IVP (2.5) the Hukuhara integral

U(t) =U + /tF(s, U(s))ds, t e J. (2.9)

to

where the integral is the Hukuhara integral which is defined as,

/F(s)ds = {/ f(s)ds : f is any continuous selector of F'}

Observe also that U(t) is a solution of (2.5) on J iff it satisfies (2.7) on J.

We now define a partial to define a partial order in the metric space K.(R™). To
do so, we need the definition of a cone in K.(R™), which is given below.

Let K(K°) be the subfamily of K.(R™) consisting of sets U € K.(R") such that
any u € U is a nonnegative (positive) vector of n-components satisfying u; > 0 (u; >
0) for i=1,2,3,..., n. Then K is a cone in K,(R") and K° is the nonempty interior of
K.
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For any U and V € K (R"), if there exists a Z € K.(R") such that Z € K(K")
and U =V + Z then we say that U > V (U > V). Similarly we can define U <V
(U< V).

To define the causal operator we introduce the following notation. Let F =
Cllto, T], K(R™)] and Ey = Cllto — h1,T], K.(R")], where U € Ej implies U(t) =
Do(t),to — hy <t < tpand U(t) is any arbitrarily continuous function on [to, 7.

We define a norm on E as follows: for U,V € E

Do[U, V] = Supty<i<r D[U(t), V (1)]
where D denotes the Hausdorfl Metric.

Definition 2.4. By a causal operator or a Volterra operator or a nonanticipative
operator we mean a mappling Q: F — E satisfying the property that if U(s) = V(s),
to < s<t<Tthen (QU)(s) = (QV)(s), to < s <t <T. By a causal operator with
memory we mean a mapping Q:Ey — F such that for U(s) =V (s), tp <s <t < T,

Q(U, (I)())(S) = Q(V, (I)(])(S), to <s<t<Tand Py € C) = C[[to — hl,to], KC(RTL>]

We now state the results that have been developed in the setup of set differential

equations involving causal operators with memory.

We begin with the following results from [6].

Theorem 2.5. Assume that

(i) @ is nondecreasing in U for each t € I = [ty, T.

(ii) DuV () < (QV)(1)

DyW(t) > (QW)(?)

where VW € C'[I, K.(R")] and

(113) V(to) < Wi(to).

Then V(t) < W(t), t € I, provided one of the above differential inequalities is strict.

Theorem 2.6. Assume that Q(U,®y) € C[B, E] is continuous and compact, where
B C Ey and B = {U € KC(Rn) : DQ[U, (I)()(t())] <b and DQ[UtO,(I)()] =0,1te I} Then
there exists a solution of the IVP
DypU(t) = Q(U, ®o)(t), (2.10)
Utg =&, € Cl, (211)
on some interval [to, to + 0], where to + 6 < T, and Cy = C[ty — hq, o], K.(R")]. We
next present the following theorems from [7].
Theorem 2.7. Assume that m € C[I,R.], g € C[I x Ry,Ry] and fort € I,
D_m(t) < gft, | m |y(1)], (2.12)

where | m |(t) = supy, <.<; | m(s) |. Suppose that r(t) = r(t,to,uo) is the mazimal
solution of the scalar differential equation (2.1) ezisting on I. Then m(ty) < ug implies
m(t) <r(t), tel.
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We now state a comparison theorem that connects an estimate on the solution of
the IVP (2.10) and (2.11) with maximal solution of the initial value problelm (2.1)

Theorem 2.8. Let Q) € C[Ey, E| be a causal map such that fort € I,

DI(QU)(1), (QV)(1)] < g(t, Do[U, V](t)],

where g € C[I x Ry, R, ] .Suppose further that the maximal solution r(t,to, ug) of the
scalar differential equation (2.1) exists on I . Then, if U(t), V(t) are two solutions of
(2.10) and (2.11) with initial function Uy, = Vi, = &g € C4, then we have

D[U(t),V(t)] < r(t,to,uo), t €1

We are now in a position to state the existence and uniqueness result using
successive approximations and generalized Lipschitz condition. Once again the proof
is very much similar to the corresponding theorem, Theorem 5.7.3 in [4]. Hence we
omit it. Observe that the only difference between the two results is that the following
theorem has memory included in its set up.

Theorem 2.9. Suppose that

(i) Q € C[B, E] be a causal map, where B C Ej

with B = {U € Ey : Do[U, ®o(to)] < b, DolUs,, Po] =0, t € 1}

and Do|Q(U, ®y),0] < My on B.

(ii) g € C[I xR, Ry g(t,u) < My on Ix[0,20], g(t,0) =0, g(t,u) be nondecreasing
in u for each t € I and w(t) =0 is the only solution of

w' = g(t,w), w(ty) =0on I (2.13)

(iii) D][Q(U, Po)(t), Q(V, Po)(t)] < g(t, Do[U,V|(t)], on B. Then the successive ap-
prozimations defined by

Un+1(t) == (I)()(to) + [t Q(Unq)o)(s)ds

Un+1t0 :(I)(] S Cl n:O,1,2,3...,
exist on Iy = [to, to + 1) where n = min[T — to, 5%, M = max[M;, My] and converge

uniformly to a unique solution U(t) of (2.10) and (2.11).

We now state the Ascoli-Arzela theorem for the family of subsets of K.(R")

Theorem 2.10. If {U,(t)} is a sequence of equicontinuous and equibounded mul-
timappings defined on an interval J, we can extract a subsequence that converges

uniformly to continuous multimapping U(t) on J.
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3. Extremal Solutions

Consider the IVP for set differential equations involving causal operators with
memory given by

DrU(t) = Q(U, o)(?) (3.1)
U, = @9 (3.2)

Defintion 3.1 Let R(t) be the solution of the IVP (3.1), (3.2) existing on [to, 7).
Then R(t) is the maximal solution of (3.1), (3.2), if for every solution U(t) of (3.1),
(3.2) existing on [ty, T, we have

U(t) < R(t), t € [to, T] (3.3)
The minimal solution p(t) of (3.1), (3.2) is obtained by reversing the inequality (3.3).

Theorem 3.1. Assume that Q : Ey — FE is continuous and compact. Further,
suppose that @) is non decreasing in U, that is

U(s) <V(s), to < s <ty <T implies (QU)(t1) < (QV)(t1).

Then the IVP (3.1), (3.2) possesses an extremal solution on [to—h, to+d] forto+0 < T.

Proof. Let € = (e1,€2,...,€6,) > 0 and |¢] < b/2. Then consider for each positive
integer N, the following IVP corresponding to (3.1), (3.2) given by

DHU(t) = Q(U> (I>O)(t) + % (34)
Vo = o+ % (3.5)
set
Qn (U, ®o)(t) = Q(U, ®o)(t) + %

Then Qy is continuous, compact on B = B[®q(ty), 2] =
(U € Ey : Do[U, Bo(to) + %] <b/2, DolUy, @] =0, t € I}

and Dy[Qn (U, ®0)(t),0] < K + & on B, for some constant K > 0. Hence from
Theorem 2.5, we can deduce that there exists a solution Uy/(t,€) € B on [t — hy, to +
0] with tg+ 9 < T. Consider 0 < €5 < €1 < €, then

UN(to, 62) < UN(to, 61),
€
DHUN(tu 62) S Q(UN7 (I)O)(t7 62) + _2

N
and

€
DyUn(t,e1) > Q(Uy, Do) (t, €1) + Nz on 1.
On applying Theorem 2.4, to the above inequalities, we arrive at

UN(t, 62) < UN(t,El) on [to,T]
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Since the family of functions {Uy(¢,€)} is equicontinuous and uniformly bounded on
[to — h1,to + 6], it follows from Arzela-Ascoli theorem in this set up, that is, Theorem

2.9, that there exists a decreasing sequence NLk such that Nik — Ouniformly as k — oo

R(t) = kh_)rgo Un,(t,€)

exists on [tg, T']. Clearly R(ty) = ®o(to) and Ry, = ®y. Further, the uniform continuity
and compactness of Q(U, ®¢)(t) yields that Q(Un,, Po)(t) — Q(R, Po)(t) as k — oo
uniformly. Thus term by trem integration is applicable and

Usi(t.6) = @ofto) + 2=+ [ QU 20000

0

as k — oo reduces to

R@z%%wlbm@mmS

Thus R(t) is a solution of (3.1), (3.2) on [ty — hy,to + 0], to+ 6 < T. We next claim
that R(t) is the required maximal solution of the IVP (3.1), (3.2). To prove our claim,
first we note that if U(t) is any solution of the I.V.P. (3.1), (3.2) then

Ulto) = Bo(to) < Polte) + % — Un(to, )

DyU(t) < Q(U, ®o)(t) +

€

=

DuU(t,€) > Q(U, Bo)(t, ¢) + % on [to, to + J]
Hence from the differential inequality result,We get
U(t) < Un(t,€) on [to, to + 6]

Thus uniqueness of maximal solution R(t) shows that Uy (¢, €)tends uniformly to R(t)
on [tg,to + 0] as n — oo. This proves that R(t) is the maximal solution of the IVP
(3.1), (3.2).

Similarly one can prove the existence of a minimal solution p(¢) of IVP (3.1),
(3.2) by considering the IVP

€
DyU = Q(U, ®o)(t) — N
€
Ut() - ¢0 - N
and proceeding with the proof as in the eariler fashion. O

Theorem 3.2. Suppose that the conditions of Theorem 3.1 hold and M € C[[ty, T},
K (R?)] satisfies
DyM(t) < Q(M, 20)(1)
M{(ty) < Po(to)
Then we have M(t) < R(t), t € [to — h1, T, where R(t) is the maximal solution of
(3.1), (3.2) existing on [to — hy, T.
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Proof. Let U(t,€) for € > 0 be any solution of

DyU(t,e) = Q(U, Po)(t,€) + ¢

Py =Dy + €
then ®¢(tg) = Po(to) + € consider
DyM(t) < Q(M,®)(t) + €

and

DypU(t,€) > Q(U, o) (t,€) + €
with

M(ty) = Po(to) < Po(to) + € = Ulto,¢€)
Now an application of the comparision Theorem 2.4 infers that,
M(t) < Ul(t,e€)

Now taking limits as € — 0 we obtain that M(t) < R(t), t € [to — hi,to + 0]. Thus
the proof is complete. O

4. Continuous Dependence

To study the continuous dependence of solutions relative to the initial data, we
need the following lemma.

Lemma 4.1. Let Q(U,®y) : Ey — E be continuous and
G(t,’l") = MCLZE{D[(U, (I)()),e],t el: D()[U, cbo(to)] < ’f’}.

Assume that r*(t,t9,0) be the mazimal solution of v = G(t,u), u(ty) =0 on I, and
let U= Ul(t,ty,Po) be the solution of (3.1) and (3.2). Then

D[U, q)()(t())] < T*<t, to,O), tel (41)

Proof. Define m(t) = D[U, ®y(to)] Then

D¥m(t) < DIDuU(t), 6] = DIQ(U, Do) (t). 6]
< Maz D[Q(U, ®o)(t),0],t € I : Do[U, ®o(to)] < m(t)] = Glt, m(t)].

Then from Theorem 1.4.1 in [2] we get
D[U(t), (I)()(to) < ’f’*(t, to, 0), tel.

Thus the proof is complete. O
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Theorem 4.2. Let Q(U,®y) : B — E, B C Ey and satisfy
DIQU, @o)(t), Q(V, o) (t)] < glt, Do(U, V)(£)], U,V € Bo (4.2)
where
g€ ClI xR, Ry
Assume that u(t) = 0 be the unique solution of the scalar differentail equation
u' = g(t,u), u(ty) = ug (4.3)

If the solutions u(t,ty,ug) of (4.3) through (to,uo) are continuous w.r.t (to,up),
then the solutions U (t,ty, ®o) of (3.1), (3.2) are unique and continuous w.r.t the initial
values (tg, Po).

Proof. Since uniqueness follows from the Theorem 2.8 on successive approximations,
it is enough to prove that the solutions are continuous w.r.t the initial values (o, o).
Consider U(t) = U(t,ty, ®g) and V(t) = V(t,to,10) be the solutions of (3.1), (3.2)
such that Uy, = ®g, Vi, = Vg, Do, ¥y € Cy. Set m(t) = D[U(t),V (t)], then
D¥m(t) < D[DyU(t), DuV (t)] = D[Q(U, @o)(t), Q(V, o) ()]
< glt, DolU, V](#)] = glt, [mlo(2)]

Then from Theorem 2.6 we conclude that
m(t) = D{U(t), V()] < r(t,to, Do[Po, Vo)), t € 1.

Since g — Vo, limr(t, tg, Do[Po, Yo]) = r(t,19,0) uniformly on I and by hypothesis
r(t,t9,0) = 0. It follows that,

lim U(t, to, (I)()) = V(t, to.‘l’o)

dog—Uy
Uniformly and hence continuity of U(t, tg, ®g) relative to ®q is valid.

To prove the continuity relative to tq, let U(t) = U(t, to, Po(to)), V(t) = V (¢, 10, Po(to))
be two solutions of the IVP (3.1), (3.2) and let 79 > t5. Now set

then
m(7o) = D[U(70), Po(to))
where V(sg) = ®g(to) for ty < s < 75. On applying Lemma 4.1, we get that

m(TO) < T*(T()a to, 0)7

and consequently using the comparision theorem for the scalar differentail equation,
we get
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where 7(t) = r(t, o, 7*(70, t0,0)) is the maximal solution of IVP (4.3) through (7o,
7*(70, to,0)). Since r*(79,to,0) = 0 , We have

lim f(t,To,’f’*(To, to, 0)) = f(t, to, O)

T0—10
By the hypothesis, we have that the unique solution of the IVP(4.3) is the zero
solution and hence 7(t,t,0) = 0. This implies that m(¢) < 0, that is, the continuity
of solutions relative to t; is valid and the proof is complete. O

In the following theorem we will study the continuous dependence of solution of
the IVP (3.1), (3.2) relative to a parameter.

Theorem 4.3. Suppose that Q : E* — E where E* is an open set in E = Ey x R,
that contains a parameter i and for = pg, let U(t) = U(t, to, @o, po) be the solution

of

DyuU(t) = Q(U, ®o, 11)(t), Uy, = B (4.4)
existing on 1. Assume that
Jim Q(U, @, 1) (t) = QU Do, f10) (1) (4.5)
wniformly in (t,U(t)) and
DIQU, @, 11)(t), Q(V, @, ) (t)] < g(t, Do(U, V(1)) (4.6)

where U,V € B [see Theorem 2.8] and g € C[J x Ry, R]|. Suppose that u(t) = 0 is
the unique solution of the IVP (4.3) with u(ty) = 0. Then, given € > 0, there exists a
d(e) > 0 such that whenever | — po| < 6(€), the IVP

DHU(t) = Q(Ua (I)Onu)(t)> Uto = @0 (47)

admits a unique solution U(t) = U(t, ty, Po, 1) satisfying

DIU®),U(t)] <e, tel.
Proof. The uniqueness of the solutions follows from Theorem 2.8, as the hypothesis of
that theorem is satisfied. Since u(¢) = 0 is the only solution of (4.3), by using Lemma
2.2, we deduce that, given any compact interval [tg,to + a] C I and any € > 0 there
exists a positive number 7 = n(€) > 0 such that the extremal solution r(t, ¢, 0,7) of
u' = g(t,u) + n exist on [tg, T] and satisfies r(t,to,0,n) < €,t € I. Also since
lim Q(U, ®o, p)(t) = Q(U, o, p10)(t)

p— o

uniformly for (¢,U(t)), t € I, we have given 1 > 0 there exist a 6 = d(n) > 0 such
that whenever | — po| < 8, We have

DIQ(U, ®g, 1) (t), Q(U, o, o) (t)] <1

Now let € > 0 be given. Define,
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where U(t), U(t) are the solutions of the IVPs (4.7) and (4.4) respectively. Set
t),

m(t) = D[U(t),U(t)], then
D_m(t) < D[DyU(t), DyU (t)]
= D[Q(U, @, n)(t), Q(Uv Do, 10) ()]
< D[Q(U, ©o, p)(t), Q(U, Do, p)(t)]

+ D[Q(Ua q)()v M)(t)v Q(Ua q)()a la)(t)]
< g(t, Do(U,U)(t)) +n = g(t, [mo(t)) +n
Now using the Theorem 2.3 adjusted to the present situation, we obtain that

m(t) S r(tat0a0777)7 t 2 tO

This gives, D[U(t),U(t)] < €, when ever |u — ug| < 6. Then ¢ depends only on 1 and
7 depends only on € hence ¢ depends on €. Thus the proof is complete. O

Acknowledgement: This work has been done under the project no. SR/S4/MS:
491/07 sanctioned by Department of Science and Technology, Government of India.
The author acknowledges their support.

REFERENCES

[1] C.Corduneanu, Functional Equations with Causal Operators, Taylor and Francis, Newyork
(2003).

[2] V.Lakshmikantham and S.Leela, Differential and Integral Inequalities, Vol.I and 1T , Academic
press, Newyork, 1969.

[3] V.Lakshmikantham and S.Leela, Z.Drici and McRae FA, Theory of Causal Differential Equa-
tions, Atlantis Press and World Scientific, 2009.

[4] V.Lakshmikantham, T.GnanaBhaskar and J.Vasundhara Devi, Theory of Set Differential
Equations in Metric Spaces, Cambridge Scientific Publishers, 2006.

[6] V.Lakshmikantham and M.Rama Mohan Rao, Theory of Integro Differential equations, Gor-
dan and Breach Science Publishers, Amsterdam, 1995.

[6] J.Vasundhra Devi, Comparison Theorems and Existence Results for Set Causal Operators
with Memory submitted to Non Linear Analysis, TMA.

[7] J.Vasundhara Devi, Existence, Uniqueness Results for Solutions of Set Differential Equations

involving Causal Operators with Memory accepted in EJPAM



