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ABSTRACT. Recent work concerning the representation of compact linear operators acting be-
tween Banach spaces is discussed. The abstract results are applied to establish the existence of
an infinite sequence of certain types of eigenfunctions and associated eigenvalues of the Dirichlet
problem for the p—Laplacian; comparison is made with the corresponding quantities obtained by

the Lusternik-Schnirelmann procedure.
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1. INTRODUCTION

That linear analysis can help in the study of nonlinear problems will hardly strike
anyone as a novel or even interesting observation, but the value of nonlinear techniques
in linear questions may seem less obvious. Here we aim to illustrate this usefulness
by reporting on recent work on the representation of compact linear operators acting
between Banach spaces. In [5] we showed that if 7" : X — Y is a compact linear
map, where X and Y are real, reflexive Banach spaces with strictly convex duals,
there exist a sequence of closed subspaces X,, of X and unit vectors x,, € X,, which
are eigenvectors corresponding to eigenvalues \, := ||Tx,| x = ||T|| of the nonlinear
equation

T;jynTn:cn = )\ann.fL’n,
where J,z denotes the Gateaux derivative of the norm ||-||; on the Banach space Z at
z, T, is the restriction of T' to X,, and the Y,, are closed subspaces of Y containing T'X,,.
Since the x,, have certain orthogonality properties (in the sense of James), we refer to
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them and the corresponding A, as j-eigenvectors and j-eigenvalues respectively.There
follows a representation of 7" in terms of these j-eigenvectors x,, which in the case
of X,Y being Hilbert spaces is the celebrated Erhard Schmidt representation of T
namely
Tx = Z Mo, 00) XYns Y = N T
n=1

In this case, T*T'z,, = A\2x, so that ), is a singular value of T, with corresponding
eigenvector z,. For Banach spaces X, Y, Theorem 21 in [5] is of the form

n—1
Tz = lim (I - Qn) Y N&(@)ys + QuT'w, (1.1)
i=1
where @, Qs are (generally nonlinear) projections of Y onto Yy, Y. = (,cn Ya,

respectively, and the &;(z) may be thought of as analogues of Fourier coefficients and
are calculable by means of a recursive formula. Furthermore, in Theorem 17 in [5] it

is shown that
n—1

r=lim (I - P,)) & + P, (1.2)

i=1
where P,, P, are the projections of X onto X, Xo = (),cy Xn, respectively. In
[5], Corollary 22 and Remark 18, it is shown that if Y is a Hilbert space, then, with
S, = Z?:_ll &xy, Q, TS,z =0, while if X is a Hilbert space P,S,x = 0. For general
Banach spaces XY if the sequence (S,2),en, can be shown to be bounded in X (as
is the case if X is a Hilbert space) then (1.1) can be proved to yield the Schmidt-type

representation, N
Tx = Z Xi&i(2)yn, (1.3)
and (1.2) becomes "
r = i &i(2)x; + P, (1.4)
i=1

In this case (z;) is a Schauder basis of X/X,, and of X if T" has trivial kernel, since
Xo C kerT. To determine whether or not (5,x),en is bounded in X has proved to
be intractable so far. It is therefore natural to ask if a topology can be imposed on
X with respect to which (S,2),en is bounded. The projective limit fulfills this role,
being the coarsest topology on X compatible with the algebraic structure of X under
which the maps S, are continuous; it is a locally convex topology; see [6], Remark
8. In the Banach space case the fact that the A\, are norms of restrictions of T
rather than eigenvalues of linear operators related to T' may perhaps be regarded as a
disadvantage: we advance the point of view that, in this general context, these norms
of restrictions are entirely natural objects, and that a preoccupation with eigenvalues,
addictive though it may be, is not always desirable.

Here we outline the method of proof of these assertions and give some of the
properties of the x,, and &,. The final section is devoted to the Dirichlet problem for the
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p-Laplacian, special attention being paid to the situation when the underlying space
domain is a bounded interval in R, so there is a naturally associated Hardy operator
T'. For this map the Lusternik-Schnirelmann eigenvectors can be found explicitly, but
as numerical evidence suggests that they do not have the j-orthogonality property, it
appears that they are distinct from the j-eigenfunctions.

2. BASIC RESULTS

Throughout the paper we shall suppose that X and Y are real, reflexive, infinite-
dimensional Banach spaces with norms |[|-|| , |||y and duals X*, Y*; the closed unit
ball in X is denoted by Bx and the family of all bounded linear maps from X to Y by
B(X,Y). The hypotheses that the spaces are real and of infinite-dimension are there
just to make the presentation simpler. We denote the value of z* € X* at v € X
by (x,x*)y , and given any closed linear subspaces M, N of X, X* respectively, their
polar sets are written as M, °N; thus,

M®={z* € X* : (z,2*)y =0 for all x € M}
and

N ={reX:(r,2*), =0forall z* € N}.
It is well known that the polar set M° of a closed linear subspace M of X is isomet-
rically isomorphic to (X/M)*.

Next, recall that X is called strictly convex if whenever x,y € X are such that

z#y, |lz]ly = llyllx =1 and A € (0,1), then [|[Az + (1 — N)y||, < 1; equivalently,
no sphere in X contains a line segment. An important result is that X* is strictly

convex if and only if ||-|| ;- is Gateaux differentiable on X'\{0}; the Gateaux derivative
Jx(x) := grad ||z||x of ||z|| at x € X\{0} is the unique element of X* such that

fo(x)HX* =1land (7, JX(g:)>X = ||zl -

In this case the semi-inner product (x,h)x of x and h is defined by

(z, h)x =[]l (b, grad [lz][) x when 2,h € X, x #0;
(0, h)x is defined to be 0 for all h € X. An element z of X is said to be orthogonal
to h € X in the James sense (or j-orthogonal to h), written = L h, if (z,h)x = 0.

Henceforth we shall assume, in addition to the standing hypotheses mentioned
earlier, that X* and Y™* are strictly convex. A gauge function is a map p : [0, 00) —
[0, 00) that is continuous, strictly increasing and such that 1(0) = 0 and limy_, pu(t) =
oo; the map Jx : X — X* defined by

Ix(@) = p(lzllx) Jx(@) (z € X\{0}), Jx(0) =0,

is called a duality map on X with gauge function u. It has the properties that for all
r e X,

(@, Jx(2)) x = [ xllx- 12l o x5 = pdll2llx) -
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From now on we shall assume that X and Y are equipped with duality maps corre-
sponding to gauge functions px, py respectively, normalised so that pux (1) = py (1) =
1. Let M be a closed linear subspace of X. Then if X is strictly convex, so are M and
X\M; if X* is strictly convex, so are (X\M)* and M°.

To quantify the degree of strict convexity of X its modulus of convexity dx :
0,2] — [0, 1] is introduced: it is defined by

ox(e) =inf{l —flz+yllx /2: 2,y € Xzl x, lyllx <L llx—ylx =}

The space X is called uniformly convex if x () > 0 for all € € (0, 2]. Every uniformly
convex space is strictly convex; the converse is false. If M is a closed linear subspace
of a uniformly convex space X, then both M and X\M are uniformly convex. We
say that X is uniformly smooth if its modulus of smoothness px : (0, 00) — [0, 00),
defined by

=+ ol + iz — )
pte) =sup { PP =W g~y = e},

has the property that

lim px(e)/e = 0.

e—0
It turns out that X is uniformly convex (respectively, uniformly smooth) if and only
if X* is uniformly smooth (respectively, uniformly convex). If X is uniformly convex,
it is reflexive and has the following useful property: if (z,) is a sequence in X that

converges weakly to x € X (written z,, — x) and ||z, ||y — [|z| s, then ||z, — z||y —
0. We refer to [9] II, Chapter 1 for further details and proofs of these claims.

Now we sketch the arguments given in [5] that lead to the representation of the
action of a compact map. In addition to the standing hypotheses already made we
shall assume that X and Y have strictly convex duals; T': X — Y is supposed to be
linear and compact. The starting point is the elementary assertion that there exists
x1 € X, with |||y = 1, such that ||T'|| = ||Tx1]y , and that x; satisfies the equation

T*JyTay = vixa, v = T,
or equivalently,
T*JyTxy = ndxx, v = ||T| py (|T)]) - (2.1)

Motivated by the Hilbert space procedure, we set X; = X, My = sp {Jxz1} (where
sp denotes the linear span), Xo = "M, Ny = sp {JyTz1}, Yo = "Ny and A\, = ||T]| .
Since X, and Y5 are closed subspaces of reflexive spaces they are reflexive. Also,
X3 = (°M,;)" is isometrically isomorphic to X; /M, from which it follows that X; is
strictly convex; the same argument applies to Y,". Because

(Tx, JyTx1)y =11 (x, Jxx1)y forall z € X,

we see that T maps Xy to Y. The restriction Ty of T to X, is thus a compact
linear map from X, to Y5, and if it is not the zero operator we can repeat the above
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argument: there exists zo € X5\{0} such that
<T2£U, JY2T2.§L’2>Y2 = V9 <ZL’, JX2LE‘2>X2 for all x € XQ,

where Vo = )\2,&)/()\2), >\2 = HTLUQHY = ||T2H . EV1dently )\2 S )\1 and Uy S V. Con-
tinuing in this way we obtain elements x1, ..., x,, of X, all with unit norm, subspaces
M, ..., M, of X* and Ny, ..., N, of Y*, where

My, =sp {Jxx1, ..., Ixx} and Ny =sp {JSyTxy, ..., JyTz}, k=1,...,n, (2.2)
and decreasing families X1, ..., X, and Y7, ..., Y,, of subspaces of X and Y respectively
given by

Xk = OMk_l,Yk = ONk_l, k= 2, ey N (23)
For each k € {1,...,n}, T maps X} into Yy, zx € X and, with T}, the restriction of
T to Xk, >\k(T> = )\k = HTkH ,Vp = Ak,u(kk), we have
<TkSL’, JYkaxk>yk = Vg <LL’, ']kak>Xk for all x € Xk, (24)
and so
T]:JykaLL’k = I/kJXkLL’k. (25)
In fact, (2.4) is equivalent to
<TLL’, JYTxk>y = Vg <SL’, JXxk>X for all x € Xj. (26)
Since Tz, € Y, = °Nj,_1, we have

<T:L’k, JYTxl>y =0ifl < k. (27)

The process stops with A\, x,, and X,y if and only if the restriction of T to X,y is
the zero operator while T}, # 0. It turns out that x; L x; in the James sense whenever
i < k; and for this reason the sequences (\;) and (z;) are called j-eigenvalues and
j-eigenvectors respectively of T* JyTx = vixz, v; = Ny (N;); and (z;) is said to be
j-orthogonal.

If the rank of T is infinite, then the sequence (\,) is infinite and converges to 0.
For then, since T'z,, € °N,,_1,

<T:cn, JyTxm>Y —0if m < n. (2.8)
Thus if m < n,
lim A < [Ty, = <Txm, JyTxm>Y - <Txm — Tz, JyTxm>Y
<N Tam — Tally HinmeY* = || T2 — Tally -

Since (z,,) is bounded and T is compact, some subsequence of (7'x,) must converge
and hence the assertion follows. Moreover, if x € NpenX,,, then for alln € N, || Tz ||, <
A ||zl — 0 as n — oo : hence

Xoo := Mpen X, C ker (7). (2.9)
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Next, we introduce the family of maps
Sp: X = M, = sp{xy, ..., z51} (k>2) (2.10)

determined by the condition that x — Spx € X, for all x € X. It turns out that S}, is
uniquely given by

k—1
Spx = ij(x):zj, (2.11)
j=1

where

i=1

j—1
é-](l') = <LE‘ — Z@(aj)xl, JX.CL’j> fOI'j Z 2, and 51(25) = <.f13, JXI1>X . (212)
X

From the uniqueness it follows that S? = S, : S, is a linear projection of X onto
M,_, and, for each k > 2, X and X* have the direct sum decompositions

i ! 0
X=X,oM, |, X'=M_1® (Mk—l) :
The following results are established in [5].

Theorem 2.1. Let X be uniformly convex and X* strictly convex, and let Py, Py
denote the projections of X onto X, Xoo = (yey Xk, respectively. Then for all
r e X,

k—o0

k—1
x= lim (I — P) Z &i(z)r; + Py
i=1

Theorem 2.2. Let Y be uniformly conver and Y* strictly convex, and let Q, Qoo
denote the projections of Y onto Yy, Y := (e Ya, respectively. Then

Tx = hm (I — Q) Z)\fz Vi + Qoo yi = Ty /|| Ts|y

3. EIGENVALUES OF THE p-LAPLACIAN

Let 14 be a j-eigenvalue with corresponding j-eigenfunction x: thus [|z||x =
LT = |Tx]ly and

T*JyTZIZ' = Vljxl’, v = ||T||,[Ly(||T||) (31)
On setting * := Jy'x, (3.1) can be written in the form
T NTI e = v’ vi=|Tuy(IT]) (3-2)

so that vy is an eigenvalue of the nonlinear operator T*Jy T'J' : X* — X*, with cor-
responding eigenvector x*. In the case when X and Y are Hilbert spaces, the natural
gauge functions are ux(t) = ux(t) = t, so that v; = ||T]|? is an eigenvalue of T*T
and hence ||T']] is a singular value of 7. We now examine the natural (Carathéodory)
and variational ways of defining eigenvalues in examples involving the p-Laplacian,
and then compare them with the j-eigenvalues.
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Let Q be a bounded open subset of R”, let 1 < p < oo and let W (Q) be
the Sobolev space of all real-valued functions v € L,(Q2) all of whose first-order
distributional derivatives D;u also belong to Ly,(€2). The norm on W}(Q) is defined

to be
n 1/p
lul” + |Dju|p} dx) .
[z

0
We take X to be W](Q), the closure in W, (Q) of the set C§°(Q2) of all infinitely
differentiable functions with compact support in €2, and define the norm on X by

n 1/p
fully = ( / iju\pdx) . (3.3)

Because of the Friedrichs inequality (see [4], Theorem V.3.22), this norm is equivalent
to the norm on X inherited from W, (Q). Let Y = L,(Q), T = id: X — Y3 id is
compact. It is plain that both X and Y are reflexive and strictly convex. Obviously
Y™ is strictly convex; that the same holds for X* follows from the observation that
||| is Gateaux-differentiable on X\{0}. Direct verification shows that

¥ —(p—1 -2
Jow = ull; 07 up (3.4

where [|-[|,, is the usual norm on L,(2). As for Jx, we claim that

Jxu=— ||u||;((p_1) A,u in the sense of distributions, (3.5)
where
Ayu=>"D;(IDjul"™® Dju), (3.6)
j=1
corresponding to a version of the p-Laplacian. To verify this, note that for all u € X,
—(p—1 —(p—1
(= 370 Ay} = = [ull 2 G, Ay

—(p—1 _
= )|z )AZDju.|Dju|p * Djudx
=1

= ullx -
With ux(t) = py(t) = tP~1, the corresponding duality maps Jx, Jy are given by
Jx(u) = —Apu,  Jy(u) = |ulP?u
and in (3.2), v; = A where A\; = ||T||. The Euler equation T*JyTu; = v1Jxuy, is
equivalent to

/ ¢ lug [P uyda = )\’f/ Z(ngb) |Djuy [P~ Dyjuyde, (Vo € I/(I)/;,(Q)) (3.7)
Q Qi

so that u; is a weak solution of the Dirichlet eigenvalue problem

—Apul = >\1_p |U1|p_2 Uy, Uy = 0 on 0f). (38)
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In one dimension, with Q@ = (a,b),A := A, and using the notation [z]* :=
x|z|*!, this is of the form

= ([a]™) = A (3.9)
with Dirichlet boundary conditions

If (3.9) and (3.10) are satisfied for some non-zero u; which is such that w; and
[u}]P~! are absolutely continuous on (a,b), then )\ is said to be an eigenvalue in
the Carathéodory sense with eigenvector u;.

The kth Lusternik-Schnirelmann eigenvalue py of (3.9) and (3.10) is defined in
the following variational sense. Let

0
M = {u c W;(Q> : ||U||Lp(a,b) - 1}
Then
pp = inf sup {||u|| 0 } , (3.11)

A€Fkt1 yecA WH(Q)
where
Fmi={A e A:~v(A) > m},
A is the set of all non-empty, compact and symmetric (i.e. A = —A) subsets of M
and y(A) is the Krasnoselskij genus of A defined by

7(A) :=inf{j € N: 3 a continuous, odd function f: A — R7\ {0}}.

In [2] it is shown that if A is a Lusternik-Schnirelmann eigenvalue, there exists a

0
non-zero u € W,(Q) satisfying the weak form of (3.9) and (3.10), namely,
b 0
[ AP = Aoyt =0, o€ Whiab),

0 _
Since W (a,b) is continuously embedded in C(Q), it follows that u(a) = u(b) = 0.
Furthermore, u is absolutely continuous (see [4], Corollary V.3.12). On setting

u(t) = -\ /0 (s

we see that v is absolutely continuous, [u/[P~! = v and (3.9) is satisfied. It follows that
A is a Carathéodory eigenvalue and w is an associated eigenvector. In fact it is shown
in [2], Theorem 5.1, that the converse is also true, so that the Lusternik-Schnirelmann
and Carathéodory eigenvalues coincide.

Let a = 0,b = 1. Then, the eigenvalues and corresponding eigenvectors of (3.9)-
(3.10) are (see [3])

A= (p—1)(nm,)P,  w,(t) =siny(nmyt), (n€N), (3.12)
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where
2

a psin,(7/p)
and sin, is the function defined on [0,7,/2] to be the inverse of the function F), :

Tp

[0,1] — R given by
B = [ =),
0

extended to [0, m,] so it is symmetric about 7,/2 and then extended to the whole of
the real line in a natural way to be an odd, 2m,-periodic function.

0

It is natural to ask if the eigenvectors u, in (3.12) (normalised in X = W (0, 1))
coincide with the j-eigenfunctions x,, arising in the general theory outlined in Section 2
above. This would mean that for all m <n — 1,

0 = <un7JXum>X

= <um _A;Dum>X = >‘m<un7 [um]p_1>X

1
= (p—l)(mﬂ;’)/ sin, (nm,t)[sin, mm, )P~ dt
0
1
= (p—1D)(ma?) / sin (nm, )| siny (m, ) P2 sin (mm,t)dt. (3.13)
0

Another example in which Lusternik-Schnirelmann and Carathéodory eigenfunc-
tions coincide is provided by the Hardy operator T": L,(0,1) — L,(0,1), 1 < p < oo,
given by

Tf(z) = /Omf(t)dt, z € (0,1). (3.14)

This operator is compact and T is given by

Consider now the equation
T* Tz =viy, v=|Tz|y, |z|x=1, (3.15)

which is the Euler equation for maximising ||Tz||y under the restriction ||z|x = 1.
Then, with X =Y = L,(0,1) we have that for f € L,(0,1), Jx(f) = || fIIP | f|"2f,
Jy(Tf) = |TfI7P=D|TfP*Tf, and, on setting g(t) = Tf(t) and || - [|, := || - |[x,
(3.15) becomes

[ 9P 2gds = |gll2lg ()24 (),
whence
P = Mg A=l
g(0) = (1) =0: (3.16)

see [1], (1.3), where a more general form of (3.14) is considered.
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From [3] it follows that the eigenvalues and eigenfunctions of (3.16) are

A= [(n—=1/2)m,[P(p—1), wu,(t) = sin,[(n —1/2)m,t], n € N. (3.17)

N
(n—1/2)m,

It is also proved in [1] and [7] that A, 7 is equal to the nth approximation number
of T. In fact, this result is established in [1] for the generalised Hardy operator

Tl (@) = v(a) / Cufde, e L(0,1),

under the assumptions u € L, (0,1),v € L,(0,1), which ensure that 7" is compact.
An asymptotic formula for the eigenvalues of T, , is also obtained in [1].

From [7], Theorem 5.2, it follows that the Lusternik-Schnirelmann and Carathéo-
dory eigenvalues of (3.16) coincide. Numerical computations given in [7] moreover
suggest that the Lusternik-Schnirelmann eigenfunctions of 7' do not have the j-
orthogonality property and so are distinct from the j-eigenfunctions.
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