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ABSTRACT. Let X be a real Banach space and ® € C'(X,R) a function with a mountain
pass geometry. This ensures the existence of a Palais-Smale, and even a Cerami, sequence {u,,} of
approximate critical points for the mountain pass level. We obtain information about the location
of such a sequence by estimating the distance of u, from S for certain types of set S as n —
0o. Under our hypotheses we can find a Palais-Smale sequence for the mountain pass level with
d(un,S) — 0, but in general there is no Cerami sequence with this property and our result yields
d(tn,S)/(1 4 ||un|]) — 0. Our results extend to Cerami sequences the earlier work on localization

of Palais-Smale sequences due to Kuzin-Pohozaev and Ghoussoub-Preiss.
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1. INTRODUCTION

Let (X,] - ||) be a real Banach space and ® € C*(X,R). The search for critical
points of ® at a given level ¢ € R is often split into two steps. First, one finds a
sequence {u,} of approximate critical points for the level ¢ and then one shows that
this sequence has a convergent subsequence. Since the seminal work by Ambrosetti
and Rabinowitz, [2], it is well-known that the so called mountain pass geometry
provides a particularly useful setting in which the first step can be accomplished.
The second step usually involves a compactness property of & such as the Palais-
Smale condition, [21]. Of course, for this {u,} has to have a bounded subsequence
but, in infinite dimensions, this is not sufficient and other features of ® come into
play. In trying to establish either of these properties it may be useful to have some
information about the location of the sequence {u,} and this paper provides some
results in this direction. To be more precise, let us recall some basic terminology.

A Palais-Smale sequence of approximate critical points of ® for the level ¢ € R
is a sequence {u,} C X such that ®(u,) — c and ||®'(u,)||. — 0 where || - ||, is the

norm on the dual space X*.
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To deal better with the issue of boundedness, Cerami [4, 5] introduced the fol-
lowing more restrictive notion and its usefulness is now well-established, [6, 20, 10,
25, 23, 22, 24] for example.

A Cerami sequence of approximate critical points of ® for the level ¢ € R is a
sequence {u,} C X such that ®(u,) — c and (14| u,|)||®'(un)|« — 0. Every Cerami
sequence is a (PS) sequence, but the extra requirement that ||u,||||®’(u,)||« — 0 has
proved to be useful when trying to show that there is a bounded subsequence. In
particular, it implies that |®’(uy,)u,| — 0.

The functional ® is said to have a strong form of the mountain pass geometry
when (SMPG) there exist e € X\{0} and r € (0, ||e]|) such that

max{®(0),P(e)} < \\il\\lfrq)(u)'
Supposing that (SMPG) holds, the corresponding mountain pass critical level ¢ is
defined by

¢ = inf max ®(f(t)) where I' = {f € C([0,1], X) : f(0) =0 and f(1) = e}.

fertefo,1]
The following result is well-known and has many interesting applications.

Mountain Pass Lemma If ® € C'(X,R) and satisfies (SMPG), then there exists a

Cerami sequence {u,} for the mountain pass level.

The mountain pass theorem is obtained by adding the hypothesis that ® satisfies
the compactness condition: every Cerami sequence for the mountain pass level ¢
contains a convergent subsequence. This yields an element v € X with ®(u) = ¢ and
V&(u) = 0. (In the original version, this hypothesis was replaced by the stronger
assumption that every Palais-Smale sequence for the level ¢ contains a convergent
subsequence.) The mountain pass theorem has become a corner stone of nonlinear
analysis with many important applications, particularly in the field of elliptic partial

differential equations, [1, 13, 19, 21, 26| for example.

As its title suggests, this paper focusses on trying to provide information about
the position of the elements of the sequence given by the mountain pass lemma.
This can be useful in proving that a convergent subsequence exists and, when this
does occur, we have information about where the resulting critical point is located.
Historically, this seems to have been approached in two ways which now summarize

and relate to the main result of this paper, Theorem 1.1.

1.1 Sequences near almost optimal paths. When (SMPG) holds, a sequence
{fa} C I such that max;cjo 1) P(fn(t)) = ¢ = inf rer maxyep ) P(f(2)) is called an op-
timal sequence of paths. In this case, Kuzin and Pohozaev ([17], Theorem E.5)! have
shown that there exists a (PS) sequence, {u,, }, for the level ¢ such that d(u,, f.([0,1]) —

1See the note added in proof.
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0 as n — oo. Of course, if S is a set containing an optimal sequence of paths (in the
sense that f,([0,1]) C S for all n € N) this yields a (PS) sequence {u,} for the level
¢ such that d(u,,S) — 0.

Since (SMPG) implies the existence of a Cerami sequence at level ¢, one might
expect to find a Cerami sequence satisfying d(u,, f.([0, 1]) — 0, too. However this is
not the case. Indeed in Section 2 we give an example of a function ® € C*°(R3 R)
which satisfies (SMPG) and a set S containing an optimal sequence of paths such that
d(uy,S) — oo for every Cerami sequence for the mountain pass level ¢. Nonetheless
some information about the location of a Cerami sequence can still be obtained. In
Corollary 1.2 we show that, if (SMPG) holds and { f,,} is an optimal sequence of paths,
then there exists a Cerami sequence {u,} such that d(u,, f,([0,1])/(1 + ||ua]) — 0
as n — o0o. Although the example in Section 2 shows that it may happen that
d(up, fn([0,1]) — oo for a given choice of optimal sequence f, and every Cerami
sequence for the mountain pass level, Theorem 1.1 shows that there do exist a Cerami
sequence for this level and an optimal sequence of paths {h,} C I" such that u, €
h,([0,1]) for all n.

In fact, only a weaker form of (SMPG) is required and the full conclusion is that,

for every k € [0, 1], there exists a sequence {uf}>°, C X such that

O(ulf) — ¢, (1 + ||uf]))*®'(ul) — 0 and d(ﬁﬁ;fﬁi[;,’)lg)) —0asn—o0.  (1.1)

For k£ = 0 we recover a (PS) sequence of the type found by Kuzin and Pohozaev
and for £ = 1 we have a Cerami sequence. If a set S C X contains an optimal
sequence of paths, then (1.1) implies that, for every k € [0, 1], there exists a sequence
{uk}ee ; C X such that

d(uy, S)
(1 + [lug]))®

This trivial observation is useful since, although it may be difficult to find explicitly

d(uF) = ¢, (14 ||ut])*®'(u*) — 0 and — 0 asn — oo. (1.2)

an optimal sequence of paths, it may be easy to describe a set containing such a
sequence. For example, if X = H}(Q) and if @ satisfies (SMPG) and has the property
that ®(u) = ®(|u|) for all u € Hj (), then the positive cone S = {u € H}(Q) : u >

0 a.e. in 2} contains an optimal sequence of paths. See Section 5.

1.2 Sequences near a set separating 0 and e.

In [11], Ghoussoub and Preiss introduced a different way of localizing a (PS)
sequence and, in the spirit of earlier work by Pucci and Serrin, they did not require
(SMPG) but only the following weaker condition. For ® € C'(X,R) and e € X\{0},
let I' and ¢ be defined as above. Let W be a closed subset of X such that

(1) {0,e} "W N®, =0 and (II) for all f € T, £([0,1]) "W N D, # 0,
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where ®. = {u € X : ®(u) > c}. In the terminology of Ghoussoub and Preiss,
(I) and (II) mean that W N &, separates 0 and e in X (i.e. 0 and e belong to
different connected components of X\[W N ®.]) and this does not require (SMPG)
to hold. In Theorem (1) of [11] they proved that (I) and (II) imply the existence of
a (PS) sequence for the level ¢ such that d(u,, W) — 0 as n — oco. Subsequently, in
[8] (Chapter IV.1, Theorem 6), Ekeland showed that, under these conditions, there
exists a Cerami sequence for the level ¢ such that 6(u,, W) — 0 where § is the metric
on X defined by

5(u, v) mf{/ “h’/’h L4t 1 e 02(0,1], X) with h(0) = u and A(1) = v}.

(See [7, 10, 13] for further Work using other metrics like 4.) In contrast our Theo-
rem 1.1 involves only the usual metric d associated with the norm of X and yields a
Cerami sequence for the level ¢ such that d(u,, W)/(1+ ||u,||) — 0 as n — oo. How-
ever, when W is unbounded, which as we observe below is the situation where our
results seem new, the relation between our conclusion that d(u,, W)/(1 + ||lu,||) — 0
and statements involving other metrics such as 6(u,, W) — 0 needs to be clarified

and we hope to return to this.?

Under the assumptions (I) and (II), we also we have the more general conclusion
that, for every k € [0,1], there exists a sequence {uf}°°, C X such that
d(uy, W)
(1 [luzl*

For k = 0 we recover the original result of Ghoussoub and Preiss concerning the

d(uF) = ¢, (14 ||ut])*®'(u*) — 0 and — 0 asn — oo. (1.3)

existence of a (PS) sequence approaching W. Localization of a (PS) sequence has also
been established by Willem in a rather general setting. See, for example, Theorem
2.20 in his book [26].

1.3 The main result. Having outlined the context for our work and mentioned some
special cases, we now state the main result. By treating both an optimal sequence
and an appropriate set W it covers both of the situations presented above in Sections
1.1 and 1.2. For the case of (PS) sequences, this kind of formulation appears in

Theorem 3.1 of [9], for example.
For d € R, recall that ®; = {u € X : ®(u) > d}.
Theorem 1.1. Let ® € C*(X,R) and e € X\{0}. Set
I'={feC(0,1,X): f(0) =0 and f(1) = e} and c = inf sep max;cjo1) P(f(2)).
Let {f,} be an optimal sequence of paths: M, = maxco,1) P(fn(t)) — c.
Let W be a closed subset of X such that

(I) {0,eY "W N®, =0 and (II) for all f € T, f([0,1]) "W N ®, # 0.

2See the note added in proof.
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Then, for every k € [0, 1], there exists a sequence {uf} C X such that
d(uf, W na,)

k ky\k k
D(uy,) = ¢, (14 [lug )" (uy) — 0, (1 + [ )F and
d(uy, fa([0,1]))
L : 1.4
0+ [t )F — 0 asn — oo (1.4)
Furthermore, if in addition,
(M PGQG) max{®(0),P(e)} < ¢

holds, then for every k € [0,1], there exists an optimal sequence of paths {h*} c T
such that uf € hk([0,1]) for all n.

Remark 1.1 If any of these sequences has a convergent subsequence we obtain a
critical point u of ® with ®(u) = ¢ and u € W N S where S is any subset of X

containing an optimal sequence of paths.

Note that if there exists f € I' such that max,co 1 ®(f(¢)) = ¢, then f, = f for
all n € N is an optimal sequence of paths and by (1.4), d(u®, f([0,1])) — 0. Since
f([0,1]) is compact, it follows easily that {ul} has a subsequence converging to an
element u € f([0,1]). Hence, in this case, ® has a critical point on the optimal path
I3
Remark 1.2 The conditions (I) and (II) are much weaker than (SMPG). Indeed,
taking W = X, the definition of ¢ implies that (II) holds and so (I) and (II) are
satisfied if and only if (MPG) holds.

Clearly (SMPG) implies that ¢ > infj,—, ®(u) and hence that (MPG) holds.
However when dim X < oo, (SMPG) implies that the ball {u € X : |[u]| < r}
contains a local minimum of ® whereas (MPG) imposes no such restriction as is
shown by the example ®(z,y) = 2% — (y — 1)* with e = (0,2) and ¢ = 0.

By the definition of ¢ we always have max{®(0),®(e)} < c. It is easy to find
examples where (MPG) fails but (I) and (II) are still satisfied for an appropriate
subset W if X, see [18]. A function which is constant on X provides the most trivial

example.

Remark 1.3 For any set S containing Uf,, ([0, 1]) for an optimal sequence {f,}, (1.4)
implies that (1.2) holds. Now suppose that at least one of the following conditions is
satisfied.

(i) There is bounded set S containing Uf,, ([0, 1]) for an optimal sequence of paths.
(ii) The set W N ®.. is bounded.
Then the Palais-Smale sequence {ul} given by (1.4) is bounded and so it has “a

fortiori” all the requirements for k& € (0,1] as well. Conversely, if |lu,|| — oo, then
d(tn,S) /(14 ||uy||) = 1 when (i) holds and d(u,, W) /(14 ||u,||) — 1 when (ii) holds.

Hence the Cerami sequence {u) } given by (1.4) must be bounded and so it has also all
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the requirements for k € [0,1). Thus we see that, with respect to the earlier work of
Kuzin-Pohozaev and Ghoussoub-Preiss, the novelty of Theorem 1.1 lies in situations
where W is unbounded and no “a priori "bound for a sequence of optimal paths is

available.

Remark 1.4 In the case where f,([0,1]) C S for alln € N and S = ¢S for all ¢t > 0,

d(un,S)
Lt {lunl|

fixed and set z, = t,u, where t, = T/||lu,|. Then, for u, # 0,

the information that — 0 can be exploited in the following way. Let T > 0 be

—”z?”d(zn,S).

. 1, .
d(uy, S) = nf [lu, —vf| = Eg [z — tav|| = Ezet%f:s [z — 2| =

Suppose that, for a subsequence, ||u,|| — co. Then

s )~ DOl )

If in addition, X is reflexive and S is a cone (i.e. a closed convex subset of X
such that ¢S = S for all £ > 0), we can go further by passing to a subsequence such
that z, — z weakly in X. Since d(z,,S) — 0, there exist s,, € S and r, € X such
that z, = s, +r, and ||r,|| — 0. This implies that s, — z and, since S is closed
and convex, we conclude that z € S. This information, together with the property
that (1 + ||u,|) || (un)]l« — 0, may lead to a contradiction and hence establish the
boundedness of {u,}. See [24] for an example of this procedure using the cone S of
positive elements in the space H!(RY) as discussed in Section 5. Indeed the original
motivation for the present work was to prove the following corollary to Theorem 1.1

which was used in [24].

Corollary 1.2. Let ® € C*(X,R) satisfy (MPG) and let { f,} be an optimal sequence
of paths: M, = max;cjo1) P(fn(t)) — ¢ where ¢ is the mountain pass level.

Then, for every k € [0, 1], there exists a sequence {uf}>°, C X such that

d(uy, fn([0,1]))

®(uy) = ¢, (1+ [Juy )" @' (uy,) — 0 and
(1 + [lui]))*

—0

as n — Q.

Hence, if S is a subset of X such that f,([0,1]) C S for all n, then {uX} satisfies
(1.2).

Proof In Remark 1.2 we have already observed that when (MPG) holds the hypothe-
ses of Theorem 1.1 are satisfied for the set W = X. O

The proof of Theorem 1.1 is given in Section 4. It is based on a deformation
lemma which is proved in Section 3, using the approach found in [3], but adapting it
so as to incorporate information about the factor (1 + |jul|)*.

As has been already mentioned, this work was stimulated by the need to overcome

difficulties in proving that a Cerami sequence is bounded during the preparation of
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[24]. Of course, localization is not the only way of overcoming such obstacles, notably
Jeanjean’s elaboration [14] of Struwe’s monotonicity trick has proved remarkably

successful. See [15] for an early example of this and [16] for ramifications.

2. EXAMPLES

Our main aim here is to show that, contrary to what one might expect, the
hypotheses of Corollary 1.2 (and hence the more general Theorem 1.1) do not ensure
the existence of a Cerami sequence {u,} for the level ¢ with d(u,,S) — 0 for a set
S which contains an optimal sequence of paths. In fact, we construct and example
where X = R? and d(u,,, S) — oo for all Cerami sequences for this level. The starting
point is a well-known example due to Brézis and Nirenberg of a function on R? which

does not satisfy the Palais-Smale condition at level c.

2.1 Cerami sequences for the B-N example. In [3], Brézis and Nirenberg use
the following example to illustrate the failure of the Mountain Pass Theorem in the

absence of the Palais-Smale condition.
U:R? = R, U(z,y) =21 +9)* + 5 (2.1)

It is easy to see that W(0,0) = 0 and that ¥ has a strict local minimum at (0, 0).
Also ¥(3,—4) < 0 and so V¥ satisfies (SMPG). Let

G ={f € C([0,1],R?): f(0) = (0,0) and f(1) = (3, —4)} (2.2)
and
¢= inf max (f(t))- (2.3)

A study of the level sets of ¥ shows that ¢ = 1. From the Mountain Pass Lemma
(or Corollary 1.2 with X = S = R? and k = 1) it follows that there exists a Cerami

sequence {(z,,yn)}:
U (Zp, yn) = L and (1 + ||(zn, yn) DI VY (20, yu)|| = 0 as n — oo. (2.4)

However, it is easily checked that (0,0) is the only critical point of W. This implies
that ||(@n, yn)|| = oo for every sequence having the properties (2.4), showing that ¥
does not satisfy the Palais-Smale condition at level ¢ = 1. Of course, one can find a

sequence satisfying (2.4) by elementary calculations. Here is an example, which we

xnayn - \[ - _1+

Clearly V(z,,y,) — 1 and

2
02V (s yn) = 225 (1 + )% = —\/ (1 — —) whereas 0,V (xp,y,) = 0.
n?

shall use later,
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Hence [|(x, yn)|l/n — \/g and n?||VU(z,, y,)|| — 2\/§ from which it follows that

1Gzn, yu) IV (@, g ) || = 0.

2.2 An example where d(u,, S) — oo for every Cerami sequence.

We begin by defining a function ® : R?® — R which satisfies the hypotheses of
Corollary 1.2 with S = R? x {0}. This definition requires the introduction of some
auxiliary functions:

o v C™(0,00)) with o(r) =1for 0 <r <1/2, ¢(r) =0forr > 1and ¢'(r) <0
for r € (1/2,1)

e )€ C([0,00)) with ¢(r) =0 for 0 <r <8, ¢(r) =1 for r > 9 and ¢'(r) > 0
for r € (8,9)

e g € C*(R) with g(—2) = —g(2) and ¢'(z) > 0 for all z and lim,_,, g(2) = 1.

Now define ® by
O(,y,2) = W(z,y) + @(r)z° + 9 (r)g(2) (1 + y){z(1 +y) + 2} (2.5)

where W is given by (2.1) and r = /2% + ¢2.

Clearly ® € C*°(R?) and ®(z,y,0) = ¥(z, y) since g(0) = 0. Hence ®(0,0,0) =0
and ®(3,—4,0) < 0.

Furthermore, ® has the following properties.

(A) (0,0,0) is the only critical point of ® and it is a strict local minimum.

(B) If (1 + |[(@n, Yns 20) DIIVO (20, Yns 2)|| — 0 and {z,} is bounded, then
(Tny Yn, 2n) — (0,0,0) and P(z,, Yn, 2,) — O.

(C) The function ¢ satisfies the hypotheses of Corollary 1.2 with e =
(3,—4,0) and ¢ = 1. The set S = R? x {0} contains an optimal sequence of
paths and there is a (PS) sequence for the level ¢ = 1 with d(u,,S) — 0, but

d(uy, S) — oo for any Cerami sequence for the level ¢ = 1.

By (C), there exists a Cerami sequence {ul = (z},yl 21)} for the level ¢ = 1
such that d(ul,S)/(1 + |Jull]) — 0. Since ®(ul) — 1, it follows from (B) that
|zl| = d(ul,S) — oo and the property d(ul,S)/(1 + |lul]]) — 0 is equivalent to

Z}L/r}l — 0 where 7“71I =/ (zL)? + (yl)2.

Note that (B) implies that |z,| — 00 if (2, Yn, 2,) is a Cerami sequence for any
level d # 0.

Checking (A): For r < 1/2, y > —1/2 and so
1
O(w,y,2) = (1 +9)° +y° +2° > 2o + 9" + 2%,

showing that ® has a strict local minimum at (0,0, 0).
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Suppose now that V®(z,y, z) = (0,0,0). If z = 0, this implies that V¥ (x,y) =
(0,0) and hence (x,y) = (0,0). Suppose henceforth that z # 0. Concerning r, there
are three cases:

(a)r<1,(b)1<r<8,(c)r>8.

(a) Since ¥(r) = 0, 0.P(x,y,z) = 2p(r)z where p(r) > 0 and z # 0. Hence
0.9(z,y, z) # 0, contradicting V®(z,y, z) = (0,0,0).

(b) We have ¢(r) = ¢'(r) = ¢(r) =¢'(r) = 0and s0 0 = 0,P(z,y, 2) = 0, ¥(z,y)
and 0 = 0,®(x,y,2) = 0,¥(x,y). Hence VU(x,y) = (0,0), which implies r = 0, a
contradiction.

(c) Now ¢(r) = 0 and 0 = 0,®(x,y,2) = ¥(r)g'(2)(1 + y){z(1 + y) + 2}, where
¥(r) # 0 and ¢'(2) # 0. Hence, either y = —1 or z = —2/(1 + y).

If y = —1, we find that 0,®(z, y, z) = 0,V (z, —1)+2g(2)Y(r) = —2+2g(2)¢(r) <
0since 0 < ¥(r) < 1and g(z) < 1, contradicting V& (z,y, z) = (0,0,0). Hence 1+y #
0 and x = —2/(1+y). But, in this case, 0,®(z,y, z) = 2zx(1+y)3+(r)g(z)(1+y)* =
(1+y)*{—4+¥(r)g(z)} < 0 again since 0 < ¥(r) < 1 and g(z) < 1. Thus we have a
contradiction and there are no critical points with z # 0.

Checking (B): Suppose that (1 + |[(zn, Yn, 20)|)[| VP (@0, Yn, 2n)|| — 0 and that
{#,} is bounded. Suppose that there exist § > 0 and a subsequence {(zy,, Yn,, 2n, ) }
such that ||(zn, , Yn, , 2n, )| = 0 for all ng. By passing to a further subsequence, we can
suppose that z,, — z and either (a) (z,,,Yn,) — (z,y) € R? or (b) 7, — 0o where
Case (a) We have that (1 + ||(z,y, 2)|)||IV®(x,y,2)| = 0 and so (z,y,z) = (0,0,0)
by property (A). But we also have ||(z,y, z)|| > ¢, a contradiction.

Case (b) We may suppose that r,, > 9 for all n;. Then

0,®(ug) = 3wi + 2y, + 9(2,)2[wy + 1] and 9. ®(ug) = ' (20, ) (1 + Yo, ) [wi + 2]
where we have set uy = (T, , Yny» 2n, ) and 2y, (1 + yp, ) = wy, for convenience. Since
T, 0,P(ug) — 0 and ¢'(z,,) — ¢'(2) # 0, we must have wy|wy + 2] — 0 and hence

Wy — Woo, Where wo, = 0 or —2. But we also have that 0,®(uy) — 0 from which it
follows that

e = e = —5 (3 + ()20 + 1]}
For we, = 0, this yields yoo = —g(2) > —1 and so z,, = wi/(1 + y,,) — 0. Hence
Tn, — |9(2)] < 1, a contradiction.
For we = —2, Yoo = g(2) — 6 € (=7,—5) and so x,, = —2/(1 + y), again
contradicting the fact that r,, — oco. Hence case (b) cannot occur either and we have
established (B).

Checking (C): Let
I ={h e C([0,1],R* : h(0) = (0,0,0) and h(1) = (3,—4,0)}
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and observe that, for all f € G as defined by (2.2), h = (fi, f2,0) € I'. It follows that

. < — 3 p— .
inf max ®(A(t)) < inf max C(f1(t). f2(2),0) = inf max () =1

On the other hand, ®(z,—1,2) = ¥(z,—1) = 1 for all z,2z € R and, for all h € T,
there exists a t € [0,1] such that hy(t) = —1 since hy € C([0, 1]) with h2(0) = 0 and
ho(1) = —4. Hence, for all h € I', max;cjo1) P(h(t)) > 1, so in fact,

¢ = inf max (h(t))

Clearly 0 = ©(0,0,0) > ®(e) = ¥(3,—4) so by (A) we see that ® satisfies
(SMPG) and hence ( PG). Furthermore, if {f,} is an optimal sequence of paths for
U and G, then {h, = (f!, f2,0)} is an optimal sequence of paths for ® and I', showing
that S contains an optimal sequence. By Corollary 1.2, ® has a (PS) sequence {u?}
for the level ¢ = 1 such that d(u?,S) — 0. In fact, we give an example below where
we even have u? € S for all n. However, it follows from (B) that d(u,,S) — oo for

any Cerami sequence for the level ¢ = 1.
Examples of sequences

For the cases 0 < k < 1 in (1.2), we can even obtain u* € S since we can use

2 1 1
Z(1—=), =1+ =,0).
3( n)? +n7)

Indeed, we have already noted in Section 2.1 that for this sequence,

qu = (xﬁ’yfmz's) = (n

/= )1/ = 5 and @) = Wk, ) = 1 as > oc.
Furthermore, 0,®(uk) = 0,V (zF, y¥) and 9,®(uk) = 9, ¥ (x%, y¥) so
(1 s DI Oe ). B, 2| = 1+ ks ) DIV 4] = 0

since {(x% y¥)} is a Cerami sequence for . Clearly d(uf,S) = 0 so it only remains

to study 9,®(uf) as n — oo. Since ||(z%, y*)|| = oo we have that, for n large,

0.0(ut) = ¢ (0)(1 +y5) {ah (1 + o) + 2} = L

~2)+2)

and
(1 + ||u®|N*0.®(uf) — 0 since |[uf]|/n — +/2/3 and 0 < k < 1.

Hence we see that, for 0 < k < 1, the sequence {(n4/3(1—+),—1+ £,0)} has
all the properties required for (1.2). But it is not as Cerami sequence for ® since
|uk |0, @ (uk) — ¢'( )\/g{\/g + 2} # 0 and consequently it does not satisfy (1.2) for
k=1.

To write down a suitable Cerami sequence, we need more precise information

about the asymptotic behaviour of g, so we make the additional assumption that

for some o > 1 and zy > 0,g(z) =1 — 27 for all z > z,.
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Now setting u, = (n, -1 — Z, (£)"/*), we find that,

3n’

O(u,) = 1, ||ug||/n — 1,n2||V<I>(un)|| — 16/27 and d(u,, S) = (g)l/o‘.

Hence this sequence has all the properties required by (1.2) for any k € (é, 1].

3. A DEFORMATION LEMMA

We shall use the following well-known and elementary results from the theory of

differential equations.
Lemma 3.1 (Gronwall). Suppose that a € R and b, h € C([0,00)) satisfy the inequal-
ities
t
b(t) >0 and h(t) < a +/ b(s)h(s)ds for allt > 0.
0

Then h(t) < aelo b(s)ds for allt > 0.

Proposition 3.2. Let f : X — X be locally Lipschitz continuous and suppose that

there exists a constant A such that
I f(w)] < A1+ ||ul|) for allu € X. (3.1)

Then, for every uy € X, the initial value problem

{ W(t) = fult)) fort>0

u(0) = g
has a unique solution n(-,ug) € C*([0,00), X). Furthermore,

1. ne C([0,00) x X, X),
2. n(t,:) : X — X is a homeomorphism for all t > 0,
3. n(t,n(s,u)) =n(t+s,u) forallt,s >0 and v € X.

The main result of this section is an appropriate version of what is usually referred
to as a deformation lemma. We begin by recalling the definition and existence of a

pseudo-gradient, [26].
Let FF € CY(X,R) and let Q = {u € X : F'(u) # 0}. There is a locally Lipschitz
continuous function p : 2 — X such that, for every u € €,
lp(u)]| < 21| F'(w)]|+ and (F'(u), p(u)) > | F'(u)lf2.
Such a mapping p is called a pseudo-gradient for F'. Note that ||p(u)| > || F'(u)]|« for
all u € Q.

We now sharpen the deformation lemma proved in [3] in various ways required
for the proof of Theorem 1.1.
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Theorem 3.3. Let F € CY(X,R), c€ R, k€ [0,1] and § > 0.
Set N={u€ X :|F(u) —c| <26 and (1 + ||u||)*|| F"(u)||, >V}

There ezists n: [0,00) x X — X such that

(d1): n € C([0,00) x X, X) and
n(t,-) : X — X is a homeomorphism for all t > 0.

(d2): n(0,u) = u and n(t — s,n(s,u)) = n(t,u) for allu € X andt > s> 0.

(d3): n(t,u) =u for allt >0 if u g N.

(d4): F(n(t,u)) < F(n(s,u)) < F(u) forallt >s>0 andu € X.

(d5): F(u) — F(n(t,u)) <46 for allt >0 and u € X.

(d6): ||n(t,u) —n(s,u)|| < 16v/5eXV0(1 4 ||n(s, u)||)* for allt > s >0 and u € X

(d7): |n(t, u) —n(s,w)|| < 32V0eX5Y3(1+ ||n(t, w)|)F for allt > s> 0 andu € X
provided that 16/5e'6%V0 < 3.

(d8): Suppose that F(u) < ¢+ 9. Then, for allt > 85, either F(n(t,u)) < c—14§
or there exists T € [0,t] such that (14 ||n(r,w)|)*|| E"(n(1, w))||» < 2v/3.

Proof Let M = {u € X : |F(u) — ¢| <6 and (1 + ||ul)*||F'(v)||. > 2V/§}. We have
M C N, M and N° = X\N are closed, M N N = (). Set

d(u, N°)

Ylu) = d(u, M) + d(u, N¢)

1 forue M
0 for u € N-.

Then ¢ : X — [0, 1] is locally Lipschitz continuous with ¢ (u) =

Let p: Q={ue X : F'(u) # 0} — X by a pseudo-gradient field for F.

— luwp (1;) foru e N
Noting that N C €, we define f : X — X by f(u) = Il ()l

0 for u & N.
Then f: X — X is locally Lipschitz continuous and, for u € N,

. . (Ll
1A < war < Pr < v

. ¢ ul))*
Since f(u) = 0 on N¢ we have that ||f(u)] < (1+\|I/3||) < \/ig(l + |Ju||) for all
u€ X.

Let n(t,u) be the flow defined by the unique solution of initial value problem

n'(t) = f(n(t)) for t > 0,n(0) = u.
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By Theorem 3.2, n € C([0,00) x X, X) and (d1),(d2) and (d3) are satisfied. Also, for
t >0 and n=n(t u),

(F” (n),b(m)p(n))
d — R forp e N
) = (F'(n), f(n)) = eI
¢ 0 forn g N

—(n) HIIIZ(S:))HH; forne N _ —2(n) forne N _ 1’¢
0 forng N |0 forn ¢ N 4

proving (d4) and showing that
1 t
F(u) — F(n(t,u)) > 4_1/ Y(n(s,u))ds for all t > 0 and u € X. (3.2)
0

By (d3), (d5) is trivial for u ¢ N. Considering v € N, we have F(u) — ¢ < 20
and hence F(u) — F(n(t,u)) < ¢+ 20 — F(n(t,u)) < 46 if F(n(t,u)) > ¢ —26. But
F(n(0,u)) = F(u) > ¢— 20 since u € N and so, if F(n(t,u)) < ¢ — 20, there exists
€ (0,¢) such that F(n(s,u)) = ¢ — 26 and we have F(u) — F(n(s,u)) < 44. Since
n(s,u) € N, n(t,u) = n(t — s,n(s,u)) = n(s,u) for all t > s > 0 by (d2) and (d3).
Thus F(u) — F(n(t,u)) = F(u) — F(n(s,u)) < 46 in this case too. This proves (d5).
Combining (3.2) and (d5) we get

t
/ P(n(s,u))ds < 166 for all t > 0 and u € X. (3.3)
0

To prove (d6) we consider ¢t > 0 and u € X. Let A(t,u) = (0,t) N {s: n(s,u) €
N}. Then

Inttn) =l < [ gats.lds = [ 1fnts,u)lds

_ (n(s,w) _P(nls,w)
S&WWW”W“/MMH )] fﬂ@wumwd

(1 + [In(s,w)D* ' (L+ lInCs, w)|)*
< Aa,u)w(n(sm) 5 = b(n(s,u)) 3 ds  (34)

Hence

Lt It )| < 1+l + 0t u) — u]
§+M+%AMWMW+WMW%

since k& > 0 and this can be written as h(t )+ fo s)h(s)ds where

Dt w)

h(t) = 11 +n(t, wl, a(t) = 1+ [Jull, b(t) = NG

The Gronwall inequality yields

1+ [0t w)|| < (1+ [|u]])elo b
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where fo s)ds < 16v/4 by (3.3).
Hence ||1 + (¢, u)|| < (1 + ||u])e®V? for all t > 0 and u € X and consequently

(3.4) yields

L et

ds.
Ve

Iote,w) = ull < [ wtats, 't
0
Using (3.3) we now have that

(L [ull)re!™v®
Vo

for all t > 0 and w € X, proving (d6) for s = 0. We get the complete conclusion with
s # 0 by using (2).
To deduce (d7) from (d6), we observe that, for all v,w € X and for k € [0, 1],

k k
(L)' o (g Jomel ool ool
1+ [Jw] 1+ [Jw] 1+ [Jw] (1 + [lwl))
Returning to (d6) and putting v = n(s,u) and w = n(t,u), we obtain

HMUM—M&WHSm¢&mﬁ(1+M@wW>k

In(t, u) — ul| <

Almwmmhsw¢&mﬁu+mmk

(0 G, ) )F T (6, )|
oeig | Intt) = n(s.w)]
S e s e T

from which (d7) follows easily.

For (d8), we consider ¢ > 8) and w such that F(u) < ¢+ J. Suppose that
F(n(t,u)) > ¢ — 0. By (d4), this implies that ¢ — ¢ < F(n(s,u)) < F(u) < ¢+ ¢ for
all s € [0,t]. If (14 ||n(s,w)|D*||F'(n(s, )|« > 2V/6 for all s € [0,], we have that
n(s,u) € M for all s € [0,¢] and so, by (3.2) and the definition of 1,

F(u) — F(n(t,u)) > ;1/0 ds:g

Hence ¢ —§ < F(n(t,u)) < F(u) — £ <c+06— L and so 85 > t. O

4. THE PROOF OF THEOREM 1.1
In addition to Theorem 3.3 the following simple lemma will be used.

Lemma 4.1. Let S be a closed subset of X. For some k € [0,1] and € > 0, let

[v = ull

S.—fvex. v
{ L+ Tl

< ¢ for some u € S}.

(Z)[fw¢5 thenwgs f0r5<m1n{2’ d(w,S) }

2( 1+le| 20+wlDIF

(i1) For allw € X, d(w, S:) + d(w, X\ S2) > 0.
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: : [[w—=u] d(w,S)
Proof (i) For u € S with |Ju|| < 2||w|| + 1, ATTal® = @ralalF

whereas for u € S with |Ju|| > 2||w]|| + 1,

[[w—ull lull—llwll ~ 1 -k < 1
A+ul* = (T+ul)* > 5(1 + [|ul]) > 5

(ii) Suppose that d(w, S.) = 0. Then there exists {v,} C S. such that ||w—uv,| —

0. But, for each n, there exists u,, € S such that (!i"“;

nﬁ)”’“ < ¢ and so

[w = wnll _ Jlon = unll + [lw = onl]
(14 [Junl)* — (1 [lunl)*

For any 0 > ¢, we can choose n such that € + |[w — v,|| < J, showing that w € Sj for
all 0 > e.

<e+ lw— v,

On the other hand, if d(w, X\ Sa.) = 0, there exists a sequence {z,} such that
lzn—ull > 92 for all u € S. Hence, for all u € 9,

|w — z,|| — 0 and

(L [ful])*
lw—ull  [lu—zall = flw— 2]
> > 2e — |Jw — z,|.
(14 [ful)* (1 + ull)*
For any § < 2¢, we can choose n such that 2e — ||w — z,|| > §, showing that w & S;.
If d(w, S:) = 0 and d(w, S3c) = 0, we would have w € S5 N (X\S3.). O

Remark The proof of (ii) shows that S. C S; for all § > ¢ and that X\S. C X\S;
for all § < e.

Proof of Theorem 1.1 Set S =W N ®,.
Choose and fix k € [0,1]. For 6 > 0, let £(6) = 32v/6e'V? and observe that

() is a strictly increasing function of § with lims_0e(d) = 0. Since S is closed and
0,e € S by the hypothesis (I), d(0,5) > 0 and d(e, S) > 0. By Lemma 4.1(i), there
exists dy > 0 such that {0, e} NSa.5) = 0 for all § € (0,dp). By reducing dy if necessary,
we can also obtain dy < 1/8 and 16y/5,e'0V% < 1/2.

Consider § € (0,dy). By Lemma 4.1(ii) we can define a function 75 : X — [0, 1]
by
d(u, X\ She(s))
d(u, Se(5y) + d(u, X\ Sae(s))
and it follows that T is locally Lipschitz continuous with Ts(u) = 0 for all u € Sa.(s)
and Ty(u) = 1 for all u € S5).

T(;(u) =

By (II), M,, > ¢ for all n and, since {f,} is an optimal sequence, there exists
ng € N such that M, < ¢+ &g for all n > ny. For each n > ng, choose some
dp € (M, — ¢,0p) in such a way that §, — 0 as n — 0. For example, we could use
0p = M, — c—}—% for all large enough n. Then, to simplify the notation, set 7" = Tj, .

Let N,, and 7, be the set and the deformation given by Theorem 3.3 for F' = ®
and these values of ¢, k and § = §,, where n > ng. Define g, : [0,1] = X by

gn(t) = (T (fu(t)), fu(t)) for ¢ € [0, 1].
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Clearly g, € C(]0,1], X) and, since T™(0) = T"(e) = 0, we have that g, € I". Hence
by hypothesis (II), there exists ¢, € (0, 1) such that g,(t,) € S. Setting w,, = f,.(t,),
we have that g,(t,.) = n.(T"(w,), w,). By property (d7) of n,, it follows that

1gn(tn) — fu(ta)ll _ 17 (T (wy,), wy) — wy| e
At T~ (ot @G w ) = 2V

and so w, = fn(ty) € Ses,)- Thus T"(wy,) = 1 and g,(t,) = n(1,w,). But g,(t,) €
S C ®. which implies that

c < O(n,(1,wy,)) < P(w,) = O(fu(tn)) < M, < c+ dp.

Using property (d8) of n, (with t = 1 and recalling that 0 < d,, < dy < 1/8), there
exists 7, € [0, 1] such that

(L4 170 (7 ) IDF 1 (1 (s ) < 20/60

By property (d6) of 7, we also have that

H77n<1awn) - nn(menm 16k+/3
< 164/6pe n
(1 + (195 (7, wn ) [[)F

and so
A1 (0, wn), S)
(L A+ |70 (70, wn) 1)
On the other hand, by property (d7) of 7,

A0 (T, wn), fn([0,1])) < 170 (T, i) = fu(t) ] _ |7 (T wn) — w3, |

(Lt [ (s ) DF 7 (L (7, wn) D5 (L {10 (7o, ) [
< 324/6,e100V0n,

Finally we observe that

< 16\/5n616k\/g” since 7, (1, w,) = gu(t,) € S.

¢ < PMu(l,wy)) < PMp(Th, wy)) < P(wy,) < ¢+ 0,

and that §,, — 0 as n — oo.
Setting u* = n,(7,,w,), we see that the sequence {u*} has all the required

properties for the value of k chosen at the beginning of the proof.

Suppose now that (MPG) holds. In this case, we can add to the conditions on dy
imposed at the beginning of the proof the requirement that c—max{®(0), ®(e)} > 2.
This ensures that {0,e} N N,, = () for all n.

Recalling that u® = n,(,, w,) where n,,7, and w, = f,(t,) also depend on k
although this was not indicated explicitly, consider the path h* defined by hF(t) =
N (Tos fn(t)) for t € [0,1]. Clearly hf € C([0,1], X) and, since {0,e} N N,, = 0, it
follows from (d3) that h* € T'. Furthermore, for all ¢ € [0, 1], by (d4),

O(hyy(t)) = (1 (Tns fult)) < D(fultn)) < My,

and so {h*} is an optimal sequence of paths with u* = n,(7,, f.(t.)) € hE([0,1]). O
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The final property that the sequence {u*} lies on an optimal sequence of paths
is probably true under the general hypotheses (I) and (II), but proving this seems to

require a different form of deformation lemma.

5. THE POSITIVE CONE IN H; ()

We outline a typical situation where Corollary 1.2 has proved useful when dealing
with certain types of second order elliptic partial differential equations. It deals with

a case where S is a cone, as discussed in Remark 1.4.

Let © be an open subset of RN and H = H}(Q) with the usual norm
Julle = { ] o+ [Vufde)
Q
Proposition 5.1. For allu € H, |u] € H and u — |u| is continuous from H into H.

Proof It is well known that |u| € H for all w € H with

Vu on{zr € Q:u(z) >0}
V0u| = 0 on{re:ux)=0}
—Vu on{zxe€Q:u(r) <0}

and it follows that |V|u|| = |Vu| a.e. on Q. Suppose that there exists an element
w € H such that u — |u| is not continuous at w. Then there exist 6 > 0 and a

sequence {u,} C H such that
|un, — w1 — 0 and |||u,| — |wl]]s > ¢ for all n.
Since
/(un —w)* + |V (u, —w)’dz — 0
Q
we have that
/(\un\ — |wl|)?dx < / |u, — w|*dz — 0.
Q Q
Furthermore, since {u,} is a bounded sequence in H and we have that

[ 1¥lualPde = [ Vs <
Q Q

it follows that, for : = 1,..., N, {9;|u,|} is a bounded sequence in L*(€2) and so there
exist w; € L?(Q2) and a subsequence {u,, } such that d;|u,, | — w; weakly in L*(Q).

Hence, for any z € L*(Q),
/8z\unk| zdr — / w; zdx.

On the other hand, for z € C§°(2)

/a\unk\zdaﬁ— /|unk|8zd:c—> /|w|8zd:c
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since we have already noted that |u,| — |w| strongly in L?(2). This implies that
d;|w| = w; and hence 9;|u,, | — 0;|w| weakly in L?(Q2). But then, fori=1,..., N,

/ (Ol — Jwl]}2dz = / (O1tne Y2 + (O]} — 20t |00
Q Q
— /{@-unk }2 + {8,~w}2 — 28i|unk|(9i|w| dx
Q
— /{@w}2 + {0;w}? — 20;|w|0s|w|dxr =0
Q

since Q;u,, — Ojw strongly in L?(Q) and 9;|uy, | — 9;|w| weakly in L?(£2). This shows
that

/Q IV { | — ]} 2 — 0

and consequently
et | = ][l = /Q(\unk\ = [w])* + [V{Jun,| — [wl}*dz — 0,

contradicting the fact that |||u,| — |wl||1 > d for all n. This proves that u — |u] is
continuous from H into H at every u € H. 0
Let S ={ue€ H}(Q):u >0 ae. on Q}.
Suppose that ® € C1(H,R), that ®(u) = ®(|u|) for all u € H and that ® satisfies
(MPG). Replacing e by |e| we can suppose that e € S. Let
I'={feC(0,1],H): f(0) =0 and f(1) = e} and ¢ = inf yep maxcp 1] P(f(1)).
By Proposition 5.1, |f| € I whenever f € I' and so ®(f(t)) = ®(|f|(¢)) for all

t € [0,1]. Thus S contains an optimal sequence of paths and Corollary 1.2 ensures
that, for every k € [0,1], there exists a sequence {u*} C H = H}(Q) such that

d(uk,S)

n’

®(uy) = ¢ (1+ [[uy )" (uy) — 0 and ———=i
(1 + [l

6. Note added in proof

While this paper was being refereed, the issue raised in Section 1.2 concerning
the the metrics d and § has been resolved by P.J. Rabier,

Rabier, P.J.: On the Ekeland-Ghoussoub-Preiss and Stuart criteria for locat-

ing Cerami sequences, preprint.

In the notation of our Section 1.2, Rabier’s Theorem 1.1 establishes that, for any

non-empty subset S of X and for any sequence {u,} C X,

lim 6(u,,S) =0< lim —d(un,S) =
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A similar conclusion holds when S is replaced by an arbitrary sequence {S,,} of non-
empty subsets of X. Consequently, our conclusion (1.4) with & = 1 can be obtained

by combining Rabier’s result with Theorem 1 from

Ghoussoub, N.: A min-max principle with a relaxed boundary condition,
Proc. AMS, 117 (1993), 439-447,

which is a more complete version of the result by Ekeland mentioned in Section 1.2

above. It includes localization near an optimal sequence of paths.

In fact, Rabier also deals with a broad class of weights, not just 1 + || - ||. His
Corollary 3.2 shows that, for any sequence {S,} of non-empty subsets of X,
d(ty, S
lim 0(up,S,) =0 < lim dlttn; Sn)

n—oo n—oo W(||uy||)

=0

where w > 1 is concave and non-decreasing and ¢ is the corresponding metric defined
by

5(u, v) mf{/ 'ﬁh gt 1 e 02(0,1]), X) with £(0) = u and h(1) = o},

Together with Ghoussoub’s result, this leads to a proof of (1.4) for all k£ € [0, 1].

I am grateful to Patrick Rabier for his illuminating correspondance with me on

these matters.
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