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ABSTRACT. The purpose of this paper is to establish comparison criteria for higher order forced

nonlinear dynamic equation with mixed nonlinearities

N
(st (8) (raa(®)(- - (e (D2 ()2 )2+ 3 9 (s, (2 (1) = g(2),
7=0

on an above-unbounded time scale T, where n > 2. The results improve the main results of a
number of recent papers and are established for a time scale T without assuming certain restrictive

conditions on T.

AMS (MOS) Subject Classification. 34K11, 39A10, 39A99.

1. INTRODUCTION

Following Hilger’s landmark paper [22], there have been plenty of references fo-
cused on the theory of time scales in order to unify continuous and discrete analysis,
where a time scale is an arbitrary nonempty closed subset of the reals, and the cases
when this time scale is equal to the reals or to the integers represent the classical
theories of differential and of difference equations. Many other interesting time scales
exist, e.g., T = ¢"° = {q¢' : t € Ny} for ¢ > 1 (which has important applications in
quantum theory), T = hN with ~ > 0, T = N? and T = H,, the space of the harmonic
numbers. For the notions used below we refer to [5, 6] that provides some basic facts
on time scale. In this paper, we will establish comparison criteria for the higher order

forced nonlinear dynamic equation with mixed nonlinearities of the form
N
A
{raa(t) (raa(O)(- - (MO 0) )2+ ) 006y, (2(p;(0) = g(t), (1.1)
5=0
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on an above-unbounded time scale T, where n > 2; ¢g(u) := lw®u, B> 0;r €

Cra (T, (0,00)), i =1,2,...,n—1and p; € Coq(T,RT), 7 =0,1,..., N with p; # 0,
are real valued, rd-continuous functions; ¢; : T — T is a rd-continuous function such
that lim, .. ¢;(t) =00, 5 =0,1,...,N; and g € C,4(T,R). Throughout this paper,
we let

2=, (:E”‘”)A, i=1,2,...,n withr, =1 and 2% = z,
and there exists an oscillatory function h € Cl,[tg, c0)r such that g(t) = AlPl(t) =
(h[”‘l])A for t > t, € T, where hl! = r; (h[i_”)A, i=1,2,...,n—1 with hl% = h;

and assume that

< At
/ oo, =12, .n—1, (1.2)
to /r'l(t)
and
’)/j<’}/0,j:1,2,...,l; and ’}/j>’}/0,j:l+1,l+2,,N (13)

By a solution of Eq. (1.1) we mean a nontrivial real-valued function x € C,[T,, 00)t
for some T, > t, such that zl1 € CY[T,,00)r, i = 1,2,...,n — 1 and z(t) satisfies
Eq. (1.1) on [T}, 00)T, where C,4 is the space of right-dense continuous functions. An
extendable solution z of (1.1) is said to be oscillatory if it is neither eventually positive
nor eventually negative. Otherwise it is said to be nonoscillatory. There has been an
increasing interest in studying the oscillatory behavior of all order dynamic equations
on time scales, see, for example [2, 1, 7, 8, 9, 12, 13, 15, 16, 17, 18, 20, 21, 24] and
the references contained therein.

Recently, Erbe, Mert, Peterson and Zafer [10] obtained comparison criterion for

even order dynamic equation

22 () +p (1) ¢, (z (¢ (1)) = 9(t), (1.4)
where ¢ € C,q (T, T) such that ¢(t) <t and lim;_.o ¢(t) = co. The results in [10]
apply only to time scales satisfying on unbounded time scale T where o(t) = at + b,
where a > 1, b > 0 are constants. Hassan [19] extended previous results for even

order dynamic equation

2(t) + p(t) ¢, (x (0 (1)) = 9(t),
without assuming certain restrictive conditions on T. The purpose of this paper is to
obtain comparison criteria for the more general forced nonlinear dynamic equation
mixed nonlinearities (1.1) where n > 2 and still without assuming certain restrictive

conditions on T. The results extend the oscillation criteria established in [10, 19].

2. MAIN RESULTS

Before stating our main results, we begin with the following lemmas which will
play an important role in the proof of our main results. The first one is cited from

[19] and improves the well-known lemma due to Kiguradze.
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Lemma 2.1. If Eq. (1.1) has an eventually positive solution x, then there exists an
integer m € [0,n] with m +n odd such that

m>1 implies y® >0 for k=0,1,2,...,m—1, (2.1)
eventually, and
m<n implies (—1)""y® >0 for k=mm+1,...n, (2.2)
eventually, where y := x — h.
The second one is cited from [21, 20].

Lemma 2.2. Assume (1.3) holds. Then there exists an N-tuple (1,2, ...,nn) with
n; > 0 satisfying

N N
Z”)/j’f]j =% and Z’fb =1. (23)
7=1

j=1
We will use the following notations: ¢(t) := inf {¢o(t), p1(t), ..., ©n(t)}; and
for any u,v € T, define the functions R;(v,u), i = 0,1,...,m, Bi(t) and Bi(t), i =
0,...,n — 1, by the following recurrence formulas:
RZ’(U,U) — { J“U RZ 1 3 U)/'f’m_i+1(3) AS? Z::la"'vm7
1= 0;
B P s)As/rnl i1=1,...,n—1,
>N s (0), i=0;
and
As/rnl i=1,....,n—1,
1=0,

N
where p(t) := po (t) + [ [p;(t)/n;]" and provided the improper integrals involved
=1

.

are convergent.

Theorem 2.3. Let ¢ be a nondecreasing function on [ty,00)r and there exist two

sequences {s,} and {5,} tending to infinity such that for all n,
h(s,) =inf{h(t):t > s,};

- _ (2.4)
h(s,) =sup{h(t):t>35,}.
Assume that the first order dynamic equation
22(1) + Kon(t) e (2 (0(1))) = 0, (2.5)
1s oscillatory, where
K(t) = Poma (DR (0(1), T)  for o(t) € [T, 00)r, (2.6)
for every an integer number m € {1,...,n— 1} with m+n is odd and for sufficiently

large T € [to, 00)T.
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(1) If n € 2N, then every solution of Eq. (1.1) is oscillatory.
(2) If n € 2N+ 1 and, in addition, lim;_ h(t) =0 and

/: Po_1(s) As = oo, (2.7)

then every solution of Eq. (1.1) is either oscillatory or tends to zero monotoni-

cally.

Proof. Assume (1.1) has a nonoscillatory solution x on [ty, 00)r. Then, without loss
of generality, z(t) > 0 and z (¢, (t)) >0, j =0,1,2,..., N on [ty, 00)r. Define

y(t) = x(t) — h(t)  for t € [to, 00)r. (2.8)

Then
Yty =200 —nlil@), i=1,2,....n
Therefore Eq. (1.1) becomes

y(t) + ij(t)% (x(p;(t)) = 0, (2.9)

which implies
N
() = = 00y, ((pi(t) <O for t € [to, 00)r.
j=0

This implies that yl, i = 0,1,...,n —1 are eventually of one sign. Also since h is an
oscillatory function, then y(¢) > 0 on [t;, 00)r for some t; € [ty,00)r. It follows from
Lemma 2.1 that there exists an integer m € {0,...,n — 1} with m + n is odd such
that (2.1) and (2.2) hold for t > t5 € [t1,00)T.

(I) When m = 0. In this case n is odd and
(=1)"y™ >0 for k=0,1,...,n. (2.10)

Since y2 < 0 eventually and lim, .. h(t) = 0, then lim;_ o z(t) = lim;_o y(t) = [, >
0. Then for sufficiently large t3 € [ta, 00)1, we have x(y;(t)) > [ for t > 5. It follows
that

Oy (X (5 (1)) 2 17 = L for ¢ € [t3, 00)r,

where L := info<j<n {{%} > 0. Then from (1.1), we obtain

_( Zpy ¢% >szy =L ().

Integrating above inequality from ¢ to v € [t, 00)T, we get

v

) ) > L / Py (s) As.

t
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and by (2.2) we see that y"~!(v) > 0. Hence by taking limits as v — oo we have

IOEY / Py (s) As,

t
which implies
(y[n—ﬂ(t))A > Lﬁ/ Py(s)As =L Pi(t).
t

T'n—1

Integrating from ¢ to v € [t, 00)r and letting v — oo and using (2.2), we get

Ly > 1 / Pi(s) As.
t

Continuing this process (n — 3)-times, we get

—ym(t) > L/ P,_5(s) As,
t

which implies
A
—y~(t) > L P, 2(s)As=L P,_1(t).
y()— Tl(t)[ 2() 1()

Again integrating above inequality from t3 to t € [t3, 00)T, we get

)+ ylt) > L / Poii(s) As

t3
Hence by (2.7), we have lim; . y(t) = —oo, which contradicts the fact that y > 0
eventually. This shows that if m = 0, then lim; . z(¢) = 0.

(IT) When m > 1. By the facts that z(t) > 0, y(t) > 0, y*(t) > 0 on [t,00)r
and from (2.4) it follows that there exists a constant A, 0 < A < 1, such that for
sufficiently large t3 € [t2, 00)r,

w;(t) >t and x(t) > Ay(t) fort € [ts,00)r,

and so
2(;(t)) = My(;(t))  for t € [ts, 00)r.
Therefore, Eq. (2.9) becomes for ¢ € [t3, 00)r,
N

—y"(t) > ZX’% (t) ds, (y (05 (1))

> Z Ap; (t) 5, (y (¢ (1))

N

= by (y (P (1)) Y N7 (8) [y (@ (8))]7 7. (2.11)

J=0

From (2.3) we have

N N
Z%’ﬂj - %Zm =0.
=1 j=1
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Using the Arithmetic-geometric mean inequality, see [4, Page 17], we have
N N
anvj > Hv}”, for any v; >0, j=1,...,N.
j=1 j=1

Then for t > t3,

Z AVp; () [ (e ()]

= X+ Y n%@’ 2 (o ()7

7=1

N - .
Nip;(t) 1™ .
> om0+ T {229 e e oo
j=1"* J
N - .
>\'yj (¢ Ny
= om0+ T |22~y
L i

<
[y

This together with (2.11) shows that

—y" () 2 p(t) o (y (¢ (¢)))  for t € [t3,00)r. (2.12)

Integrating Eq. (2.12) from ¢ > t3 to v € [¢,00)r and then using the facts that y is

strictly increasing and ¢ is a nondecreasing function, we get

L) 4y > / () oy (4 (9 (5))) As
> b (0 (1)) / b (s) As,

and by (2.2) we see that y™ ! (v) > 0. Hence by taking limits as v — oo we have

G > b (0 (1) / T p(s) As

which implies for ¢ > 3

O] 2 o e 0) s [ p(9)As

o (y (2 (1)) Pr(t): (2.13)

Integrating above inequality (2.13) from ¢t > t3 to v € [t, 00)r and letting v — oo and
using (2.1) and (2.2), we get

) > by (y (0 (1)) / " Bi(s)As,
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Proceeding as above, we obtain

I > b (o (1)) / " Pys)As:

) > b (y (0 (1) / " Py(s)As

S 2 6 (e ) [ Prmea9s

Therefore -
Ym0 2 0y (00 ®) [ Paoa(s)ts (2.14)
t
Also, from (2.1) and (2.2), we get

Y= = gl /
As

zy[“”(t)/t = o (1) Rafo.t).

It follows that

A

(2 @)~ >yt (1) ol ts)

T'm—1 (t) '
Then for t € [t3, 00)r,

v

y0) — 3 )
t
) () ) o,

ts Tm-1 (5)

] (t)/t Bu(s,t3)

Tm—1($)

= M (1) Ry(t, t3).

ylm=2(t)

v

Vv

Analogously, we have
y=3l(t) > oM (1) Rs(t, ts);
ylm= () >yl (1) Ry(t, ts);

(2.15)
Yyt =yt () Rin(t, L)
It implies that
y(t) > y™ (t) R (t, t3) for t € [ts, 00)r.
Then for ¢(t) € [t3, 00)T
y(p(t) = 4" (p(1) R (p(t), t3). (2.16)

From (2.14) and (2.16), we get

=y () = s, (4 (1)) B (4(1). 1) /t (o)



86 L. ERBE AND T. S. HASSAN

or

I —475[W31WPx@Astwax@>¢@@Wuww»

T'm+1

= Pucm 1 (OB (0(1), ta) 60y (4" (1))
= Kn()dy (1™ (1))
Let z (t) := y™ (t) > 0, we get

—28(t) = K)oy, (2 (1))
or
22 () + Kin(t)en, (2 (2(t))) 0. (2.17)
By Corollary 2.3.5 in [3], equation (2.5) has an eventually positive solution which is

a contradiction. This completes the proof. O

In the following theorem we use the following notation:

_ U Ri1(v,8) ) tai(s) As,  i=1,...,n—1,
R;(v,u) ::{ 1f ! / i—0

for any u,v € T.

Theorem 2.4. Assume that (2.4) holds and the first order dynamic equation
A () + Hy(t) 6y (2 (1) = 0, (2.18)
is oscillatory, where for 7(t) € [T, 00)r,
Hpy(t) :=p(t) [Rocme1(t, T(0)) R (7(), T)]™ with 7(t) = inf {t, ()},  (2.19)
for every an integer number m € {1,...,n— 1} with m+n is odd and for sufficiently
large T € [ty, 00)T.

(1) If n € 2N, then every solution of Eq. (1.1) is oscillatory.
(2) If n € 2N + 1 and, in addition, lim; .., h(t) = 0 and (2.7) holds, then every

solution of Eq. (1.1) is either oscillatory or tends to zero monotonically.

Proof. Assume (1.1) has a nonoscillatory solution x on [tg, 00)r. Then, without loss of
generality, z(t) > 0 and x (p; (t)) > 0,7 =0,1,2,..., N on [ty, c0)r. Proceeding as in
the proof of Theorem 2.3, there exists an integer m € {0,...,n — 1} with m+n is odd
such that (2.1) and (2.2) hold for t > ¢, € [t1, 00), for sufficiently large t1 € [ty, 00)r.

(I) When m = 0. As shown in the proof of Theorem 2.3, We show that if
lim; . h(t) = 0 and (2.7) holds, then lim, .., z(t) = 0.

(IT) When m > 1. As seen in the proof of Theorem 2.3, we obtain for ¢ € [t3, co)r,

for some t3 € [tq, 00)r,
—yl" () > p(t) s (y (2 (1)) - (2.20)
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By the fact that y™~! is nonincreasing on [t3, 00)r, we get for v > u > ts,
") =y () =y (0) Ro(v,w),

which implies
n— A n— R(] v, U
2 ) 2y ) Tl )
Tno1(u)
Replacing u by s and integrating with respect to s from u > t3 to v € [u, 00)r and

using (2.2), we get

—y" () >y ) =y ()
v RQ(U, S)

= [ A

= y[n—l} (U> Rl (Uv U),

which yields
_ N Ry(v,u)
(P () > () DY)
(") 2yl ) T

Again replacing u by s and integrating with respect to s from u to v, we get

) = I (w) oy ()
_ [n—1] v UR1(’U,8) s
y <>/u ) A
— U () Ry(v, ).

Proceeding this process, we obtain

_y[n—4] (u)
")

y" 1 (v) Ry (v, u);
y" U () Ry(v, u);

v

A%

y () y" U (0) Rca (v, ).

vV

Therefore
™ (u) >y () Ry (v, u).

Setting v = t and u = 7(t) gives
Yy (7 (1) >y () Ry (t, () for 7(t) € [ts, 00)r. (2.21)

By (2.15) with ¢ is replaced by 7(£), we have for 7(£) € [t3, 00)r,
y(r(1) = y"™ (7(1)) R ((1), t3)- (2.22)

Pick t4 € [t3,00)r such that 7(t) € [t5, 00)r for t > 4. Substituting (2.21) into (2.22),

we get for t € [ty, 00)r,

y(r(6)) 2 Y"1 () Rucsuea (8, 7(0) Bin(7(1), 13). (2.23)
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Form (2.20) and (2.23) and using the fact that y is strictly increasing, we have

(WD) = p(E)ba, (3 (9 (1)) = P(E)bs, (y (7 (1))
> p(t) [Rooma (6, 7(8) R (7(8), £3)] ™ 64 (41" (1))
= H,(1) Gro (y[n_l} (t)) .

Let z (t) := y™ 1 (¢) > 0, we get

—25(t) 2 Hult) 0, (2 (1)),
or
22(t) + Hin(t) ¢y (2 (1)) <0.
Again, by Corollary 2.3.5 in [3], equation (2.18) has an eventually positive solution

which is a contradiction. This completes the proof. O

Theorem 2.5. Let ¢ be a nondecreasing function on [ty,00)r. Assume that (2.4)

holds and the second order dynamic equation

[rn ()22 ()] + Qul(B)sy (2 ((1))) =0, (2.24)

1s oscillatory, where

Qu(t) 1= Poma(t) [Rin(2(t), T)/ Ra(o(t), T)]™  for o(t) € (T, 00)p,  (2.25)

for every an integer number m € {1,...,n— 1} with m+n is odd and for sufficiently

large T € [to, 00)T.

(1) If n € 2N, then every solution of Eq. (1.1) is oscillatory.
(2) If n € 2N + 1 and, in addition, lim; . h(t) = 0 and (2.7) holds, then every

solution of Eq. (1.1) is either oscillatory or tends to zero monotonically.

Proof. Assume (1.1) has a nonoscillatory solution x on [tg, co)r. Then, without loss of
generality, z(t) > 0 and z (¢, (¢)) > 0,7 =0,1,2,..., N on [tg,00)r. Proceeding as in
the proof of Theorem 2.3, there exists an integer m € {0,...,n — 1} with m+n is odd
such that (2.1) and (2.2) hold for t > ¢, € [t;, 00)7, for sufficiently large t; € [ty, 00)r.

(I) When m = 0. As shown in the proof of Theorem 2.3, We show that if
lim; oo A(t) = 0 and (2.7) holds, then lim; . z(t) = 0.

(IT) When m > 1. As seen in the proof of Theorem 2.3, we obtain for ¢ € [t3, 0o)r,

for some t3 € [tq, 00)r,

) > 6 (0 (1) / " Pra(s) s, (2.26)

and
ym=U () > yIm () Ry(t, ts). (2.27)
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Note that

g1 Rt o] - %@)y[m—ﬂ (1)

[Rl (t,t3) } a Ry(t,t3)Ri(0(t),t3)

= R tg,l)Rl(a(t) ry Bt 2)y™ (6) =" (0))
we have
m—1] (472
H%l(t,t(;))] <0 on (t3,00)r. (2.28)
Since for t € (t3,00)T,
m—1]
/) = e ),

we have

) m=1(¢) Ry(t,t5
(y"=2(1))" = i.gl(t,g)) rm(_tl Et))

Then by (2.28), we have for t € (t3,00)r

YA 2 e -y e)

 [TymU(s) Ri(s,ts) .
- / Ra(srts) rmt (5) °

ym U (@) [ Ru(s, ts)
Ry(t,ts) Jug Tm—1 (5)
ym = (t)

= t,t
Rl(t,tg) R2( ) 3)7

As

which implies

y" U (t) Ralt, 1)

m—3 A
[y 0] > Ry(t,t3) o (t)

Then

Yy =y -y (k) = / (" (s)” A

_ y 1 (s) Ry(s,ts) .
- / Br(onta) rma(s) -

y[m 1] (t) /t Ry(s,t3) As
R1 t tg) ts Tm—2 S)
yl )

= Rl(t,tg) Rs(t, t3).

Vv
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Proceeding as above process, we get
y U (t)
Rl (t7 t3)

ym=1(t)
Ry (t,t3)

ym ()

A%

R4(t, t3);

ym=sl(t)

v

R5(t> t3);

=11 (¢)
m-mlpy > Y \Wp gy
Yy ( ) - Rl(t,tg) m( ) 3)

It implies that

y(t) > vl

TR .(t.ts) fort€ (t,00)r.
= Rty (t,t3) fort € (t3,00)T

Then for p(t) € (t3,00)
1]
o)z & D p o) 1), (2.29)

From (2.14) and (2.29), we get

] 1] ® 5 DAs Ro(p(t),t3)]™
S0 2 b, (0 (o0) [ Pacatoiss [TEDT
= [ty 0)°]
L [Rele®)]
> Pemestoan |GG e 6 o)
L IAEORDIR
s[RI (o (o)
= Qult)d, (1 (£(1)). (231)
Let 2 (t) := y™=1(¢) > 0, we get
~ [rn®22®) = Qu(t)on, (2 (2(1))).

A
[rm(H)22(1)] ™ + Qu () (2 (0(1))) < 0.
By [19, Lemma 2.2|, we get that (2.24) has an eventually positive solution which is a

contradiction. This completes the proof. O

1. The conclusion of Theorems 2.3-2.5 remains intact if assumption (2.7) is replaced

by one of the following conditions

/OO Pi(t)At = oo, /OO Py(t)At = oo, . . .or /OO Py_o(t)At = 0.

to to to
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2. It is easy to show that if either

/oo Pu(t)At = 0o or/oo Py()At = oo,

to to
then m = n — 1 in Theorems 2.3-2.5.

3. APPLICATIONS

In this section we establish some oscillation criteria for equation (1.1) by using
Theorems 2.3-2.5.

Theorem 3.1. Let 0 < vy < 1 and p(t) € [t,00)r be nondecreasing function on
[to, 00)1. Assume that (2.4) holds and

/TOO K,,(s) As = oo, (3.1)

where K,, is defined by (2.6), for every an integer number m € {1,...,n — 1} with
m +n is odd and for sufficiently large T' € [ty, 00)r.

(1) If n € 2N, then every solution of Eq. (1.1) is oscillatory.
(2) If n € 2N + 1 and, in addition, lim; .., h(t) = 0 and (2.7) holds, then every

solution of Eq. (1.1) is either oscillatory or tends to zero monotonically.

Proof. Assume (1.1) has a nonoscillatory solution x on [tg, co)r. Then, without loss of
generality, z(t) > 0 and z (¢, (¢)) > 0,7 =0,1,2,..., N on [tg,00)r. Proceeding as in
the proof of Theorem 2.3, there exists an integer m € {0,...,n — 1} with m+n is odd
such that (2.1) and (2.2) hold for t > ¢, € [t;, 00)7, for sufficiently large t; € [ty, 00)r.

(I) When m = 0. As shown in the proof of Theorem 2.3, We show that if
lim; oo A(t) = 0 and (2.7) holds, then lim; . z(t) = 0.

(IT) When m > 1. As seen in the proof of Theorem 2.3, we obtain that the first

order dynamic equation

22 (1) + Kn(t)én, (2 (0(t))) = 0. (3.2)

has an eventually positive solution z(t) for ¢ € [t3, 00)r, for some t3 € [ta,00)r. By

the fact that z is nonincreasing on [t3,00)r and ¢(t) < ¢t we get from (3.2) that

22 (t)
[ (O]

Integrating this inequality from t3 to ¢, we get

z(s) du

Fee)=[

Kn(t) < — for t € [t3, 00)7.

Define
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and so

(F(z(s)" = /0 F' (2, (s))dh 22 (s) = /0 mdh 22 (s).

where zp, (s) := (1 —h)z(s) + hz7(s) > 0, for 0 < h < 1, t € [t3,00)7. Since z is

nonincreasing on [t3, 00)r, we have
zn(s) =1 —=h)z(s)+hz(s) < z(s).

Therefore
22(s)

= ()]

(F (2 (s)" = / i 20 <

Hence it follows that

/th(s) As < —/thng(z(tg))—F(z(t))

[= ()]
7 C2)) I 1)
L= L=
o B
I ()
which contradicts (3.1). O

Theorem 3.2. Let 0 < vy < 1. Assume that (2.4) holds and

/T T (s) As = o (3.3)

where H,, is defined by (2.19), for every an integer number m € {1,... ,n — 1} with
m +n is odd and for sufficiently large T' € [ty, 00)T.

(1) If n € 2N, then every solution of Eq. (1.1) is oscillatory.
(2) If n € 2N + 1 and, in addition, lim; .., h(t) = 0 and (2.7) holds, then every

solution of Eq. (1.1) is either oscillatory or tends to zero monotonically.

Proof. The proof is similar to the proof of Theorem 3.1 with K,,(t) is replaced by
H,,(t) and hence can be omitted. O

Theorem 3.3. Let ¢ be nondecreasing function on [ty, 00)r. Assume that (2.4) holds

and .
/T Qm(s)As = 00 (3.4)

where Q,, is defined by (2.25), for every an integer number m € {1,...,n — 1} with
m +n is odd and for sufficiently large T' € [ty, 00)r.

(1) If n € 2N, then every solution of Eq. (1.1) is oscillatory.
(2) If n € 2N + 1 and, in addition, lim; . h(t) = 0 and (2.7) holds, then every

solution of Eq. (1.1) is either oscillatory or tends to zero eventually.
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Proof. Assume (1.1) has a nonoscillatory solution x on [tg, co)r. Then, without loss of
generality, z(t) > 0 and x (¢, (t)) > 0,7 =0,1,2,..., N on [ty, c0)r. Proceeding as in
the proof of Theorem 2.3, there exists an integer m € {0,...,n — 1} with m+n is odd
such that (2.1) and (2.2) hold for t > ¢, € [t1, 00)7, for sufficiently large t; € [ty, 00)r.

(I) When m = 0. As shown in the proof of Theorem 2.3, We show that if
lim; o A(t) = 0 and (2.7) holds, then lim; . z(t) = 0.

(IT) When m > 1. As seen in the proof of Theorem 2.3, we obtain that the second

order dynamic equation

[rn ()22 ()] + Qu(B)sy (2 (2(1))) = 0. (3.5)

has an eventually positive solution z(t) for ¢ € [t3, 00)r, for some t3 € [ta, 00)y. It is

easy to see that
[rm(8)22(8)] <0, 22() > 0 fort € [ts,00)r.

Integrating the inequality (3.5) from ¢3 to v € [t,00)r and letting v — oo and using

the fact z is increasing on [ts, 0o)r, we get

nlt)22(0) 2 0 (2 (0 (1)) [ @u(s)1s,
t3
this contradicts the assumption (3.4). This completes the proof. O

Remark 3.4. For further oscillation criteria for equation (1.1), see [1, 2, 8,9, 12,
13, 15, 17, 24].

REFERENCES

[1] R. P. Agarwal, M. Bohner and S. H. Saker, Oscillation of second order delay dynamic equation,
Canadian Appl. Math. Quart., 13 (2005) 1-17.

[2] E. Akin-Bohner and J. Hoffacker, Oscillation properties of an Emden-Fowler type equation on
Discrete Time Scales, Journal of Difference Equations and Applications 9 (2003) 603—-612.

[3] Ravi P.Agarwal, Said R.Grace and D.O’Regan , “Oscillation Theory for Second Order Dynamic
Equations” Taylor & Francis, London,2003.

[4] E.F. Beckenbach, R. Bellman, Inequalities, Springer, Berlin, 1961.

[5] M. Bohner and A. Peterson, Dynamic Equations on Time Scales: An Introduction with Appli-
cations, Birkh&user, Boston, 2001.

[6] M. Bohner and A. Peterson, editors, Advances in Dynamic Equations on Time Scales,
Birkhauser, Boston, 2003.

[7] M. Bohner and T. S. Hassan, Oscillation and boundedness of solutions to first and second
order forced functional dynamic equations with mixed nonlinearities, Applicable Analysis and
Discrete Mathematics 59 (2009) 242-252.

[8] L. Erbe, T. S. Hassan, A. Peterson and S.H. Saker, Oscillation criteria for half-linear delay
dynamic equations on time scales, Nonlinear Dynam. Sys. Th. 9 (1) (2009) 51-68.

[9] L. Erbe, T. S. Hassan, A. Peterson and S. H. Saker, Oscillation criteria for sublinear half-linear
delay dynamic equations on time scales, Int. J. Difference Equ., 3 (2008) 227-245.



94

[10]
[11]

[12]

L. ERBE AND T. S. HASSAN

L. Erbe, R. Mert, A. Peterson and A. Zafer, Oscillation of even order nonlinear delay dynamic
equations on time scales, Czechoslovak Mathematical Journal 63 (138) (2013) 265-279.

S. R. Grace and T. S. Hassan, Oscillation criteria for higher order nonlinear dynamic equations,
Math. Nachr. 1-15 (2014) / DOI 10.1002/mana.201300157.

S. R. Grace, R. P. Agarwal, M. Bohner and D. O’Regan, Oscillation of second order strongly
superlinear and strongly sublinear dynamic equations, Commun. Nonlin. Sci. Numer. Simul. 14
(2009) 3463-3471.

Z. Han, S. Sun and B. Shi, Oscillation criteria for a class of second order Emden delay dynamic
equations on time scales, J. Math. Anal. Appl. 334 (2007), 847-858.

G. H. Hardy, J. E. Littlewood, G. Polya, Inequalities, second ed., Cambridge University Press,
Cambridge, 1988.

T. S. Hassan, Oscillation criteria for half-linear dynamic equations on time scales, J. Math.
Anal. Appl. 345 (2008) 176-185.

T. S. Hassan, Oscillation of third order nonlinear delay dynamic equations on time scales,
Mathematical and Computer Modeling 49 (2009) 1573-1586.

T. S. Hassan, Kamenev-type oscillation criteria for second order nonlinear dynamic equations
on time scales, Applied Mathematics and Computation 217 (2011) 5285-5297.

T. S. Hassan, Oscillation criteria for second order nonlinear dynamic equations, Advances in
Difference Equations 2012, 2012:171, 1-13.

T. S. Hassan, Comparison criterion for even order forced nonlinear functional dynamic equa-
tions, Commun. Appl. Anal. 18 (2014), 109-122.

T. S. Hassan, L. Erbe, and A. Peterson, Forced oscillation of second order functional differential
equations with mixed nonlinearities, Acta Math. Scientia (2011) 31B(2): 613-626.

T. S. Hassan and Q. Kong, Interval criteria for forced oscillation of differential equations with p-
Laplacian, damping, and mixed nonlinearities, Dynamic Systems & Applications 20 (2011),279—
294.

S. Hilger, Analysis on measure chains — a unified approach to continuous and discrete calculus,
Results Math. 18 (1990) 18-56.

V. Kac and P. Chueng, Quantum Calculus, Universitext, 2002.

R. Mert, A, Zafer, A necessary and sufficient condition for oscillation of second order sublinear

dealy dynamic equations, Discrete Contin. Dyn. Syst. Supplement Volume (2011) 1061-1067.



