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ABSTRACT. In this paper, we study the nonlinear boundary value problem consisting of the
equation y" + f; w(t, 7)f(y,7)d{(T) = 0 on [a,b] and a double Riemann-Stieltjes integral boundary
condition. We establish the existence of various nodal solutions of this problem by matching the
solutions of two boundary value problems, each of which involves one separated boundary condition
and open Riemann-Stieltjes integral boundary condition, at some point in (a,b). We also obtain the

conditions for nonexistence of nodal solutions of this boundary value problem.
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1. INTRODUCTION

We study the nonlinear boundary value problem (BVP) consisting of the equation

y" —I—/ w(t, 7)f(y, 7)d¢(T) =0, t€ (a,b), (1.1)

and the boundary condition (BC)

y(a) - / y(s)dn(s) =0, y(b) - / y(s) de(s) = 0, (12)

where a,b € R with a < b, the integrals in Eq. (1.1) and BC (1.2) are Riemann-
Stieltjes integrals with respect to ((7), n(s), and £(s), respectively, with ((7) being
a nondecreasing function and 7(s) and £(s) being functions of bounded variation.

We comment that the intervals for integration in the equation and in the boundary
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conditions may be different; however, with the Riemann-Stieltjes integration, they
can always be unified into the same interval.

Since the functions £(s) and n(s) in BC (1.2) are of bounded variation on [a, b],

then there are two nondecreasing functions &;(s) and 7;(s), i = 1,2, such that
§(s) = &u(s) — &(s) and n(s) =nmi(s) —n2(s), s € [a,b], (1.3)

Note in the case that {(7) = 7, n(s) = s, and £(s) = s, the Riemann-Stieltjes
integrals in BVP (1.1), (1.2) reduce to the Riemann integrals. In the case that
Cr) = 0y (7 — i), () = 2Ly (s — ), and €(s) = S0 (s — €5, where
d,l,m >1, and {r; ;l:l, {n; 2-:1, {& 1}, are strictly increasing sequences of distinct
points in (a, b), and x(s) is the characteristic function on [0, 00), i.e.,

1, s2>0,
0, s<0.

x(s) =
BVP (1.1), (1.2) reduces to the BVP consisting of the equation
p
Yy Y wi)fi(y) =0, € (ab), (1.4)
j=1

and the boundary condition
l m
yla) = hjy(n) =0, yb) =Y ky(&)=0. (1.5)
j=1 1=1

where w;(t) := w(t,r;) and f;(t) := f(y,r;).
We assume throughout, and without further mention, that the following condi-
tions hold:

(H1) w(t,7) € C*([a,b] x [a,b]) and w(t,7) > 0 on [a,b] x [a,b];

(H2) f € C(R x [a,b]), f(y,7) is locally Lipschitz in y on (—o0,0) U (0,00), and
yf(y,7) >0 and f(—y,7) = —f(y,7) for all y > 0;

(H3) there exist extended measurable functions fo(7), foo(T) : [a,b] — [0, 00] such
that

fo(r) = gljlg(l) fly,7)/y and fo(r) = \g}finoo fly,7)/y.

The existence of nodal solutions of BVPs with multi-point BCs has been studied
extensively; see [3, 4, 5, 6, 13, 14, 18, 21| and the references therein. More specifi-
cally, in recent years, researchers have drawn their attention towards the existence of
nodal solutions, solutions with a specific zero-counting property in (a, b), of nonlinear
boundary value problems (BVPs) with nonlocal BCs. We shall draw the reader’s
attention to such results obtained for BVPs which involve special cases of Eq. (1.1)
and BC (1.2).
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Ma [15], Ma and O’Regan [16], Rynne [17], Xu [19], and Xu et al. [20] studied
the special BVP consisting of the equation

v+ fly) =0, tea,b), (1.6)

and the multi-point BC
y(0) =0, y(1) = ky(m)=0. (1.7)
i=1

Ma and O’Regan [16] and Rynne [17] used a standard global bifurcation method
to establish the existence of nodal solutions of BVP (1.6), (1.7) by relating it to
the eigenvalues of the corresponding linear Sturm-Liouville problem (SLP) with the
multi-point BC (1.7). However, the establishment of these results rely on direct
computation of the eigenvalues and eigenfunctions of the SLP associated with BVP
(1.6), (1.7). Thus, these results cannot be extended to a general BVP with variable

coefficient functions.

Motivated by these results, Kong, Kong, and Wong [9] obtained results on the

existence of nodal solutions of the BVP consisting of the equation

y'+wt)f(y) =0, te(ab), (1.8)
and the separated—multi-point boundary condition

cos y(nc;) —sina y'(a) =0, «a€][0,n)
y(b) — ; kiy(&) =0,

by relating it to the corresponding linear SLP with a two-point separated bound-
ary condition. The shooting method and an energy function were key tools used.
These results were a significant improvement since the eigenvalues of two-point linear
self-adjoint SLPs are easy to compute by already developed algorithms; see [1] and
the references therein. By a very similar method, these results were generalized by
Chamberlain, Kong, Kong [2], where they studied the BVP consisting of Eq. (1.4)

and the separated—Riemann-Stieltjes integral boundary condition
cosa y(a) —sina y'(a) =0, «€[0,7)
b
v - [ o) des) o
Recently, Kong and St. George [8] obtained the existence of nodal solutions of

the multi-point BVP (1.8), (1.5). By matching the nodal solutions of BVPs with one
of the separated—multi-point BCs

y'(c) =0, y(b) - Z kiy(n;) =0
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and
1
y(a) =D hy(&) =0, y'(d)=0
j=1
at some point ¢ = d € (a,b), we established the existence of various nodal solutions

of BVP (1.8), (1.5).
In this paper, we generalize the results in [8] to BVP (1.1), (1.2) that involves

Riemann-Stieltjes integrals in the equation and in the boundary conditions. To estab-
lish the existence of nodal solutions of BVP (1.1), (1.2), we first prove the existence
of nodal solutions of BVPs consisting of Eq. (1.1) and one of the separated—Riemann-

Stieltjes integral boundary conditions

y(e) =0, wmj/mgﬁ@zo (1.9)
and \
M@—/Mﬁ@@z& y(d) = 0, (1.10)

respectively, and then match them at some point ¢ = d € (a,b). We also derive the
nonexistence of nodal solutions of BVP (1.1), (1.2).

2. MAIN RESULTS

We aim to study the solutions of BVP (1.1), (1.2) which belong to the class 7.
Definition 2.1. A solution y of BVP (1.1), (1.2) is said to belong to class 7, for
neNy:={0,1,2,...} and v € {+,—}if

(i) y and 3’ have only simple zeros in [a, b],

(ii) ¥’ has exactly n + 1 zeros in (a, b),

(iii) there is exactly one zero of y strictly between any two consecutive zeros of

Y,

(iv) vy(t) > 0 in a right-neighborhood of a.
Remark 2.2. One can easily see that for y € 7 with n € Ny and v € {+,—}, v

may have n, n+ 1, or n + 2 zeros in (a, b).

In this paper, we will use the notation hy(t,7) := max{0,+h(¢t,7)} for any
function h. Let F(y,7) := [ f(&, 7)dE for y € R and 7 € [a,b]. In addition, let

H@w:/u@ﬂﬂ%ﬂﬂwa (2.1)
and

b b
fy_:/ [=(t)dt, and fy+:/ I*(t)dt,
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where

I£(t) := max {M} (2.2)

relad] | w(t, T)
By (H2), for any fixed 7 € [a, b], F'(y, T) is strictly increasing in y on [0, 00). Thus, for
any fixed t € [a, b], H(t,y) is strictly increasing in y on [0, 00), and hence, is invertible
in y on [0,00). We denote by H;'(t,y) its inverse. Similarly, H(¢,y) has an inverse
H-'(t,y) in y on (—o0,0].
Note that assumption (H2) implies that F' is even in y. Hence, for t € [a, b],

H™'(t,y) == H{'(t,y) = —HZ'(t.y), y€[0,00). (23)
In addition, to simplify the notation we denote

§+(s) == &i(s) + &a(s), and ny(s) :=mnm(s) +m(s), s € [a,b],
where &;,n;, i = 1,2, are given given by (1.3).
We now state the main results on the existence and nonexistence of nodal solu-

tions of BVP (1.1), (1.2). The proofs of the main results are given in the subsequent

section.

For n € Ny, let A\, be the n-th eigenvalue of the SLP consisting of the equation

Y+ A (/abw(t, 7) dg(T)) y=0, te(a,b), (2.4)

and the Neumann BC
y'(a) =0, y'(b)=0. (2.5)
It is well-known that {\,}5°, satisfy that

0=X <M < A\ <, and \, — 00,

and any eigenfunction associated with A has exactly n simple zeros in (a, b) for n € Ny,
see [22, Theorem 4.3.2].

Theorem 2.3. Let n € Ny. Assume fort € |a,b|, either
b b
/ w(t, 7) (fo(T) = Anyz)) d¢(7) <0 and / foo(T) d((T) = 00 (2.6)
or
b b
/ W(t, ) (foolr) = Apnjay) dC() <0 and / fo(r)dC(r) = 00, (27)
where |n/2] is the integer-part of n/2. Suppose that for any r >0,
b
/ H™(s,re? ) dép(s) < HY(b,7), (2.8)

and .
/ H Y a+b—sre" Vdn,(a+b—s) < H '(a,r). (2.9)
b
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Furthermore, for x =0 or oo, when fab f«(7)dC(T) > 0, we also require that

e’ /2 1

/ d§+ (2.10)
VIE R wls, 7 (s \/ff w(b,7)d((7)
+/2 1
/ dns(a+b—s) . (2.11)
VIZ fwlatb—s,7)d¢(7) " P et (o)
Then BVP (1.1), (1.2) has a solution y) € T.7 for v € {+,—}.
Remark 2.4. We comment that (2.8) and (2.9) imply that
b a
/ de (s) <1 and / dno(a+b—s) < 1. (2.12)
a b

To show the first inequality in (2.12), for each fixed 7 € [a,b] we have (w_):(¢,7) >
—wy(t, 7). Thus,
b b
—wy(t
v :/ I~ (t) dt > / —wlh7) gy gy 8 T)
a S w(t7 T) w(b7 T)

for all 7 € [a,b]. Hence, for each fixed s € [a,b] and for all 7 € [a, b], we have

w(s, T) ‘e max w(s, T) o
w(b, T) sw Teab]{ (b, 7')} = ’ (2.13)

By definition of H and H~! and from (2.13), we have

b
— H(b, H\(b.r)) = / w(b, 7)F(H (b, ), 7) d (1)

and

rw* 1

b
= —H(s, H'(s,rw")) :/ MF(H_l(s,rw*),T) d¢(r).

r =
w* w* w*

Combining these and (2.13) we have that for each fixed s € [a, b],
b

Hb,H b, 7)) = [ wb,7)F(H(b,7r),7)d((T)

"), 7)dC(7)

Il
g\hs\
S
2
3
=
Su
=
=<
S

w(b, ) F(H ™ (s,7w"), 7) d¢(1) = H (b, H (s, 7w")).
Since H(t,y) is strictly increasing in y on [0, 00),
H'(b,r) < H (s, rw*) for all s € [a,b].

It then follows that

[ e e = [ oz B0 [ e
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Applying (2.8), we have the first inequality in (2.12) holds. The second inequality in

(2.12) can be shown similarly.

Let {)\[nl}};’fzo and {)\Lz} o , be the eigenvalues of SLPs consisting of Eq. (2.4) and
the BCs

and

y'(a) =0 y(b) =0,
respectively. The following is about the nonexistence of nodal solutions of BVP (1.1),
(1.2).

Theorem 2.5. Assume for somen € Ny and i =1 or 2,

/abW(t,r) <¥ - A}ﬁ) d¢(r) <0 (2.14)

for all t € [a,b] and y # 0. Then BVP (1.1), (1.2) has no solution in T, for all
i>n+1andye{+, -}

Assume for somen € Ny andi =1 or 2,

/abw(t,T) (% - >\n+1) d¢(t) > 0 (2.15)

for allt € [a,b] andy # 0. Then BVP (1.1), (1.2) has no solution in T, for alli <n
and v € {+, -}

3. PROOFS OF THE MAIN RESULTS

In order to prove Theorem 2.3, we first consider the BVPs (1.1), (1.9) and (1.1),
(1.10) where ¢ € [a,b) and d € (a,b] are arbitrary. We classify the solutions of the

above BVPs into the following classes, as extensions of Definition 2.1.

Definition 3.1. Let n € Ny.

(a) For any ¢ € [a,b), a solution y of BVP (1.1), (1.9) is said to belong to class
T7[c,b] for v € {4, —} if
(i) y and ¥’ have only simple zeros in [c, b],
(ii) v has exactly n zeros in (¢, b),
(iii) yy(c) > 0.
(b) For any d € (a,b], a solution y of BVP (1.1), (1.10) is said to belong to class
T[a,d] for v € {+,—} if
(i) y and ¥’ have only simple zeros in |a, d],
(ii) v has exactly n zeros in (a, d),

(iii) ~yy(d) >
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For any ¢ € [a,b) and d € (a,b], we let {u,(c)}22, and {v,(d)}>2, be the eigen-
values of the SLPs consisting of Eq. (2.4) and the two-point BCs

y'(c)=0, y'()=0 (3.1)
and
y'(a) =0, ¥'(d)=0, (3.2)
respectively. It is well-known that {u,(c)}22, and {v,(d)}>2, satisfy that
0= pole) < ia(€) <+~ pin() < -+, and pn(c) — 0,

and
0=uwy(d) <u1i(d) <---vp(d) <---, and v,(d) — oo;

and any eigenfunction associated with p,(c) or v,(d) has exactly n simple zeros in
(¢,b) or (a,d), respectively, for n € Ny, see [22, Theorem 4.3.2].

This first lemma is a generalization of [7, Propositions 3.1 and 3.2 and Corollary

3.1], with essentially the same proof.

Lemma 3.2. Any initial value problem associated with Eq. (1.1) has a unique so-
lution which exists on the whole interval [a,b]. Consequently the solution depends

continuously on the initial condition.

As an immediate consequence of Lemma 3.2, we have the following corollary.

Corollary 3.3. For any nontrivial solution y of Eq. (1.1), y and y' have only simple

zeros in [a, b].

Let ¢ € [a,b). For v € {4+, —}, let y(¢, p) be the solution of the IVP consisting of
the Eq. (1.1) and the initial conditions

y(c)=7p and y'(c) =0, (3.3)

where p > 0 is a parameter. Let 0(, p) be the Priifer angle of y(t, p), ie, 0(t,p) is a

continuous function on [a, b] such that

tan6(t, p) = y(t, p)/y,(ta p) and O(c,p)=m/2.

By Lemma 3.2, 6(t, p) is continuous in p on (0,00) for any ¢ € [a,b]. The following

results are generalizations of [2, Lemmas 3.2 and 3.3].

Lemma 3.4. (i) Assume that for some n € Ny and for all t € [a, b],

/ w(t, ™) (folr) — imle)) dC(r) < 0.

Then for all € > 0, there exists p. > 0 such that 6(b,p) < nw + 7/2 + € for all
p € (0, p].



BOUNDARY VALUE PROBLEMS WITH INTEGRAL BOUNDARY CONDITIONS 137

(ii) Assume that for some n € Ny and for all t € [a, ],

/ W(t,7) (inlc) — foo(r)) dC(r) < 0.

Then for all € > 0, there exists p* > 0 such that 0(b,p) > nm + w/2 — € for all
p € [p*,00).

Lemma 3.5. (i) Assume that for some n € Ny and for all t € |a, b],
b
[ (e () = afe)) d() <0

Then for all € > 0, there exists p* > 0 such that 6(b,p) < nm + 7/2 + € for all
p € [p*,00).
(ii) Assume that for some n € Ny and for all t € [a, ],

/ w(t, ) (1n(e) — folr)) dC(r) < 0.

Then for all € > 0, there exists p. > 0, such that 0(b,p) > nm + w/2 — € for all
p € (0, p.l.

Utilizing Lemmas 3.2, 3.4, and 3.5, we establish the following result which is an

improvement of that in [2, Theorem 2.1].

Lemma 3.6. Assume that for some n € Ny and all t € [a,b], either
b
©) [ w(t. ) (Golr) = pale)) d(r) <O and
b
[ w0t nna(e) = 1) der) < 0

or .
(i) / w(t, 7) (folr) — in(c)) dC(r) <O and

b
/ W) (s () — Folr)) dC(r) < 0,

Suppose further that (2.8) holds for any r > 0. Then BVP (1.1), (1.9) has a solution
y) € T7[c,b] fory e {+,—}.

Proof. We first prove it under the assumption (i). Without loss of generality, we

assume v = +. The case when v = — can be proved similarly. Let y(¢, p) be the
solution of Eq. (1.1) satisfying (3.3) with v = +:
y(c)=p and y'(c) =0 (3.4)

for p > 0 and 0(t, p) its Priifer angle. By Lemmas 3.5, for any small ¢ > 0, there
exists 0 < p, < p* < oo such that

0(b,p) < nm+7/2+ € for all p € (0, p,]
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and
0(b,p) > nm +7/2— € for all p € [p*, ).

By the continuity of 0(¢, p) in p, there exists p. < p, < ppy1 < p* such that

O(b,pn) =nm+7/2+€ and 0(b, pry1) = (n+ )7+ 7/2 — €, (3.5)
and
H(b, pn) < H(ba p) < e(bv pn+1) for Pn < P < Pntl- (36>
Then for t € [a,b] and p > 0, we define an energy function E(t, p) for y(t, p) by
]' !/
E(t,p) = 5ly'(t. )" + H(t y(t, p)), (3.7)

where H(t,y) is given in (2.1). By (H1) and (H2), F(y,7) > 0 on R X [a, b] and thus
E(t,p) > 0 on [a,b]. By (1.1) and the definition of [ () in (2.2), we have

Ewm::/uwﬁwwmmﬂ@m
zl/W“”< F(y(t, p),7) dC(7)

(t,7)
> —Im(OH Y, p) = =17 () EQR, p).
Thus, E'(t, p)+1~(t)E(t,p) > 0 for all t € [a,b] and p > 0. By solving this inequality,

we obtain

V

E(s,p) < E(b, p)ef F@dr < B(b,p)e?’, s €lab]. (3.8)
We observe from (3.7) that for p = p, and p = ppy1,
E(s,p) = H(s,y(s,p)). (3.9)
It is seen from (3.5) that as € — 0,
y'(b,p) =o(1) and [y'(b,p)| = p+ o(1),
and hence
E(b, p) = H(b,y(b, p)) + o(1) = H(b, y(b, p))[1 + o(1)].
Since H~! is continuous, it follows that for p = p, and p = p,41,
ly(b, p)l = H' (b, E(b, p))(1 + 0(1)) as e — 0. (3.10)

Recall that, for fixed ¢, H~!(t,y) is strictly increasing in y on [0, 00). Thus from (3.9)
and (2.3), we see that for p = p, and p = pp41 and s € [a, b],

ly(s, )| < H(s, E(s, p)). (3.11)
Define
b
I@ﬁwwm—/y@m%@.



BOUNDARY VALUE PROBLEMS WITH INTEGRAL BOUNDARY CONDITIONS 139

Let n = 2k with k € Ny. Since y(b, pox) > 0 and y(b, par+1) < 0, by (3.9)—(3.11) and
(2.8) we have for € > 0 sufficiently small,

b
rwmszm—/y@mmwg
b
> H (b, E(b, po,) (1 + 0(1)) — / y(s, par)| d€+(s)
b
ZEFW@E@W%%i/EFW&E@m%D%A$+ﬂO)

b
> H™' (b, E(b, pay) —/ H™(s, E(b, par)e” ) d€s(s) +o(1) > 0

and

F(P2k+1) = y(b, P2k+1) - / y(s,png) d&(s)
s—H*@E@m%mxrum»+/NMamHow@@>
< —H (b, E(b, porsr)) + / H (s, E(5, pons1)) d€4(s) + o(1)

< —H (b, B(b, pors1)) +/ H (s, E(b, par)e” ) dé(s) +o(1) < 0.

By the continuity of I'(p), there exists p € (pag, par+1) such that T'(p) = 0. Similarly,
for n = 2k + 1 with k € Ny, there exists p € (pagi1, p2x+2) such that T'(p) = 0. In
both cases, since € > 0, we see that from (3.5) and (3.6)

nt+m/2<0(b,p) < (n+1)m+7m/2.
Note that for t € (a,b) with y(t, p) # 0, 0(t, p) satisfies the equation

b
0'(t, p) = cos®0(t, p) +/ w(t,T)if(y(t’ P).7)
o y(t, p)
By (H1) and (H2), 6(-, p) is strictly increasing on [c,b]. We note that y(t) = 0 if
and only if (¢, p) = 0 (mod 7) and y'(¢) = 0 if and only if 0(¢,p) = 7/2 (mod 7).

Thus, ¢’ has exactly n zeros in (¢, b) and y has exactly one zero strictly between any

sin? 0(t, p) d¢ (7).

two consecutive zeros of y'. Initial condition (3.4) implies that y(¢, p) > 0 in a right
neighborhood of ¢. Therefore, y(t, p) € 7,7 [c, b].

The proof under the assumption (ii) is essentially the same as above except that

the discussion is based on Lemma 3.6 instead of Lemma 3.5. O

By using a transformation, we obtain a parallel result to Lemma 3.6 on the
existence of nodal solutions of BVP (1.1), (1.10) with d € (a, b].

Lemma 3.7. Assume that for some n € Ny and all t € [a,b], either
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(i) / w(t, 7) (folr) — va(d)) dC(r) <0 and
/ (Vs () — oo (1)) w(t,7) dC(7) < 0;

(i) / Wt 7) (foo(7) — () dC(7) < 0 and

/ w(t, ™) (v (d) — fol(r)) dC() < 0.

Suppose further that (2.9) holds for any r > 0. Then BVP (1.1), (1.10) has a solution
y) € T7a,d] for v e {+,—}.

Proof. Consider the following transformation: t = a+b—s, d = a+ b — c. Then
Eq. (1.1) becomes

d? b
d—sg—i_/ w(a+b—3s)f(y,7)d((t) =0, 7€ (a,b). (3.12)
The boundary condition in BVP (1.1), (1.10) then becomes
d a
d—‘Z(c) =0, y(b)—/ yla+b—s)dn(a+b—s)=0. (3.13)
b

Note that from (1.3), n(a+ b — s) is a difference of two decreasing functions. Hence,
—n(a+b—s) is a difference of two increasing functions and is similar to £(s) in (1.3).
Clearly ¢ € [a,b). Note that for all 7 € [a,b], [Zw(a+b—s,7)]- = [Zw(a+b—s,7)];.
It follows that

b b _
/ [T(a+b—s) ds:/ max wsla+b—s 7)) ds
“ o T€lad] | wla+b—s,7)

[ {ET - [roa—r

Hence inequality (2.9) implies that inequality (2.8) holds for the transformed BVP
(3.12), (3.13). Also note that {v,}22, are the eigenvalues of the SLP involving the

equation

& ’
d_sg+)\</a w(a—l—b—s,T)dC(T))y:O, s € (a,b),

and BC (3.1). Thus the conclusion follows from Lemma 3.6. O
The lemmas below play critical roles in the proof of Theorem 2.3.

Lemma 3.8. Let ¢ € [a,b), n € Ny, and {u,(c)}>2, be the eigenvalues of SLP (2.4),
(3.1). Assume for any r >0 and x = 0,00, (2.8)and (2.10) hold.

(i) Suppose

/ w(t, ) (fo(T) — pn(c)) d{(T) <0 and / foo(T) dC(T) = 0, (3.14)
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and let y,(t;c) € TT[c,b] be the solution of BVP (1.1), (1.9) given by Lemma 3.6.
Then hrlg Yn(c;c) = 0.

(ii) Suppose

b b
/ w(t, 7) (foo(T) = pin(c)) d¢(7) <0 and / Jo(7) d¢(7) = o0, (3.15)

and let y,(t;c) € T *[c,b] be the solution of BVP (1.1), (1.9) given by Lemma 3.6.
Then lirgli Yn(c;c) = 0.

Proof. (i) Assume the contrary. There exists a sequence {c;}32; C [a,b) such that

¢y — b~ and y,(cg; ¢x) — [ for some [ € [0, 00).

(a) Assume first [ € (0,00). Let g(t) be the solution of Eq. (1.1) satisfying the
IC

y(b) =1 and ¥'(b) = 0.
Note that for k € N,
Yn(crs cx) — y(b) as ¢ — b~
and
Yy (ck;cr) = ' (b) = 0.
By the continuous dependence of solutions of IVPs on the ICs and parameters, we
have

klim Yn(t;cx) = y(t) uniformly for all ¢t € [a, b].

Since for each k, y,(t; cx) satisfies

b
v - [ o) des) = o (3.16)
then y(t) satisfies (3.16). Define an energy function for g(t) by
B(t) = 5[5/ (O + H(t5(0)). € [a,)],

where H(t,y) is defined in (2.1). It follows that (3.8) holds with E(-, p) replaced by
E(-) and so does (3.11). Additionally, with ¢'(b) = 0 we have

E(b) = H(b,y(b)),

and so
[5(b)] = H™ (b, E(b)). (3.17)
Since y(b) =1 > 0, by (3.11), (3.17), (3.8), and (2.8) we have

mwj/mﬁwﬁzmw—/W@ma@

ZH“&MW—/H”@ﬂwﬁﬁﬁ
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> H\(b, B(b)) — / H (s, E(b)e" ) deo(s) > 0

However, this contradicts that y(t) satisfies (3.16).

(b) Then we assume | = 0. Since y,(cx; cx) # 0, we may let

2n(t; ck) = Yn(t; cr) /Yn(cr; cr)-

It follows that z,(t; cx) is a solution of

b
2t / w(t, gz, )z dC(T) = 0,

where
f(yn(cx; cr)z, 7')’ for 220,
gr(z,7) = Yn(Cr; cr)z
fO(T)> fOl" z = 0’

and gx(z, 7) is an integrable function on R X [a, b] since (3.14) implies fo(7) < o0 a.e.
on [a,b]. Note that as k — o0, gr(z,7) — fo(7). Also note that

Zn(cr;er) =1 and 2} (cx;cx) = 0.

Let z(t) be the solution of the IVP

b
2" +/ w(t, 7)fo(T)zd((T) =0, z(b) =1, Z'(b) =0.
By the continuous dependence of solutions of [VPs on parameters, we see that

lim z,(t;cx) = Z(t) uniformly for all ¢ € [a, b].

k—o0
Since y,(t; cx) satisfies (3.16) for each k, then z,(t; c;) satisfies (3.16) for each k and
so does Z(t).
If fo(1) =0a.e. 7 € [a,b], then Z(t) = 1. Tt follows from (3.16) that f; d¢(s) =
This contradicts (2.8) by Remark 2.4. Otherwise, define an energy function for z(¢)
by

E(r) = Dy, R, te
Then
D 2 ) = / I e T, (o) de(r)
> (1) (; LD acn) ) =~ )

Thus E'(t) + 1~ (t)E(t) > 0 for all ¢ € [a,b]. By solving this inequality, we obtain

E(s) < E(b)el U M4 < B(b)e’, s € [a,b]. (3.18)
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Additionally,
) s, (), s € [
and
/ I o, 2 ).
Hence,
2E(s)
s)| < , S€la,b 3.19
= \/fffomw(s,r) e Y )
and
_ 2E(b)
b)| = . 3.20
Y \/fffo<T>w<b,r> c(7) 20
From assumption (2.10) for * = 0, along with (3.18)-(3.20), we have

2(t) - /b<>d£<>>\ o1~ [ Fol

2E(b 2E(s
\/ffo deC /\/ffo STdC()£(>

eV /2

(\/f fo(m)w(b, T)d¢(T / \/f (s, 1) dl(r )d§+(8)) > 0,

contradicting that z(t) satisfies (3.16).

(ii) Assume the contrary. Then there exists {c,}32; C [a,b) such that ¢z — b~ and
Yn(ck; cr) — 1 for 1 € (0,00].

(a) Assume [ € (0,00). Then the argument follows similarly to that in part (i),
(a) above and is omitted.

(b) Assume [ = co. Since ff foo(T)w(t, 7) d¢(T) < 00, then by replacing fo(7) b
foo(T) the argument follows similarly to that in part (i), (b) above and is omitted. [

The next lemma for BVP (1.1), (1.10) is a parallel result to Lemma 3.8 with a

similar proof.

Lemma 3.9. Let d € (a,b], n € Ny, and {v,(d)}2°, be the eigenvalues of SLP (2.4),
(3.2). Assume for any r >0 and * = 0,00, (2.9) and (2.11) hold.

(i) Suppose
/ w(t, 7) (fo(r) — va(d)) d{(T) <0 and / foo(T) dC(T) = 00, (3.21)

and let y,(t;d) € T [a,d] be the solution of BVP (1.1), (1.10) given by Lemma 3.7.
Then dlim+ yn(d; d) =
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(ii) Suppose

/ w(t, ) (Fao(7) — va(d)) dC(r) < 0 and / Fo(7) dC(7) = oo, (3.22)

and let y,(t;d) € T, [a,d] be the solution of BVP (1.1), (1.10) given by Lemma 3.7.
Then dlim+ yn(d;d) = 0.

Remark 3.10. Lemmas 3.8 and 3.9 discuss the properties of nodal solutions for
BVP (1.1), (1.9) and (1.1), (1.10) in the classes 7.Y[c,b] and 7,7[a,d], respectively,
with v = +. Parallel results hold for v = —.

Remark 3.11. (a) For n € Ny and ¢ € [a,b), Lemma 3.6 establishes the existence
of a solution y,(t; ¢) of BVP (1.1), (1.9) in 7,"[c, b]. However, the uniqueness of such
solutions are not guaranteed. As in [8], we can show that for each n € Ny, there is at
least one continuous curve A¢ in the p — ¢ plane which satisfies that

(i) for each (p,c) € AS, ¢ € [a,b) and p = y,(¢; ¢);

(ii) for each ¢ € [a,b), there is at least one point (p, c) € AS.

Similarly for the solution y,(t; d) of BVP (1.1), (1.10) in 7, [a, d].
We now prove our main result, Theorem 2.3.

Proof of Theorem 2.3. Without loss of generality we consider the case where 7 = +
and (2.6) holds. The other cases can be proved similarly. For any ¢ € [a,b) and
d € (a,b], let u,(c) be the n-th eigenvalue of SLP (2.4), (3.1) and v,(d) be the n-
th eigenvalue of SLP (2.4), (3.2). We note that that p,(a) and v,(b) are the n-th
eigenvalues of SLP (2.4), (2.5), and hence A\, = p,(a) = v,(b).

For n € Ny, let i = [n/2], j =n —i. Clearly, j > 4. From [12, Theorem 4.1] and
[11, Theorem 2.2] we see that for 4, j > 1 p;(c) is strictly increasing and hm pn(c) =

oo, and v,(d) is strictly decreasing and dhm vn(d) = oo. We note that po(c) =

vo(d) = 0 for any ¢ € [a,b) and d € (a,b]. It follows from the assumptions that for
any c¢ € [a,b) and d € (a,b],

/ﬁ@ﬂMﬂawzm@/w@ﬂ@@ém@/wmﬂ@m

and

mmwl%wﬂ«mgmﬂ@lbtfx /J@ ) de(r

along with
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and

via® [ w0 dc(r) < vya(@) [ wttmyacn) < [ patr)acte

Since (2.8)—(2.11) hold with x = 0,00, by Lemmas 3.6 and 3.7 we have that BVPs
(1.1), (1.9) and (1.1), (1.10) have solutions yim € 7.7 [c,b] and yjm € T;"[a, d], respec-
tively. Additionally, by Lemmas 3.8, (i) and 3.9, (i),

[ oy — [2]
lim i) =00 and  Jim o (d: ) =

Let pgl}(c) = yzm (¢; ¢) such that (pz[-l], ¢) is on the continuous curve A and pg-z](d) =
yj[-z}(d; d) such that (me, d) is on the continuous curve AY, as defined in Remark 3.11.
Note that ylm(a; a),y][?](b; b) € (0,00). By the continuity of the curves A{ and AY,
there exists ¢* = d* € (a,b) such that yzm(c*;c*) = y][-z](d*;d*). Also note that
(ylm) (c*;5¢) =0 and (yf) (d*;d*) = 0. By the uniqueness of solutions of IVPs, we
have y!' }(t;c ) =yt d") for t € [a,b]. We denote y,(t) =yl (t; ¢*) =y (t;d") on
[a,b]. Thus, we have that y, € T,"[c*,b] N T;"[a, d*]. Considering that y,,(c*) = 0, we
see that y/, has n + 1 zeros in (a,b). It is easy to see from (H2) that —y, is also a
solution of BVP (1.1), (1.2). Thus —y/, has n+1 zeros in (a, b). Clearly, condition (iv)
in Definition 2.1 is satisfied by one of y,, and —y,, for v = + and v = —, respectively.

Therefore, one of y,, and —y,, is in 7" and the other is in 7 . O

For a € [0,7), let {\L(a)}52, denote the eigenvalues of the SLP consisting of
Eq. (2.4) and the BC

cosa y(a) —sina y'(a) =0, «€l0,7),
y'(b) = 0.

We note that for n € Ny, AL(0) = AL, where \! is the n-th eigenvalue of SLP

(2.4), (2.5). From [10, Lemma 3.32] and [12, Theorem 4.2] , A\l () is continuous and
Al (@) is strictly decreasing in « on [0, 7); moreover,
alir?f A(a) = —oo  and aligrl* AM(a) = AL (0), (3.23)
Consider the BVP consisting of Eq. (1.1) and the BC
cosa y(a) —sina y'(a) =0, «€[0,m),

v~ [ us)des) =

The following result is a generalization of [2, Theorem 2.2]. It plays a key role in the

(3.24)

proof of Theorem 2.5.

Lemma 3.12. (i) Assume that for some n € Ny and i = 1, (2.14) holds for all
t € la,b] and y # 0. Then BVP (1.1), (3.24) has no solution with the derivative
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having i + 1 zeros on (a,b) if a € [0,7/2), and has no solution with the derivative
having i zeros on (a,b) if [w/2,m), for all i > n.

(ii) Assume that for some n € Ny and i = 1, (2.15) holds for all t € [a,b] and
y # 0. Then BVP (1.1), (3.24) has no solution with the derivative having i + 1 zeros

on (a,b) if @ € [0,7/2), and has no solution with the derivative having i zeros on
(a,b) if [w/2,m), for all i < n.

Proof of Theorem 2.5. Assume (2.14) holds for i = 1. By contradiction, suppose BVP
(1.1), (1.2) has a solution y € T} for some ¢ > n+ 1, v € {+, —}. Then there exists
a* € [0, ) such that cos a* y(a) —sina* y'(a) = 0. This means that y(t) is a solution
of BVP (1.1), (3.24) for a = «*. From our assumptions, along with (3.23) and the

fact that AL («) is strictly decreasing in v on [0, 7), we have that for any a € [0, 7)

bw Tf(y’T) T [1] bw T T
/a (1) dc<><xn/a (t,7) d¢(r)

Al / w(t, 7y d¢(r) < AL (@) / w(t, ) dC(7).

By Lemma 3.12, (i), BVP (1.1), (3.24) has no solution with the derivative having
i or i + 1 zeros, depending on a*, on (a,b) for all i > n + 1. We have reached a

contradiction to y € 7.".

The proof of the second part of Theorem 2.5 with ¢ = 1 is similar to above except
that Lemma 3.12, (ii) is used instead of Lemma 3.12, (i). The proof for the case with

7 = 2 is similar to the above and hence is omitted. O
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