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ABSTRACT. Under a Filippov-type assumption, a study of the Quantum stochastic evolution

inclusions is done in this paper. Given a quantum stochastic evolution inclusions:
t
do(t) € As(t) + [ K(t5)(B(s,2(5))dMa(s) + Fls.a(s)dAs (5
0
+ G(s, x(s))dA;r(s) + H(s,xz(s))ds)
I(to) = X0
where A is the infinitesimal generator of a Cy-semigroup of operators, K is a continuous function

and E, F,G, H are Lipschitzian multivalued stochastic processes. We established the existence of

mild solutions of the quantum stochastic evolution inclusions.

AMS (MOS) Subject Classification. 81525, 34A60.

1. Introduction

The problem of existence of solutions of Lipschitzian quantum stochastic differ-
ential inclusions was solved in [8]. This gave a multivalued generalization of quantum
stochastic calculus of Hudson and Parthasarathy formulation [13]. Some topological
properties of the solution sets were established in [3] and [4]. A further analysis of
quantum stochastic differential inclusions for the case of hypermaximal monotone
type was established in [9] while the existence of solutions of quantum stochastic
evolution inclusions was established in [10]. The existence of solutions of quantum
stochastic differential inclusions of discontinuous coefficients via fixed point theorem
was established in [14]. A detailed account of the theory of differential inclusions

involved can be found in [2] and [6].

The existence of mild solutions of evolution inclusions for classical integrodiffer-
ential inclusions was established in [7], [5] and the references in them. The continuous

selection of solution sets of evolution equations was established in [1] and [16].

In [11] a weaker form of solution of right Hudson-Parthasarathy quantum sto-

chastic differential equations which is mild solution was established. In the same way
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under a Filippov-type assumption, a weaker form of solution, which is mild solution
of quantum stochastic evolution inclusions arising from [8] and [10] , was established
in this work. Moreover, this in turn gives a multivalued generalization of the result
[11].

In the sequel the work shall be as follows: in section 2, preliminaries on notations

and basic results are established. Our main result shall be established in section 3.

2. Preliminaries

In this section we shall adopt the notations in [8]. Let D be some pre-Hilbert
space whose completion is R; v is a fixed Hilbert and L?/(RJF) is the space of square

integrable y-valued maps on R,.

The inner product of the Hilbert space R @ I'(L2(R4)) will be denoted by (-, -)
and || - || the norm induced by (-,-). Let E be linear space generated by the expo-
nential vectors in Fock space I'(L2(R,)). We define the locally convex space A of
noncommutative stochastic processes whose topology 7, is generated by the family
of seminorms {||z||,e = [(n, )|,z € A,n,§ € DQE}. The completion of (A,7,) is
denoted by A. The underlying elements of A consist of linear maps from D®E into
R&T(L2(R,)) having domains of their adjoints containing D®E. For a fixed Hilbert
space 7, the spaces Lloc(ﬂ), LZ5,.(Ry) and L7, (I x A) are adopted as in [8)].

loc
For a topological space N, let clos(N) be the collection of all nonempty closed
subsets of NV; we shall employ the Hausdorff topology on clos(/T) as defined in [8].
Moreover, for A, B € clos(C) and x € C, a complex number, we define the Hausdorff
distance, p(A, B) as:
d(z, B) = inf |z — y|, d(A, B) = supd(z, B)
yeB z€A

and p(A, B) = max(d(A, B), (B, A)).

Then p is a metric on clos(C) and induces a metric topology on the space.

By a multivalued stochastic process indexed by I = [0,7] C R, we mean a
multifunction on [ with values in clos(ﬂ). If & is a multivalued stochastic process
indexed by I C R, then a selection of ® is a stochastic process X : [ — A with the
property that X (t) € ®(t) for almost all ¢ € I. A multivalued stochastic process ® will
be called (i) adapted if ®(¢) C A, for each ¢ € R,; (ii) measurable if ¢ — dye(z, ®(1))
is measurable for arbitrary = € A, n, £ € D®E ; (iii) locally absolutely p-integrable if
t—= ||P(t)|le, t € Ry, lies in LP (A) for arbitrary 1, ¢ € DRE

The set of all absolutely p-integrable multivalued stochastic processes will be

denoted by L. (A) s and for p € (0,00), LP. (I A)pys is the set of maps @ : Ix A —

clos(A) such that t — ®(t, X(t)), t € I lies in L2 (A) s for every X € LP (A).

loc
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Quantum stochastic evolution inclusions. Let Y be a metric space, an open
(resp. closed) ball in Y with centre y and radius r is denoted by By (y,r)(resp.,
By (y,7)). A multifunction ® : Y — clos(A) is said to be ppe-continuous at 2’ € Y if
for each n,£ € DRE, € > 0 there exists § > 0 such that p,¢(P(x), ®(2')) < € for any
x € By (2',1).

¢ will be said to be p,¢-continuous if it is so at each 2’ € Y, n,§ € DQE. Let L
be the o-algebra of the Lebesgue measurable subsets of R and, for A € £, let p(A)
be the Lebesgue measure of A, with j(A) < co. A multifunction ® : Y — clos(A) is
said to be Lusin measurable if for each n,& € DQE, € > 0, there exists a compact set
K" C A with u(A\ K™) < € such that ® restricted to K is p,¢-continuous.

A map & : [ x A — clos(./T) is said to be Lipschitzian if for each n,& € DRE,
there exists [y, : I — (0,00) in Lj,.(I) such that

loc

poe(D(t, ), B(t,y)) < I (B2 — ylle
for 7,y € A and almost all ¢ € I. The functions {12(-) : 1,6 € DRE} are called
Lipschitz functions for ®. Let E,F,G,H € L2 (I x ./T)mvs, in this paper we are
concerned with the quantum stochastic evolution inclusions
da(t) € Ax(t) /Kts(E(sx( )AL (s) + F(s, 2(s))dA;(s)
+ Gls,(s))dA () + H (s, 2(s))ds) (2.1)
(o) =

As established in [8], using the relations:

(E)(t, ) (0, &) = {0, pap()p(t, ©)€) = p(t, x) € E(t, x)}

WE)(E x)(n,€) = {(n, vs(t)q(t, 2)§) - q(t, x) € F(t, )}

(@G)(t, x)(n,€) = {(n, oa(t)u(t, 2)S) - u(t,z) € G(t, x)}
H{(t,2)(n, &) = {v(t,z)(n, &) - v(-, X(-))

is a selection of H(-, X(-))V X € L? (A)}

P(t,x)(n, ) = (uE)(t, x)(n,§) + WF)(t, x)(n,§)
+ (0G)(t,2)(n, &) + H(t, x)(n,§)
problem (2.1) can be rewritten in a non-classical form

006 € o A6+ [ K (PG, 6)) 0.

I(to) = X
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where P : [ x A — 2:5aPEE)? g 4 sesquilinear form-valued multifunction; A is the
infinitesimal generator of a Cy-semigroup of bounded linear operators {G(t);t > 0}
from A into A. Also, D = {(t,s) € I x I;t > s} and K : D — R is continuous.

Let L(I, .Z() be the space of all Bochner integrable maps from I to A and C(, .Z()
the space of continuous maps from I to A. The spaces L'(I, A) and C(I, A) are
locally convex spaces with topologies 7, and 7., respectively, generated by the family

of seminorms:
Tl e 2 0, € € DRE} with [[2]]1,¢ = /dtl(n,Z(t)@I
I

and

Teon Al lleonng 1, & € DOE} with [[2]lcone = sup[(n, z(£)¢)]

An adapted stochastic process z : I — A is said to be a mild solution of (2.2) or

equivalently (2.1) if z(-) € C(I,.A) and there exists a Bochner integrable function

f(-) € L*(I,.A) such that
(n, F)E) € P(¢,x(t))(n. §) ae. tE€T

t r (2.3)
<77,a:(t)€>=<77,G(t)afo€>+/0 G(t)/0 K(r,8)(n, f(s)§)dsdr, tel

(z(+), f(+)) shall be called a trajectory selection pair of problem (2.2).

The second relation in equation (2.3) may be rewritten as

(n, x(t)€) = (n, G(t)xe€) —I—/O U(t,s)(n, f(s)€)dsdr, tel

where U(t, s) = fst G(t)K(r, s)dr. For arbitrary n,§ € DQE; B,: and B are defined

as .
Bpe={ze€A:||z)ye<1}and B={zeC:|z] <1}

Amap U : I x A — 254PEE)? ig aid to be Lipschitzian if for each 1, ¢ € DQE, there

exists lye : I — (0,00) in L}, (I) such that

p(U(t,2)(n,8), W (t, y)(1,8)) < lye(t)[[x = yllne

for x,y € A and almost all ¢ € 1.

Let Y be a metric space, a multifunction ¥ : Y — 25¢5¢MEE)? jg gaid to be p-
continuous at 2’ € Y if for each 7,{ € DRE, € > 0 there exists § > 0 such that
p(W(x)(n, &), ¥(x')(n,&)) < € for any = € By(z',r). A sesquilinear form valued
multifunction, U : I — 2559PSE) ig gaid to be Lusin measurable if for each n,& €
D®E, € > 0, there exists a compact set K7 C A, A C I with u(A\ K™) < € such

that U restricted to K" is p-continuous.

We shall assume the following hypotheses in what follows.



QUANTUM STOCHASTIC EVOLUTION INCLUSIONS 311

Hypothesis 1 (i) A is the infinitesimal generator of a Cy-semigroup of bounded linear
operators {G(t);0 <t < T}.
(i) Let B, F,G,H € L% (I X A)pys and ® € {E, F,G, H}, ®(-,-) : I x A — clos(A)

is nonempty such that for any x € ./2(, ® (-, z) is Lusin measurable on I.
(iii) There exists I, : I — (0,00) in Ly, (1) such that

loc

puc(@(t, ), (t,1)) < lne(t)l|2 — e

for z,y € A and arbitrary 7, ¢ € DQE.
(iv) There exists gy (-) € Lj,.(I, (0,00)) such that for each t € I;

loc
O(t,0) C g (1) Bye.

(v) D=A{(t,s) € I x I;t > s} and K : D — R is continuous.
By proposition (6.1) in [8], P is Lipschitzian whenever, E, F, G, H are Lips-
chitzian. We remark that in the same manner, if E (-, z), F(-,x), G(-,z), H(-,z) are

Lusin measurable then P(-,z)(n,&) is Lusin measurable. Moreover, if there exists
qe(+) € Li,.(I,(0,00)) such that for each t € I;

D(t,0) C qpe(t)Bue.

Then there exists g,¢(-) € Li,.(I, (0,00)) such that for each ¢ € I;

loc

P(t,0)(1,€) C ane(t)B.

where ¢,¢(t) = max{q(t); for each t € I}. Therefore Hypothesis 1 can be restated
as:

Hypothesis 2 (i) A is the infinitesimal generator of a Cy-semigroup of bounded linear
operators {G(t);0 <t < T}.

(i) For arbitrary 7,& € DRE, P(-,-) : I x A — 25¢51PE)? hag nonempty closed and
bounded values in C, and for any = € A, P(-, z)(n, €) is Lusin measurable on I

(iii) There exists ¢ : I — (0,00) in L}, (I) such that

loc

p(P(E, 2)(1,€),P(t,y) (0, €)) < lye(D)l|z — yllne

for z,y € A and arbitrary 7, ¢ € DQE.
(iv) There exists ge(-) € Li,.(I, (0,00)) such that for each ¢ € I;

loc

P(t,0)(1,€) C ane(t)B.

(v) D=A{(t,s) € I x I;t > s} and K : D — R is continuous.

Set nye(t) = f(f lig(u)du, t € I, M = sup,¢; [|G(t)[|e and Mo = sup(, gep K (2, 5)],
then |U(t,s)| < MMyt —s) < MMyT. The following results are analogues of
Lemmas 3.1 and 3.2 in [7].
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Lemma 2.1. Let Uy, Uy : [ — 25¢5¢@EE)? pe tyyo Lusin measurable multifunctions
and let €1, €3 > 0 be such that

H(t)(n,€) = (W1(t)(n, &) + &1 B) N (Ua(t) (0, §) + €2B) #0, Viel

Then the multifunction H : [ — 25esa(DE)* hoe g Lusin measurable selection h: I —
sesq(DRIE)?

Proof. Since ¥; and W, are Lusin measurable, we can construct a sequence {J,}

of pairwise disjoint compact sets J, C [ satisfying, for each n € N, the following

properties:

(I) ¥; and W, restricted to .J, are p-continuous.

(1) Jn C T\ UL, Ji;

(IID) pe(I\ Uy ;) < 5=

Set Jo = I \ U, J, and observe that, by (iii), p(Jo) = 0. {J, }n>0 is partition of I.
We claim that for each n = 0,1,... and arbitrary n,§ € DRE, there is a Lusin

measurable function h,, : J, — sesq(DRE)? which is a selector of the multifunction

H restricted to J,. To show this, fix an arbitrary n € N. For each ¢t € J, and

n,& € DRE, pick out a point u e € H(t)(n,&). Since H(t)(n,€) is open and ¥, and

U, restricted to J, are p-continuous, there is a §; > 0 such that
Uty,mg S (\111(8) (7]7 g) + ElB) N (\112(8) (7]7 g) + €2B) (24)

for every s € B/ (t, ;).

The family {B7"(t, 6;) }+c,, is an open covering of J,,. As J, is compact, it admits
a finite subcovering, { B’ (t,d,,)}7_,, say. Now consider the partition {I;}{_, of J,
given by
I = B™(t,6,) Iy = B (ty,0,,) \UZ}' L, 2<k<gq

and define h,, : J, — sesq(DQE)? by

k=1

Then h,, is Lusin measurable and h,, is a selector of H restricted to J,,.

Let s € J, be arbitrary, thus s € I for some 1 < k < ¢. Since s € I C
B (tg, 6;,). In view of (2.4) (with t = t;) we have

Uty S (\111(8) (7]7 g) + ElB) N (\112(8) (7]7 5) + 62-B)

thus h,,(s)(n, &) € H(s)(n,§), for hy,(s) = u;, . Hence h,, is a Lusin measurable selector
of H restricted to J,. Then for arbitrary n, & € DQE; h : [ — sesq(DRQIE)? given by
h(t)(n,€) = D ha(t)XTu() (0, ).
n>0

is a Lusin measurable selector of H. O
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Lemma 2.2. Let P : [ x A — 2s¢sa(DSE)” satisfy Hypothesis 2. Then for arbitrary
adapted stochastic process x : I — A continuous; t — (n,u(t)€) Lusin measurable
and € > 0, for each n,& € DRQE we have:
(i) the multifunction t — P(t,z(t))(n, &) is Lusin measurable on I;
(ii) the multifunction t — (n, G(t)§) defined by

)

(1. G(1)¢ > (B(t, 2(£)) (.€) + €B)
B (1) (1.€). d(u(t)(n.€). B¢, 2(1)) (0.)) + <)

has a Lusin measurable selection g : I — sesq(DQE)?.

(
(

Proof. Let x,, be a sequence of piecewise continuous functions z,, : I — A converging
to x uniformly on I. Given ¢ > 0, let K. C I be a compact set, with pu(l\ K.) < €
such that [,¢ restricted to K, is continuous and for each n € N, the multifunction

t— P(t, z,(t))(n, &) restricted to K, is p-continuous.
Set M, = sup,cg, lne(t). Let to,t € K, be arbitrary. We have:

p(P(t,2(1))(1,€), P(to, x(to)) (1,€)) < p(P(t, (1)) (1, €), B¢, 2 (1)) (0, €))
+ p(B(t, 20 (1)) (0. €), (to,l“n to))(1,€))
+ p(P(to, 2, (t0)) (1, €), P(to, z(t0)) (1, €))
< Mellzn(t) = 2(t)llne + (P, 2a () (0, €), Plto, 2a(t0)) (0, €))
+ Mel|lzn(to) — z(to)lne
< Moy + p(P(t, () (1, §), P(to, 2a(t0)) (0, €))

where 0, = sup,¢; ||, (t) — 2(t)||,e. Since o,, — 0 as n — oo and t — P(¢, x,(t))(n, §)
restricted to K. is p-continuous. The multifunction ¢ — P(t, z(t))(n, §) restricted to
K. is p-continuous and (i) is proved.

For arbitrary 7,§ € DRE, ¢ € I set (n,G'(t)¢) = P(t, z(t))(n,€), (n, G*(t)§) =
B(u(t)(n, &), d(u(t)(n,€), (n, G (t)€))) and observe that t — (1, G*()¢) and (n, G*(t)€)

are Lusin measurable on /. Furthermore, for each t € I, n,£ € DQE we have

(n,G(t)€) = ((n, G (1)) + eB) N ((n, G*(1)€) + €B) and (n, G(1)€) # 0.

Hence by Lemma (2.1), (n, G(t)¢) has a Lusin measurable selection g : I — sesq(DRE)?,
thus (ii) holds. O

Main Result

Theorem 3.1. If Hypothesis 2 is satisfied, then for every xy € ./T, the Cauchy problem
(2.2) has a mild solution z(-) € C(I, A).
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Proof. We note that if an adapted stochastic process z(-) : I — A is continu-
ous, then every Lusin measurable selection t — (1, u(t)§) of the multifunction ¢ —
P(t, 2(t))(n, &) + B is Bochner integrable on I. Therefore, for any ¢ € I, we have

[(n, u(t)€)] < p(P(t, (1)) (n, €) + B, {0})
< p(P(t, 2(1))(n, €), P(t,0)(n,§)) + p(P(t, 0)(n, €), {0}) + 1
< Lye@N2@)llne + qne () + 1.
Let 0 <e <1, € = 5i52-

Consider fo: I — A an arbitrary Lusin measurable, Bochner integrable function
and define

(n,xo(t)€>=<n,G(t)xo§>+/0 U(t,s)(n, fo(s)§)ds, tel

Since () is continuous, by Lemma 2.2 there exists a Lusin measurable function
f1: I — A which, for each ¢t € I, the map t — (n, f1(t)§) satisfies

(. Fi(D€) € (P(t, wo()(m,€) + elB)
B(<n,f0<t>§> a((n, Fo(HE), B(t, ot >><n,§>)+el)

Obviously, (n, f1(-)¢) is Bochner integrable on I. Let z(-) : I — A such that for
arbitrary 7, € DQE, we define the map t — (n, x,(t)¢) as:

(. 20 (1)E) = (1, G(t)m0) + / Ut ), fi(s)€)ds, teT.

By induction, we construct a sequence t +— (1, x,(t)&), n > 2 given by

t
(1.20(08) = (1. GO + [ U@ fu(s)ehds, teT ()
0
where t — (n, f,(t)€) is a Lusin measurable function which for ¢ € I satisfies:

(0, fu()€) € (P(t, 201(1)) (1, €) + € B)
N B0, fae1(8)€), A1, famr (D), P(t, 20s(£) (1, €)) + €0).
(n, fu(+)€) is also Bochner integrable. From (3.2), for n > 2 and ¢t € I, we obtain:

[, (falt) = far ()] < d((n, foa()E), P(E, 21 (1)) (1, €)) + €n
< d({(n, faa(H)€), P(E, 20 —2(t)) (1, €))
+ (B, 2n2(1) (1, £), P, 201 (8)) (1, €)) + €n
< €n1 + lyg()[[2n-1(t) — 2na(t) e + €n-

(3.2)
)
)

Since €,_1 + €, < €,_2, for n > 2, we deduce that

(7, () = Faa(0)E)] < €nz + by (B)|2n-1(8) = 2na(t) e (3.3)
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For arbitrary 7,¢ € DQE, denote po,e = d({(n, fo(t)€),P(t,z0(t))(n,€)), t € 1. We
then prove by recurrence, that for n > 2 and t € I:

mm—%lm<2/%HM%>W elt) = e ()t

Ll
MMyT)"™(npe(t) — ny, n—l
e [ LT ) i)

C(MMoT)™ (e (t) — npe(u))"?
([ QT ) )

U

Po,ne(w)du.
We start with n = 2. In view of (3.1), (3.2) and (3.3), for t € I, 1, ¢ € DRE there is
J22(t) = 21(8) e = I, (2(8) — 21 (£))€)
/Wts fals) = fu())€)ds

S/MMEMHMM%®—MMM@
0

t
S EQMMQTt +/ |:MM0TZT7§(S)

0

AW%MHWUM%mmmﬂ@

S EQMMQTt

s

+/0 [(MMoT)anﬁ(S)/O (poms(u)+€1)du}ds
< egMMyTt

+ [ 10T 0w + ) [ 1e(s)as]du
= EOMMoTt

+AMMMV%N%WMW%M@+®®

that is, (3.4) is verified for n = 2.
Using again (3.3) and (3.4), we conclude:

Vs () — 2n®)llne = 101 (Ensa(£) — 2(£))6)
SLMW@MWMM@ﬁ—h@KWS

< [ MMT o1+ 5 al3) = 215 s

t
S En_lMMoTt+/ lng(s)
0
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— k! "
° (MMOT)nH(nn (t) —n, (u))"
", CES
(pone(u) + eo)du} ds
= €, 1 MMyTt + ”Z_: €En—o—k
t ’:]2 N (8) — N (0))F
[ Tl
+/0 ln&(s)
*UMGT)™ (mglt) — g )™,
0 (n—1)! (3
(pone(u) + eo)du> ds
= €, 1 MMyTt + ”i €En—9—k
t t > k20, c(8) — nye(u))F
[/ ([t ),
[ T ) )
(Po.ne(u) + €0)du
= €,1MMyTt + ”i €n—_9_k
[ QT rl) ),
0 (k+1)!
+/(; (MMOT)TH— (n;;'f(t) — nﬁg(u))n (p07775<u) + €0>du
5. [ QD o) ()
n—1—k ; Ll U
k=0
+/(; (MMOT)TH— (n;;'f(t) — nﬁg(u))n (p07775<u) + €0>du,

therefore the relation (3.4) is true for n + 1.
From (3.4), it follows that for n > 2 and t € I, n,¢ € DRE:

[ (8) = Zna()llne < anpe, (3.5)
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where

n—2
M MyTYetn, (T
an777§:§ 5n—2—k( 4 )k' nf( )
k=0 )

N (MMOQ"_”S!(TW_I [/Ot Poe (u)du + 60} :

The series {a, e} converges. We infer from (3.5) that z,(-) converges to a contin-

uous function, z(-) : I — A. Moreover, from the definition of z,(-) in (3.1)and the

completeness of A we conclude that x(+) is an adapted stochastic process belonging

to C(I,A).
On the other hand, in view of (3.3), there is

[0, (fa(t) = far (0)E)] < €ns + lig(t)an-1,¢, tE L >3

which implies that the sequence (n, f,.(-)&) converges to t — (n, f(-)§), where f(-) :

I — Ais a Lusin measurable function. Since z,(-) is bounded and

1@ llne = [0, faO] < lye Ol n-1(#)lne + dne () + 1,

hence f(-) is Bochner integrable.

By passing with n — oo in (3.1) and using Lebesgue dominated convergence

theorem, we obtain

(.06 = (.G + [ Ul f(s)e)as, tel
On the other hand, from (3.2) we get

(0, fa(t)6) € (P(t,2u(t))(n,6) + € B), t€ln>1

and letting n — oo we obtain

(n, ft)¢) € (P(t, x(t))(n, &) tel.
Hence z(-) is a mild solution of the Cauchy problem (2.2) and the trajectory selection

pair is (z(-), f(+)). O
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