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ABSTRACT. Sufficient conditions are obtained for the existence of at least three positive T-

periodic solutions for the first order functional difference equation
Az(n) = —a(n)z(n) + f(n,z(h(n))).

The Leggett-Williams multiple fixed point theorem has been used to prove our results. We have
applied our results to Hematopoiesis models in population dynamics and obtained an interesting

result. The result is new in the literature.
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1. Introduction

Let R denote the set of real numbers, Z the set of integers, R, the set of positive
reals, and 7" > 1 be an integer. Let [a,b] = {a,a + 1,...,b} for a < b,a,b € Z,
Hl;:au(n) denote the product of u(n) from n = a to n = b with the understanding
that Hfz:a u(n) =1 for all @ > b.

In this paper, we investigate the existence of multiple positive periodic solutions

for the first order functional difference equation
Az(n) = —a(n)z(n) + f(n, z(h(n))) (1.1)

where a(n),b(n) and h(n), n € Z, are T-periodic positive sequences with 7" > 1,
0<a(n)<l,ne€Z, f(n,z)is T-periodic in n and is continuous in z for each n € Z,
and Az(n) = x(n+1) — z(n).
Equation (1.1) is the discrete analog of the first order scalar delay differential
equation
2'(t) = —a(t)x(t) + f(t, z(h(1))). (1.2)
Much attention have been given in recent years for the existence of positive periodic
solutions of the Egs. (1.2). One may refer the works in [3, 7, 10, 12, 13] and references
cited there in. The results obtained in [3, 7, 10, 12, 13] deal with the existence of at
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least one or two positive periodic solutions of (1.2). In [1, 16, 17|, attempts have been
made by the authors to study the existence of three positive T-periodic solutions
of (1.2) using the Leggett-Williams multiple fixed point theorem [11]. It has been
observed that very little is known on the existence of positive periodic solutions of
(1.1). It is only recently that attentions has been given to study the existence of
positive periodic solutions of (1.1). The works of Ma and Yu [13], Raffoul [18] and
Zeng [22] may be treated as a basis for the study of positive periodic solutions of (1.1).
They used Krasnoselskii’s fixed point theorem [2] to prove the results. Motivated by
the work in Raffoul [18], Liu [12] obtained several sufficient conditions for the existence

of at least one T-periodic solution for the functional difference equation
Az(n) +a(n)z(n) = f(n,2(n),z(n — 1(n)), ..., z(n — 7(n)))

where {a(n);n € Z} and {r;(n);n € Z}, i = 1,2,...,m are T-periodic sequences
with 7' > 1, f(n,u) is T-periodic in n for each u = (zo, ..., Tm, Tmy1) € ™2, and
is continuous in u for each n € Z.

In this paper, we obtain several sufficient conditions for the existence of at least
three positive T-periodic solutions of (1.1) using the Leggett-Williams multiple fixed
point theorem [11]. As dealt by the authors in the references, we shall obtain an
equivalent summation series operator of (1.1) using a Green’s kernel. Then apply-
ing the bounds on the Green’s kernel, we shall prove that the operator satisfies the
conditions of the Leggett-Williams multiple fixed point theorem. Our Corollaries 2.4
and 2.8 give a partial answer to an open problem proposed in [18, p. 07]. Some of the

open problems in [18] has been proved in [13] using Krasnoselskii fixed point theorem.

The following concept will be used in the statement of the Leggett-Williams fixed
point theorem. Let X be a Banach space and K be a cone in X. A mapping ® is
said to be a concave nonnegative continuous functional on K if ¢ : K — [0,00) is

continuous and

Ulpz + (L= py) = pp(x) + (1= p)ly), zye K, pel0,1].
Let ¢y, ca, c3 be positive constants. With K and X as defined above, we define K., =
{ye K|yl <a}t, K@, e,e3) ={y € K:co <(y), lyll <es}-

Theorem 1.1 (Leggett-Williams fixed point theorem [11]). Let (X, ||-||) be a Banach
space and K C X a cone, and c4 a positive constant. Suppose there exists a concave
nonnegative continuous functional 1 on K with ¢(u) < ||u| for u € K., and let
A: K., — K., be a completely continuous mapping. Assume that there are numbers

C1,Co,C3,Cq With 0 < ¢; < ¢o < c3 < ¢4 Ssuch that
(1) {'LL S K(¢7 Co, C3) : ¢(’LL) > C2} # ¢7 and Qﬂ(AU) > C2 fOT’ allw € K(wv Co, C3)7'

(ii) [|Aul| < e1 for allu € K,,;
(ili) Y (Au) > co for allu € K(, ca,cq) with || Aul| > cs.
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Then A has at least three fived points uy,us,us in K.,. Furthermore, |lui| < ¢ <
[ual], and ¥(uz) < o <1p(us).

In this article, let X be the set of all periodic sequences which forms a Banach

space under the norm

2]l = max Jz(n)]. (1.3)

2. Main Results

One may observe that (1.1) is equivalent to

n+71T-1

z(n) = Y Gln,s)b(s)f(s,2(h(s))), (2.1)

sS=n

n+T-1 _a
where G(n, s) = 1515 (1—a(9))

et — = n <s<n+T-—1,is the Green’s kernel satisfying
1-TIp=y (1—a(®))
the property:

<Gn,s) < ——=0 (2.2)

5
where 0 < 6 =4 =[5, (1 —a(n)) < 1.

n=0
We consider the Banach space as defined in (1.3). Define an operator A : X — X
by

n+T-1

(Ax)(n) = Y G(n,)b(s) (s, x(h(s))). (2.3)

Using (2.2) we obtain

n+T-1

1Az <8 Y b(s)f(s,2(h(s)))

and hence
n+T-1

v a 37 Ws)f(sa(h(s) 2 5l Azl

S=n

In view of the above inequality, we define a cone K C X as
K={xeX:xz(n)>0,ne Z x(n) >}

Then A(K) C K. The existence of a positive periodic solution of (1.1) is equivalent
to the existence of a fixed point of A in K. Here we use the Leggett-Williams multiple
fixed point theorem, that is, Theorem 1.1 to obtain the existence of three fixed points

of Ain K. A small exercise shows that A : K — K is completely continuous.

For the rest of the paper, we denote

f* =limsup max —~ A=0,00.
o 0<n<T—1
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Throughout the paper, we consider a nonnegative concave functional 1) on the cone

K given by
Y(xr) = min xz(n).

0<n<T—1
Assume that the following hold:
(Hy) There exists a constant ¢; > 0 such that

ﬂana: ) < e for 0 < <c.

(Hy) There exists a constant ¢a > ¢; > 0 such that
aana: >cgf0rc2<:c<g

(Hs) There exists a constant ¢4 > % such that

6anx ) <y for 0 <<y

With the above defined concave functional ¢ on K and the conditions (H;), (H2)
and (Hs), we observe that the conditions of the Theorem 1.1 are satisfied. Hence the
operator Ax defined in (2.3) has at least three positive T-periodic solutions. This

leads to the following theorem:

Theorem 2.1. Under the above assumptions (Hy),(Hs) and (Hs), Eq. (1.1) has at

least three positive T-periodic solutions.

Theorem 2.2. Assume that there exists a constant co > 0 such that (Hy) holds.
Further, suppose that

(Hy) Blimsup, ., >~ Heell) <1

and

() limsup, o 3713 L) <

Then (1.1) has at least three positive T-periodic solutions.

Proof. By (Hy), there exists a constant € € (0,1) and a real § > 0 such that

ﬁanx )) < €||z]| for x > 4.

Set .
Y = max Z% f(n, z(h(n)))

Then 83"~ f(n,z(h(n))) < €||z|| + 7 for > 0. Choose

v Ce
> — /.
Cy max{l_e,d}
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Then for z € K,
T-1

8 f(n,x(h(n)) <ellz]l + v < ecs +7 < 4

n=0
which implies (Hs3).
Next from (H3), it follows that for each €; € (0, 1), there exists a d; > 0,6 € (0, ca)

such that
T—1

By f(n,a(h(n)) < ela|| for = < 6.

n=0

Choose ¢; € (0,6;). Then ¢; < ¢; and for x € K.,

T-1
BY " f(n,a(h(n) < ezl < ||lz] < e,
n=0

which implies (H;). Hence by Theorem 2.1, Eq.(1.1) has at least three positive T-

periodic solutions. This completes the proof of the theorem. O

Theorem 2.3. Let f>* < 1%‘5 and f° < 1%‘5 hold. Furthermore, suppose that there
exists a constant cog > 0 such that
(Hg) f(n,z) > %02 for co<x <% and 0<n<T-1.

Then (1.1) has at least three positive T-periodic solutions.

Proof. Clearly, > < % and f0 < 1;T‘5 implies (H,) and (Hs) respectively. The

condition (Hg) implies the condition (Hs). Consequently, by Theorem 2.2, (1.1) has

at least three positive T-periodic solutions. The Theorem is proved. O
Remark 2.4. We observe Theorems 2.2-2.3 are different versions of Theorem 2.1.

Corollary 2.5. Let f* = 0, f® = 0 and assume that there exists a constant c; > 0
such that (Hg) holds. Then (1.1) has at least three positive T-periodic solutions.

Remark 2.6. Corollary 2.5 answers the following open problem proposed in [18,
p. 07]:

What can be said about Eq. (1.1) when f* =0 and f° = 0.

In fact, with an additional condition, we have shown that (1.1) has at least three

positive T-periodic solutions. Raffoul [18] considered the equation

z(n+1) =a(n)z(n) + Au(n)f(x(h — 7(n))). (2.4)
Equation (1.1) is equivalent to

z(n+1)=(1—a(n)z(n)+ f(n,z(h(n))). (2.5)
Setting b(n) = 1 —a(n) and A = 1, we observe that (2.4) and (2.5) are equivalent.

So far, we have obtained results if 0 < b(n) < 1 holds. In the following, we give some
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analogous results for b(n) > 1. In this case, the Green’s kernel is negative. Hence

a proper adjustment on the bound of the Green’s kernel is given. Equation (2.5) is
15205 b(0)

equivalent to (2.1) where G(n,s) = I T o) is the Green’s kernel satisfying the
O=n

property
T-1;5-1 T-1
==l B gy Al
|1 - Hs:n b(8)| |]' - Hs:n b(8)|
for all s € [n,n+ T —1]. Set o = G- = (TT=y b (s))2

We consider the Banach space as defined in (1.3) and an operator as in (2.3).
Define a cone K in X by

K ={z e X;z(n) >0,2(n) > o|z| }.

Then it is easy to prove that A(K) C K and is completely continuous. If we proceed

as before in the proof of the earlier theorems given in the paper, we have the following;:

Theorem 2.7. Suppose that there exist constants 0 < ¢; < ¢o and ¢4 > 0 such that
(H7) By, f(n,x(h(n)) < for 0<a<e,

(Hs) o132y f(n,x(h(n)) > ey for ey <o <2,

and

(Ho)  BiYnZg f(n,z(h(n)) < cs for 0<x < ey

Then (1.1) has at least three positive T-periodic solutions.

Proceeding as in the lines of Theorem 2.2, we can prove the following theorem:

Theorem 2.8. Suppose that there exists a constant co > 0 such that (Hg) holds.

Further assume that

H,) pilimsu T 1M <1
(Ha) Pa—oo Tl

and

(Hs) 51 hmsupquZT 1% <1

Then (1.1) has at least three positive T-periodic solutions.

Theorem 2.9. Let f* < LT and f° < ﬁ

constant co > 0 such that (Hg) holds. Then (1.1) has at least three positive T -periodic
solutions.

hold, and assume that there exists a

Corollary 2.10. Let f* =0, f® = 0 and assume that there exists a constant co > 0
such that (Hg) hold. Then (1.1) has at least three positive T -periodic solutions.

Our Corollary 2.10 answers the open problem (3) proposed by Raffoul in [18].
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3. Application to Hematopoiesis Model

As a particular case of (1.1), we have the scalar equation

u'(n — 7(n))

Aufn) = —a(nju(n) +p(n) = e =

, (3.1)

which is a hematopoiesis model; it describes the production of red blood cells. In
this model it is realistic to assume the periodicity of some parameters because of
the periodic variations of the environment, which play an important role in many
biological and ecological systems. Mackey and Glass [14] also used this equation, with
a continuous function as an initial condition to describe some physiological control

systems.

Here a,p, T are positive periodic sequences with a common period 7', and the
constants m, [, T are positive. Equation (3.1) is the discrete analog of the differential
equation l
' (t—T1(1
2(6) = ~a(0)a(t) + pl) i D
Existence of a solution to (3.1) has been proved by Wan et al [19], while global
attractivity has been studied by Wang and Li [21].

(3.2)

Zeng [22] shown that if { = 1,0 < a(n) < 1, and max,cjor_1)p(n) > =2, then
(3.1) has at least one positive T-periodic solution, where § = Hz;é(l —a(n))~t. Now,

we apply Theorem 2.1 to Eq. (3.1) to obtain a sufficient condition for the existence

of three positive T-periodic solutions of Eq. (3.1).

Theorem 3.1. Let 1 <l <m,0<a(n) <1, and

-— m(l—20 m—1+1 &
;p(”)zal(m(—u)l)[ -1 } (3:3)

hold. Then (3.1) has at least three positive T -periodic solutions.

Proof. Set f(n,z) = p(n)% Since 1 < | < m, it follows that f° = 0 and
f>° = 0. To complete the proof of the theorem, it requires to show that there exist a
c2 > 0 such that (H,) is satisfied, that is, there exists a positive constant ¢; > 0 such

that

= 2t(n — 7(n)) Co
;p(n)l = (1) > (1 —=0)c for ¢ < |z < 5 (3.4)

Since € K, c6 < (s —7(s)) < [Jz]] < 2. Now,

2(n — 7(n)) Sleh =
2Py i —r(n) ~ 1+ (2)m nzzop(")

p(n).

n=0

S stomel,
T dm 4y
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Hence (3.4) holds if

1—0 0"+t
> p(n) > == - (3.5)

cl2_ !

Set co = ¢ (ml—_l}H)%’ which is the minimizer of ;T_fl.yzl; %" Then (3.4) follows from

(3.3). This completes the proof of the theorem. O

Another particular case of Eq. (1.1) is the functional difference equation
Az(n) = —a(n)z(n) + p(n)z™(n — 7(n))e @M= (3.6)

Zeng [22] showed that if m = 1, maxg<,<r—1 p(n) > 2, and 0 < a(n) < 1, then (1.1)
has at least three positive T-periodic solutions. In the following theorem, we give a

sufficient condition for the existence of three positive T-periodic solutions of (3.6).

Theorem 3.2. Letm > 1,0 < a(n) <1, and

T-1

> () > (1= "3 gL (3.7)

n=0

hold. Then (3.6) has at least three positive T-periodic solutions.

Proof. Set f(n,z) = p(n)z™(n—7(n))e 7*=7(M)  Clearly m > 1 implies that f* =0
and f* = 0. Thus, in order to show that (3.6) has three positive T-periodic solutions,

in view of Theorem 2.1, it remains to show that there exists a constant ¢y such that
(Hs) holds, that is,

T-1
aZp(n):Em(n — 7(n))e T > combox fore, < |z|| < %2 (3.8)
n=0
Clearly
T-1 T-1
S p(n)a™(n — 7(n))e ) > e E Y p(n)
n=0 n=0
Set ¢y = @. It is easy to see that ¢, = 6(7”—;1) is the minimizer of

which shows that the property

T-1
> p(n) > U0
o och

follows from (3.7). Consequently, (3.8) holds. Thus the theorem is proved. O
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