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ABSTRACT. In this paper we develop the monotone method for nonlinear multi-order 2-systems
of Riemann-Liouville fractional differential equations. That is, a hybrid system of nonlinear equa-
tions of orders ¢; and gy where 0 < ¢1,q2 < 1. In the development of this method we recall any
needed existence results along with any necessary changes; including results from needed linear the-
ory. Further we prove a comparison result paramount for the discussion of fractional multi-order
inequalities that utilizes lower and upper solutions of the system. The monotone method is then
developed via the construction of sequences of linear systems based on the upper and lower solutions,

and are used to approximate the solution of the original nonlinear multi-order system.
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1. INTRODUCTION

Fractional differential equations have various applications in widespread fields
of science, such as in engineering [4], chemistry [5, 11, 12], physics [1, 2, 6], and
others [7, 8]. In the majority of the literature existence results for Riemann-Liouville
fractional differential equations are proven by a fixed point method. Initially we
will recall existence by lower and upper solution method, which will be useful to
developing our main results. Despite there being a number of existence theorems
for nonlinear fractional differential equations, much as in the integer order case, this
does not necessarily imply that calculating a solution explicitly will be routine, or
even possible. Therefore, it may be necessary to employ an iterative technique to

numerically approximate a needed solution. In this paper we construct such a method.

Specifically, we construct a technique to approximate solutions to the nonlinear
Riemann-Liouville (R-L) fractional differential multi-order 2-system. A multi-order

system is of the type where the equation in each component is of unique order. That
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is, a fractional system of the type

D"y = fl(t7$17$2)
D®xy = fo(t, 21, 22).

This is a generalization of normal R-L systems and yields a type of hybrid system of a
fractional type. We note that various complications arise from systems of this type as
many known properties used in the study of fractional differential equations require
modification, but at the same time multi-order systems present far more possibilities
for applications. For example, consider allowing each species in a population model
to have their own order of derivative. Though we will not consider any specific

applications in this study, we hope this will add to the groundwork of future studies.

The iterative technique we construct will be a generalization of the monotone
method for multi-order R-L 2-systems of order ¢i,qs, where 0 < ¢1, ¢o < 1. The
monotone method, in broad terms, is a technique in which sequences are constructed
from the unique solutions of linear differential equations, and initially based off of
lower and upper solutions of the original nonlinear equation. These sequences con-
verge uniformly and monotonically, from above and below, to maximal and minimal
solutions of the nonlinear equation. If the nonlinear DE considered has a unique
solution then both sequences will converge uniformly to that unique solution. The
advantage of the monotone method is that it allows us to approximate solutions to
nonlinear DEs using linear DEs; further using upper and lower solutions guarantee

the interval of existence. For more information on the monotone method for ordinary

DEs see [9].

There are notable complications that arise when developing the monotone method
for multi-order systems. First of all, as seen in previous work involving the R-L case
in these methods, the sequences we construct, {v,},{w,} do not converge uniformly
to extremal solutions, but the weighted sequences {t'~%v,;}, {t'"%w,;} converge
uniformly to t!=%v; and t'~%w; respectively, where i € {1,2} and v, w are maximal
and minimal solutions of the original equation. Another complication unique to multi-
order systems is that various properties do not carry over simply. For example, a well
known result for the R-L derivative is that the fractional derivative of the weighted

Mittag-Leffer function, which we define below in Section 2, is itself. That is
DHI™ (1) = 17 B, (17).

This property is dependent on the order of q used, and therefore the weighted Mittag-
Leffler function of order ¢; will not have this property with the derivative of order ¢5.

This issue is present in the proof of Theorem 2.8 especially and will be detailed there.

For our main method we consider the case where the nonlinear function f is

quasimonotone nondecreasing in x, and briefly discuss the case where f has mixed
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quasimonotone properties. We note that the monotone method has been established
for the standard nonlinear Riemann-Liouville fractional differential N-systems of or-
der ¢ in [3], and that this study acts as a generalization of that work for N = 2. We
hope to extend this method to the more general multi-order N-system case in the

near future.

2. PRELIMINARY RESULTS

In this section, we will first consider basic results regarding scalar Riemann-
Liouville differential equations of order ¢, 0 < ¢ < 1. We will recall basic definitions
and results in this case for simplicity, and we note that many of these results carry over
naturally to the multi-order case. Then we will consider existence and comparison
results for multi-order systems of order 0 < ¢;, ¢ < 1 which will be used in our
main result. In the next section, we will apply these preliminary results to develop
the monotone method for these multi-order R-Li systems. Note, for simplicity we
only consider results on the interval J = (0,7], where T" > 0. Further, we will let
Jo = [0, 7], that is Jy = J.

Definition 2.1. Let p = 1 — ¢, a function ¢(t) € C(J,R) is a C), function if tP¢(t) €
C(Jo,R). The set of C, functions is denoted C,(J,R). Further, given a function
o(t) € Cp(J,R) we call the function #¢(t) the continuous extension of ¢(t).

Now we define the R-L integral and derivative of order ¢ on the interval J.

Definition 2.2. Let ¢ € C,(J,R), then D{¢(t) is the ¢-th R-L derivative of ¢ with
respect to t € J defined as

P —— / (t — 5 9(s)ds

['(1—gq)dt
and I!¢(t) is the ¢-th R-L integral of ¢ with respect to ¢ € J defined as
1 t
Ilo(t :—/ t—s)7 1 p(s)ds
190 = oy [ (=900

Note that in cases where the initial value may be different or ambiguous, we
will write out the definition explicitly. The next definition is related to the solution
of linear R-L fractional differential equations and is also of great importance in the
study of the R-L derivative.

Definition 2.3. The Mittag-Leffler function with parameters a, 3 € R, denoted E,, g3,

is defined as
Z I'( ak‘ +3)’

k=0
which is entire for a, 3 > 0.
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The next result gives us that the ¢g-th R-L integral of a €}, continuous function
is also a C, continuous function. This result will give us that the solutions of R-L

differential equations are also C), continuous.

Lemma 2.4. Let f € C,(J,R), then Il f(t) € C,(J,R), i.e. the g-th integral of a C,

continuous function is C, continuous.

Note the proof of this lemma for ¢ € RT can be found in [3]. Now we consider

results for the nonhomogeneous linear R-L differential equation,
Dix(t) = \x(t) + 2(t), (2.1)

with initial condition
ta(t)|,_, = 2°/T(q),

where 2% and )\ are constants, and z € C’,,(J, R), which has unique solution
t
z(t) = 2"t E, (M) + / (t —s8)" B, (Mt — 5)")z(s) ds.
0

Next, we recall a result we will utilize extensively in our proceeding comparison
and existence results, and likewise in the construction of the monotone method. We
note that this result is similar to the well known comparison result found in literature,

as in [10], but we do not require the function to be Holder continuous of order A > g.

Lemma 2.5. Let m € C,(J,R) be such that for some t; € J we have m(t;) = 0 and
m(t) <0 fort e (0,t1]. Then

Dim(t)],_, > 0.

t=t1 —

The proof of this lemma can be found in [3], along with further discussion as to
why and how we weaken the Holder continuous requirement of this known comparison
result. We use this lemma in the proof of the later main comparison result, which

will be critical in the construction of the monotone method.

Now, we will turn our attention to results for the nonlinear R-L fractional multi-
order systems, and in doing so we must discuss any changes. First, we will consider
systems of orders ¢; and ¢o, 0 < ¢1, g2 < 1. For simplicity we will let ¢ = (g1, ¢2), and
when we write inequalities x < y, we mean it is true for both components. Further,
from this point on, we will use the subscript ¢ which we will always assume is in
{1,2}. For defining C, continuity for multi-order systems we define p; = 1 — ¢; and
for simplicity of notation we will define the function x, such that x, (t) = t**z;(t) for
t € Jy. We also note that at times it will be convenient to emphasize the product of
t?, therefore we will define t?x(t) = xz,(t) for t € Jy. Now, we define the set of C,

continuous functions as

C,(J,R?) = {z € C(J,R?) |z, € C(Jo, R)}.
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For the rest of our results we will be considering the nonlinear R-L fractional multi-

order system
2p;(0) = $?/F(Qi)

where f € C(Jy x R?,R?), and 2° is a constant. Note that just as in the scalar case,
a solution z € C,(J,R?) of (2.2) also satisfies the equivalent R-L integral equation

x? 1

zi(t) = =A<t +

® I'(a:) I'(q:)
Thus, if f € C(Jy x R?,R?) then (2.2) is equivalent to (2.3). See [7, 10] for details.

Now we will recall a Peano type existence theorem for equation (2.2).

/0 (t — )51 fi(s, z(s))ds. (2.3)

Theorem 2.6. Suppose f € C(Ry, R?) and | fi(t,z)] < M; on Ry, where
Ry = {(t, ) : [tz(t) — 2°| < m,t € Jo}

Then the solution of (2.2) exists on J.

This result is presented for the scalar case in [10], and in [3] it was proven that
the solution can be extended to all of J. We note that for multi-order systems it is
proved in much the same way. Next we will consider the main Comparison Theorem

for multi-order 2-systems, which will be utilized extensively in our main results. For

this result we will require f to satisfy the following definition.

Definition 2.7. A function f(¢,x, z5) is said to be quasimonotone nondecreasing in
x if f is nondecreasing in x5 and fy is nondecreasing in x;. That is, if x < y on J,
then

filt,zy, 22) < fi(t, 21, 92),

fo(t,z1,29) < fot, y1, 72).
For our comparison result below we will utilize that the Beta function

1
Bmwz/sﬂu—Wﬂm
0

is decreasing in x and y for x,y > 0. To prove this suppose x; > x5 > 0; then we
have s®171 < 27! for s € (0,1). Therefore

1
M%@S/EWW—QW%ZMMM-
0

Implying B(z,y) is decreasing in z for x > 0, and by symmetry of the Beta function

we have that B is also decreasing in y for y > 0.
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Theorem 2.8. Let v, w € C), be lower and upper solutions of the nonlinear multiorder

2-system, 1i.e.
invi S fi(tvv)u F(ql>vpz(0> = Uz('] S LU? (24)
D%w; > fi(t,w), T(g;)wp,(0) =w) > ay.
If f is quasimonotone nondecreasing and satisfies the following Lipschitz condition
fori=1,2,
filt,x) — filt,y) < Li[(z1 — 1) + (z2 — 12)], (2.5)
for x >y, then v(t) < w(t) on J provided v° < w°.

Proof. First we will consider the case when one of the inequalities in (2.4) is strict.

Without loss of generality suppose that
D%w; > fi(t,w), and w) > 2!,

then we claim that v < w on J. To prove this, suppose that the conclusion is false,

e.g. suppose the set
w={teJ w(t) <v(t)JU{t e J : wy(t) <wv(t)}

is nonempty. Let 7 = infw > 0. Now there exists an 7 such that v;(7) = w;(7);
without loss of generality suppose i = 1. Because v° < w?, by the continuity of v and
w we have that vy (t) —wy(t) < 0 on (0,7), implying that vy (t) —w; () < 0 on (0, 7]
and further vy(t) < wq(t) for t € (0, 7]. Therefore, by Lemma 2.5 we have that

D [or(7) —wn(7)] = 0.
Now utilizing this and the quasimonotonicity of f we have

film,v(7)) = Dffui(7) = Diffwi (1)
> f1(7m,wi(7), wa(T))
= fl(7-> 'Ul(T)a wZ(T)) 2 fl(Ta U(T))a

which is a contradiction. Therefore, the result is true if one of the inequalities is

strict. We will use this to prove the main result. To do so, consider the function w
defined as

Tilt) = wi(t) + ¢ <tE W2n) 1330

k=1 m=1

k—l—m ltk‘ql—l—mqg 1) ( )
: 2.6

I'(kq1 + mge)
for ¢ > 0 sufficiently small and where L = max{L;, Ly}. For simplicity, let Z(t)
denote the series in (2.6). Further, as the weighted Mittag-Leffler function defined in

terms of powers ¢; and go will be required throughout the remainder of the proof, for

simplicity define the function E with a single whole number parameter as

E; (t) = tqi_lqu'7qz'(2Ltqi>‘
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Therefore w;(t) = w;(t)+<[E;(t)+Z(t)]. Now we will show that the series Z converges
uniformly. To do so, note that there exists a K > 1 such that for all & > K,
kgu —1 > 0. So, for any £ > K and m > 1,

(2L)k+m—l qu1+mq2—1 2L k+m—1 tkql—l—mqg—l
= B(]th WQ2)
C(kqr + mas) ['(kq1)T (mgo)
(2L>k+m—1 qu1+mq2—1
< B(q,

which is obtained by the monotonicity of B. Now, note that the series

L k+m— 1qu1+mq2 1

(2
B(q1, g2 Z Z T (kq)T

k=K m=1

mq2)

_ B(Qla%) > (QL)kath > (2L)me‘I2_1
= 2L Z F(qul) Z F(qu)

S 2L B(ql, QQ)qu th#]l (QLqu )E2 (T),

which converges. So by the Weirstrass M-Test,

2L k+m—1 tkql—l—qu 1

Z Z I'(kq1 + mg)

converges uniformly on Jy. Therefore, Z(t) is made up of a uniformly convergent

series along with a finite number (K — 1) of weakly singular terms. With this result

we may compute the ¢;-th derivative of Z(t) term by term, doing so we obtain

o o0 (2L)k+m—1 t(k—l)ql-l—mqg—l

DRzt =Y > L((k—1)q + mgs)

k=1 m=1
> 2L Fmaz— 1 2L k+m—1 t(k 1)g1+mga—1
- S R

= 2L(E,(t) + Z(t)).
Similarly, we can show that
DPZ(t) =2L(E\(t) + Z(t)).
Using this result we note that

Dy (t) = D wi (t) + 2Le (Bi(t) + Bo(t) + Z(t))
(t, @) — Ly[(@01 — wr) + (W — wa)] + 2Le (B1(t) + Ea(t) + Z(t))
= fl(t, W) — Lie(Eqy(t) + Ex(t) + 2Z(t)) + 2Le (B (t) + Ex(t) + Z(1))
(t, @) + Le (Eq(t) + Ex(t))

(t, w).

Similarly, we can show that D{?ws(t) > fa(t, w).
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Now we wish to show that w® > 2°; to do so we note

N o0 00 (2L)k+m—1 t(k‘—l)q1+mq2
P g (t) = tPrw (t) + e, 2Lt17) 4 ¢
1(6) = nlt) B QL) +2 3 > SR

implying that
t" @ (t)],_y = w?/T(ar) +¢/T(ar) > 27/T(q).

Therefore @) > 2%, and similarly we can show that @9 > z9. Now, from what was
shown previously with strict inequalities we have that v < w on .J, and letting ¢ — 0

we get v < w on J. O

We note that if we were to generalize the series Z(t) for an N-dimensional space,

we could do so in the following way. Let

2L 1-k— N—I—ltqk 1

DI ,

k1=1ko=1 k3z=1 kn=1

where 1 is the unit vector, k = (ky, ko, k3, ..., kn), and q = (¢1, 42,63, - - -, qn). With
this generalization, the function we used in the proof of Theorem 2.8 would be Z

and importantly,
Zi(t) = 2Lt B, o (2Lt7),
implying that Zy is a generalization of the (), weighted Mittag-Leffler function for

multi-order N-systems. This function will be paramount when we turn our attention

to N-systems at a later date.

Now, if we know of the existence of lower and upper solutions v and w such that

v < w, we can prove the existence of a solution in the set
Q={(t,y) - v(t) <y <w(t),te ]}
We consider this result in the following theorem.

Theorem 2.9. Let v,w € C,(J,R?) be lower and upper solutions of (2.2) such that
v(t) <w(t) on J and let f € C(2,R), where 2 is defined as above. Then there exists
a solution x € C,(J,R?) of (2.2) such that v(t) < z(t) < w(t) on J.

This theorem is proved in the same way as seen in [3], with only minor additions

to apply it to multi-order 2-systems.

3. MONOTONE METHOD

In this section we will develop the monotone iterative technique for nonlinear

multi-order systems of the type (2.2).
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Theorem 3.1. Let f € C(Jy x R%,R?) be quasimonotone nondecreasing and let
vo, Wy € Cyp(J,R) be lower and upper solutions of system (2.2) such that vy < wqy on
J. Further suppose f satisfies a one-sided Lipschitz condition such that fy is Lipschitz
i x1 and fy is Lipschitz in xo, that is

fi(t, 21, 29) — fi(t,y1, w2) > =My (21 — y1),

fo(t, @1, 20) — fo(t, 21, y2) > —Ma(22 — y2),

whenever vg < x < wg, and vy <y < z < wy. Then there exist monotone sequences
{v,} and {w,} such that

tPv, — tPv,  tPw, — tPw,

uniformly and monotonically on Jy, where v and w are minimal and maximal solutions
of (2.2) on J provided v§ < x° < w§.

Proof. To begin we note that the sequences we wish to construct are defined as the

unique solutions of the following linear multi-order fractional systems

D¥vyia; = filt, va) = Mi(vnt1; — vpg) (3.1)
D%y, = filt,wn) — Mi(wng1; — Wny),
where vy and wy are defined in our hypothesis. We would like to show that these

sequences are monotone and that the weighted sequences converge uniformly. To do

so we consider the more general multi-order system

Dy, = fi(t,&) — Mi(yi — &) (3.2)
yp(0) = a°,
with vy < &(t) < wp on J. We note that since system (3.2) is linear that a unique so-
lution exists in C,(J, R) for every particular choice of €. Therefore, we may construct

a mapping F', such that y = F[¢] will output the unique solution of (3.2). With this

mapping, we can define our sequences as
Up+1 = F['Un]a Wp41 = F[wn]

We claim that I’ is monotone nondecreasing. To prove this, suppose that vy <
§<n<wyon J,and let y = F[{] and z = F[n]. Now, using the quasimonotone
property of f, along with the Lipschitz condition from our hypothesis we have that

Dz > fi(t,m,&2) — Mi(z1 —m)
= fi(t,m, &) + fi(t, &1, 82) — fi(t, 61, 82) — Mi(z1 —m)
> fi(t, €1,8) — My(21 — &1).
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Similarly, we can show that D%z, > fo(t, &) — Ma(29 — &). Now, since (3.2) is linear,
it is Lipschitz of the form (2.5), thus y < z on J by Theorem 2.8. This gives us that
F[n] < F[¢] as we claimed.

From here we can show that the sequences in (3.1) are monotone. We will begin
by showing that vy < Flvg| and wg > Flw], to do so, let v; = F|v], and then note
that

D%y, = fi(t, vo) — Mi(vy; — voy),
and because
Divg; < fi(t, vo) — Mi(vo; — vo;)

we may apply Theorem 2.8 to show that vy < vy on J. Similarly, w; < wy on J.

Next, by the monotonicity property of F' we have that
v = F[’Uo] S F[wo] = Wq.

Therefore, vy < vy < w; < wy on J. Using this as our inductive basis step suppose
this is true for up to some k > 1, that is, vp_1 < v < w < wi_1. Now, letting
Vg1 = Flug] and wyy1 = Flwg| and using the monotone property of F' along with

our induction hypothesis we have that
Vg1 = Flog] > Flog_1] = vy,

and similarly we have that wy,; < wy on J. Finally, we can also show that on J
Vg1 = Flug] < Flwg] = wgy.

So, by induction we have that vy < wv,_1 < v, <w, < w,_1 <wy foralln>1on J.

Now we wish to show that the weighted sequences {tPv,} and {tPw,} converge
uniformly on Jy. To so we will apply the Arzela-Ascoli Theorem; therefore we must
show these sequences are uniformly bounded and equicontinuous. For any n > 0 we
submit that

|tpivm\ < tPi (

Up; — Vo;| + ‘Uoz") < tpi(

wo; — Vo] + voi),

implying that the sequence {tPv,} is uniformly bounded. Noting that we can show
a similar result for {t*w,} we conclude that both weighted sequences are uniformly
bounded. Now using this we can show that our weighted sequences are equicontinu-

ous. First, for simplicity let

ﬁ(t, Vn) = fi(t, Vn—1) = Mi(n; — Un—1;),

for alln > 1, and noting that fis C,, continuous and that {t?v, } is uniformly bounded,

we can choose a N > 0 such that

Pt v,) < Ny
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on Jy for any n > 1. Now, choose t,7 such that 0 <t < 7 < T. In the following

proof of equicontinuity we use the fact that
P (7_ _ S)th—l _ Pt (t . S)ql—l < 0

for 0 < s < t. To show why this is true, consider the function ¢(t) = tP(t — s)9~! =
tP1(t — s)7P* and note that

L0(t) = it Nt — 5) 7 — put(t — )P
— PNt — 5) P ps < 0.

This implies that ¢ is nonincreasing, therefore ¢(7) — ¢(t) < 0. Now consider,

/ 721 — syt = (1 — )|t ) d

| 7P 0,1 (T) — tP v, (1)

Ch
/T< 1Bt v d
+ T—35)0" ,Un)|ds
F(QI) t '
N1 t —1 -1 -1
< I‘( ) [tpl (t _ s)q1 — P (7_ _ S)q1 }Sql ds
q1) Jo
Nyt /T 1.1
+ 7T —8) 1 s ds
P(Ch) t ( )

Nltpl /t 1 -1 —NvlTp1 /T -1 -1
< t— ) st T ds — 7T —8) 1 s ds
=T o 7Y o) o 777

2NyPr [T _
¢

le(ql) 2]\[17-;!)1 1
— tQ1_7-Q1 + —T—tql

M) T e Y

2]\717'p1
(g + )te
In the case that ¢ = 0, we note that
Ny [T _ Ny
P10, (1) — 2°/T(q1)] < / T—8) " s = ———— 70,
() =Ml gy J, ) Tg + 1)
Now, we can choose K; > 0 such that

(1 —t)".

K _2N; TP Ny
L= F(q1+1) 1 = T(q+1)°

which we note is not dependent on n. Therefore, we have that
|77 01 (7) = 1 on ()] < Ko7 — ¢,

for 0 <t <7 <T and for all n > 1. Similarly, we can show that
|77 0na(T) — 1200 (1)| < K| — 1%,

for all n > 1. With this, it is now routine to show that {t’v,} is equicontinuous.
Likewise, {tPw,} is also equicontinuous. Therefore, by the Arzela-Ascoli Theorem

there exist subsequences of both {t?v, } and {tPw,} that converge uniformly on Jy, and
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due to their monotonic nature the full sequences themselves also converge uniformly
on Jy. Given this, suppose that tPv, — tPv and tPw, — tPw on Jy; we wish to show
that v and w are extremal solutions of (2.2) on J. To do so, first note that v, — v

point wise on J, and due to the nature of fwe have that

0 Di t
Htvni = FZZ) * Ft(%’) /0 (t — )% fi(s, vn—1) — Mi(vni(8) — vn1;(s))ds,

which converges uniformly on Jy to

po= T [ e s
iy, = —+— + /t—s T fi(s,v)ds,
C(gi)  T(a) Jo
implying that
o= oo g o [ G s
['(q:) (ai) Jo 7

on J, and thus that v is a solution to (2.2). By a similar argument w is also a
solution to (2.2). We will use induction to show that v and w are minimal and
maximal solutions. First, let x be a solution to (2.2), such that vJ < 2° < w). By
Theorem 2.9 we know such a solution exists such that vy < z < wy on J. Given this,

and using the same steps we used to prove the monotonicity of F' we have that
invli S fl(t, I‘) — Mi(vli — LUZ> and inwu Z fl(t, Jf) — ]\41(11)1Z — LUZ'),

implying that v; < o < w; on J by Theorem 2.8. Using this as a basis step, we may
use the same steps again to inductively show that v, < x < w, on J for all n > 0,
thus implying that v < 2 < w on J. This gives us that v and w are extremal solutions
and finishes the proof. O

We note that if f satisfies a full two-sided Lipshitz condition, then v = x = w
which will be the unique solution of (2.2).

Now, we can extend the result of Theorem 3.1 to a more general result. For the
following we will assume that f(t, zq,xs) satisfies a mixed quasimonotone property,

which we define here.

Definition 3.2. A function f(¢,x,z5) is said to possess a mixed quasimonotone
property if f; is nonincreasing in x, and fs is nondecreasing in x;. That is, if x < y
on J, then

filt,zy, 22) < fi(t, 21, 92),

fg(t,$1,£€2) > f2(t7y17x2)'

With this generalization we can also consider a generalization of our lower and

upper solutions to coupled lower and upper quasisolutions.
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Definition 3.3. Let v,w € C,(J,R?); v and w are coupled lower and upper quasiso-
lutions of (2.2) if

D%vy < fi(t, vy, we), D'wy > fi(t,wy,vq),
D%vy < fot, v1,v2), Dfwy > fo(t, wy, ws),
0

F(Qi)vpi(o) = Uio <y, F(Qi)wpi(o) = wz‘o > 517?
On the other hand, v and w are coupled quasisolutions of (2.2) if

D%y = fi(t, vy, we), DP'wy = fi(t, w1, v9),
D%yy = f2(t7U17U2)7 D32w2 = f2(t,w1,w2),
0p,(0) = 2 /T(q),  wy,(0) = af /T (qy).

Further, one can define coupled extremal quasisolutions of (2.2) in the usual way.

Now, we will generalize the result of Theorem 3.1 to when f satisfies a mixed
quasimonotone property. This case requires the use of coupled lower and upper

quasisolutions and the construction will involve coupled quasisolutions.

Theorem 3.4. Let f € C(Jy x R? R?) possess the mized quasimonotone property
mentioned above. Let vyg,wy € Cu(J,R) be coupled lower and upper quasisolutions
of system (2.2) such that vg < wg on J. Suppose further that f satisfies the same
Lipshitz condition of Theorem 3.1. Then there exist monotone sequences {v,} and
{w,} such that

p p p p
t'v, — t'v, t'w, — tPw,

uniformly and monotonically on Jy, where v and w are coupled minimal and maximal

quasisolutions of (2.2) on J provided v] < z° < w].

Proof. The proof of this case follows the same process as Theorem 3.1, with the
distinction of managing coupled quasisolutions. For example, the sequences we will

construct are the unique solutions of linear systems of the form

D%y = fi(t,m, &) — Mi(yr —m), (3.3)
D%yy = fo(t,m,n2) — Ma(y2 — 12),
Ypi(0) = 27 /T (@),
for vp < &, < wy on J. Similarly, for each £ and n we have a unique solution y;
therefore, as done previously, we define the mapping A to output this unique solution

for each ¢ and 7. Therefore, A[n,&] = y. Now, we propose that A is monotone

nondecreasing in its first variable and monotone nonincreasing in its second variable.
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To prove this, suppose that vg < & < n < wy and vy < p < wy, and let y = A[€, p]
and = A[n, ). Then, using the Lipschitz condition of f we have

Dy = fi(t,m, p2) — Mi(xr —m) + fi(t, &1, p2) — fi(t, 1, p2)
> fi(t, &1, p2) — Mi(z1 — &),

Further, using this process again along with quasimonotonic property of f we have
that

D®xy > folt,m,m2) — Ma(za — &2).
Therefore, by Theorem 2.8 we have that z > y on J, implying that A is monotonic
nondecreasing in its first variable, since A[¢, u] < A[n, p]. Similarly, we can show that

Alu, €] > Alp,n|, hence proving our proposition. From here we define the sequences
{v,} and {w,} as

Unt1 = Alvn, wy], and w4 = Alw,, vy,).
The proof from here follows in the same manner as Theorem 3.1. O

We note that we can develop similar results if the mixed qasuimonotone property
of f is reversed, that is if f; is nondecreasing in x5 and f; is nonincreasing in ;. The

construction and proof of this case will follow in a similar fashion as Theorem 3.4.

In the future, we wish to turn our attention to multi-order systems of finite order
N. Further, the construction of numerical applications of this type is quite unwieldy,
but is something we would like to consider along with N-systems. From here, it
would be compelling to study various physical models that would lend themselves to
multi-order fractional systems. Our hope is that this initial study may open the doors

to further results in multi-order systems beyond the use of the Caputo derivative.
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