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ABSTRACT. In this paper, we will consider the higher-order functional dynamic equations with

mixed nonlinearities of the form

{Fn1(8) Gy [(rna () (D B2 BN )P} + ij(t)% (27 (g;(t))) = 0,

I

on an above-unbounded time scale T, where n > 2, and ¢3(u) := |u u, B8 > 0. The funtions g, :

T — T are rd-continuous functions such that lim; . g;(t) = 00, j =0,1,..., N. The results extend

and improve some known results in the literature on higher order nonlinear dynamic equations.

AMS (MOS) Subject Classification. 34K11, 39A10, 39A99.

1. INTRODUCTION

In this paper we consider the oscillation of solutions of higher order dynamic

equations with mixed nonlinearities of the form

{Facr(D0an, [(Faa()(- - (D a [t (B2 - )2)A] L2
+ 2 (0, (7 (9;(0) =0, (1.1)
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on an arbitrary time scale T, where

(i) n > 2 and ¢s(u) == |ul’ " u, 5> 0;
(ii) r; € Cra ([to,0),(0,00)) fori=1,2,...,n—1;
(i) &y >0,4i=1,2,...,n—1land v, >0, j=0,1,..., N are constants;
(iv) pj € Cra([to, 00)g,[0,00)), 7 =0,1,..., N such that not all of the p; (¢)’s vanish
in a neighborhood of infinity;
(v) gj : T— T are rd-continuous functions such that lim; .. g;(f) = oo for j =

0,1,...,N,and 7(t) := inf{t, go(t), ..., gn(t)} is increasing function on [ty, 00)r.

Throughout this paper, we let
2=, Do [(:c[i_l])A] . i=1,2,....nwithr, =1, a,, = 1 and 2l = 2.

Recall that the knowledge and understanding of time scales and time scale no-
tation is assumed. For an excellent introduction to the calculus on time scales, see
Bohner and Peterson [6, 7]. By a solution of Eq. (1.1) we mean a nontrivial real—
valued function x € CL,[T,, 0o)r for some T, > t, such that zl € C%[T,, 00)r, i =
1,2,...,n — 1 and xz(t) satisfies Eq. (1.1) on [T}, 00)r, where C,4 is the space of
right-dense continuous functions.

In the last few years, there has been an increasing interest in the oscillation and
nonoscillation of solutions of various dynamic equations. A large number of papers
were devoted to second order linear and nonlinear dynamic equations on time scales.
For example, Agarwal, Bohner, and Saker [1] discussed the linear delay dynamic
equation

228(t) + p(t)z(g(t)) = 0;
Erbe, Peterson, and Saker [14], Saker [45], Agarwal, Regan, and Saker [2], and Hassan
[33] investigated the pair of half-linear dynamic equations

(r(£) (@2 (£)*)2 + p(t)z* (t) = 0,
and
(r() (@™ (8)*)2 + p(t)z* (o (t)) = 0;

Erbe, Hassan, Peterson, and Saker [12] and [13] studied the half-linear delay dynamic
equation

(r(t)(@ (1)) + p(H)z* (g(t) = 0, (1.2)
with g(t) <t and

A >0 and / T (Op()AL = 0o (1.3)

to
and Hassan [34] extended their results to the half-linear advanced dynamic equation
(1.2) with g(t) > t.
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Erbe, Hassan, Peterson [20] considered nonlinear dynamic equations with mixed

nonlinearities of the form

(r () (z® (£))™) —I—Zp] (t) ¢, (2 (g5 (1)) = 0.

Erbe, Peterson, and Saker [16, 17] and Yu and Wang [49] also derived oscillation

criteria for the third order dynamic equations
A

(rz(t) (rl(t)a?A(t))A) + p(t)x(t) = 0,
(ra(t) [(r1 ()2 ()2] ™)™ + p (1) 27 () = 0,
and
(ra(8) [(r1(1) (2(0)™)2]") " + p () 2 () = 0;

their work was further extended by Hassan [32] and Erbe, Hassan, and Peterson [18]
to the equation with delay

(ra(t) [ ()22 (1))*]*)* + p(B) 27 (9 (1)) = 0;

also, Han, Li, Sun, and Zhang [31] discussed the third order delay dynamic equation
A

(ra(6) (B (6)>)” + p(t)a(g (1)) =0,

where ¢(t) <t and

r&(t) <0 and /Oog(t)p(t)At = 00. (1.4)

to
Also, Erbe, Hassan and Peterson [21] and Elabbasy and Hassan [9] studied third order

nonlinear dynamic equation with mixed nonlinearities

(ra(t) [(r1(2) (22(£)™)2]™) +§:m (t) bsy (2 (g5 (1)) = O,

where a; and ay are the ratios of positive odd integers.

Higher order dynamic equations have been studied by many authors. For in-
stance, Grace, Agarwal, and Zafer [26] established oscillation and comparison criteria

for the even order nonlinear dynamic equation
2n o
27 (1) +p (t) (27 (1) =0,
and Grace [29] developed oscillation criteria for the even order dynamic equation

v (27 )] 40 @ o) =0,

where o and v are the ratios of positive odd integers. Recently, Grace and Hassan

[28] establish oscillation criteria for more general higher order dynamic equation

2" () +p (1) 6, (27 (9(2)) = 0.
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For more results on higher order dynamic equations, we refer the reader to the papers
[10, 23, 43, 26, 47, 40, 29, 22, 27].

The purpose of this paper is to establish the asymptotic and oscillatory behavior
of solutions of the nth order nonlinear dynamic equation (1.1) with mixed nonlinear-
ities and without assuming the conditions (1.3) and (1.4). The results in this paper
extend many results in the literature on the oscillation for second order, third order,

and higher order nonlinear dynamic equations.

2. MAIN RESULTS

Before stating our main results, we begin with some preliminary lemmas which

will play an important role in the proof of our main results.

The first one is cited from [28] and improves the well-known lemma due to Kig-

uradze.

Lemma 2.1. Assume that

(3

/ T'—l/ai(s)AS:oo, 1=1,2,...,n—1. (2.1)
to

If Eq. (1.1) has an eventually positive solution x, then there exists an integer m € [0, n]
with m +n odd such that

m>1 implies ™ >0 for k=0,...,m—1, (2.2)
eventually, and
m<n implies (=1)"F 2™ >0 for k=m,. .. n, (2.3)
eventually.
The following lemma improves [46, Lemma 1] and also see [37, 35, 44].
Lemma 2.2. Assume that
vi>vi="9, J=12,....0; and v, <v:=7, j=1+11+2,....N. (2.4)

Then, there exists an N-tuple (01,2, ...,nn) with n; > 0 satisfying

N N
> ymp=v and Y ni=1. (2.5)
=1 j=1

Lemma 2.3 ([25]). Suppose that |z| > 0 on [t, 00)r, >0, and B # 1. Then

A
1—
() e

(7P = 1-8 = (al)’

on [tg,00)r .
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We will use the following notations: For any t¢,s € T, define alh, k| := ap - - ag
for 1 <h <k <n-—1with a:= a[l,n] and for an integer m € {0,...,n — 1}, define
the functions Ji’i(v,u), i=0,....,m—1; R(v,u),i = 0,...,n—1 and Py(t), i =

0,...,n—1, by the following recurrence formulas:
VA 1/am—i .
Ri(v,u) = [fu Ri_1(s,u) AS/Tm-i(v)] Codi=1,...,m—1,
pbam (v), i=0,
VTS 1/an—s .
Ri(v,u) := L. [Ri—l(v,s)/rn_i(S)} As, z =1,....,n—1,
1a 1= 0,
and

> 1/an—; .
Pfl(t) — [J; Pi—l(S)AS/Tn—i(t)] / /L:17”"n_1’
p (t) ; 1= 0’
where p(t) := po (t) + vazl [p;(t)/n;]™ and provided the improper integrals involved

are convergent.

Lemma 2.4. Assume Eq. (1.1) has an eventually positive solution x(t) and m is
given in Lemma 2.1 such that m € {1,...,n — 1} and (2.2) and (2.3) hold for t >
t1 € [tg,00)r. Then the following hold for v > u > t;:

(a) Fori=0,...,m—1
i a — m :
(@) = 6 m (2™ (0) Brnica (v, ),
CLTLd v
2W) 2 Gfisrm (@™ () / Fonima(s,0) As;
(b) fori=m,...,n—1,
(=1l w) = 65 (277 (0) Buia (v, 0).
Proof. (a) By using (2.2) and (2.3), we get for v > u > t; € [to, o0)r,
(@ 0w)S = 67) (@ () rptem (v) = g5 (2™ (v)) Ro(v, w).

Replacing v by s and integrating with respect to s from u to v, we get
M= (p) = 2= U(w) + o=t (2™ (5)) Ro(s,u) As
Qm 0 ?
> 6,8 (5 0) [ ol A

which yields

v R 1/Olmfl
;[1771—1,771} (x[m] (U)> / RO(Sa U) AS/ Tm—l(v):|

(:E[m—2} (U))A > ¢
=¢ 7 (SL’[m] (v)) Ry(v,u).
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Replacing v by s and integrating with respect to s from u to v, we get
) 2 )+ [0t (6 9) Rl ) As

Z ¢;[1m—l,m} (x[m] (U)) / ﬁl(quj’) A87

which implies

(a3 ()" > N L () [ /u B (5.u) As / Tm_2(v)} Lam -2

= Dom—2m] (™ (v)) Ra(v, ).

Again replacing v by s and integrating with respect to s from u to v, we get

23 () > ¢;[1m—2,m] (x[m} (v))/ Ry(s,u) As.
Continuing this process, one can easily see, for i =1,...,m

(atm=] (U))A > it (™ (v)) Rii (v, u),

and
v

~

2=l (y) > ¢;[1m_i+1’m} (S(Z[m] (v))/ Ri1(s,u) As,

u
orfort=0,....,m—1

A

(71(0)% = 671 (@7 (0)) Rrreioa (0, 0),
and

S0 2 Gy (7 0)) [ Foneicals,) s

(b) By the fact that 2["~! is nonincreasing on [t;, 00)r, we get for v > u > t;,
) (u) > ) (v) = gb;j (:B["_l] (v)) Ro(v,u),

which implies

("2 (0)™ 2 61 (@7 @) [Rolv.w)/ ()]

Replacing u by s and integrating with respect to s from u > ¢; to v € [u, 00)r and

using (2.3), we get
—yln=2 (u) > =2 (v) — =2 (u)
= ¢;[1n—1,n} (x[n_l] (U)>

= b1 (2" () Riv,w),

@\e
| —
juy]
(e}
—~
\'@
w
S~—
\
-
3
o
—~
w
-~
.
=
Q
3
L
D

which yields

= (@) 2 6 (@) [Balv,0)/ raca(w)]
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Again replacing u by s and integrating with respect to s from u to v, we get

2= () > —2lr=3(p) + 273 ()
= Gafnza (2" (0)) /” [Ri(v, )/ rns(s)] /"% As

= Gafnsa (@7 (0)) Ra(v, ).

Continuing this process, we can see fori =1,...,n—m
(_1)n+m—z‘x[n—z‘} (u) > ‘b;[}m—iﬂ,n] (a:["_ﬂ (v)) R’i_l(v,u),
orforv=m,....n—1
(—l)m—i-ix[i] (u) > ¢;[1i+1,n] (z[n—l] (U)) Rn—i—l(v,u)-
This completes the proof. O

In the following, we denote

P@wz[lwp@>A%ua; (26)

and for an integer m € {0,...,n— 1},
_ @
B (T) 1= 61 (Runa (. 7(1))) / R (s, T) As: (2.7)
T
and
Ryo(t,T) = ¢;[11’m} (Roem1(t,7(1))) Riner (7(2), T). (2.8)

3. OSCILLATION CRITERIA FOR EVEN ORDER EQUATIONS

In this section, we establish oscillation criteria for Eq. (1.1) when n is even. It
follows from Lemma 2.1 that there exists an odd m € {1,...,n — 1} such that (2.2)
and (2.3) hold eventually.

Theorem 3.1. Assume that (2.1) holds and

Z /toopj (s) As = 0. (3.1)

Then every solution of Eq. (1.1) is oscillatory.

Proof. Assume Eq. (1.1) has a nonoscillatory solution z(t). Then without loss of
generality, assume z(¢) > 0 and z (g, (t)) > 0, j = 0,1,2,..., N on [ty,00)r. It
follows from Lemma 2.1 that there exists an odd integer m € {1,...,n — 1} such
that (2.2) and (2.3) hold for ¢ > ¢, € [ty, 00)r. This implies x(t) is strictly increasing
on [t1,00)r. Then, for sufficiently large to € [t1, 00)T, we have x7(g;(t)) > [ for t > t,.
It follows that

by (27 (95 (1) = 1% > L for t € [1z,00)r,
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where L := info<;<ny {{%} > 0. Eq. (1.1) becomes

N

— (U 0) =g (1) 6y, (7 (g (1) 2 LY pj (1) fort € [ta,00)r. (3.2)

J=0 J=0

Replacing t by s in (3.2)and integrating from ¢, to t € [t2, 00)7 gives

N ot
=1 () + g1l (ty) > L Z/ D, (s) As
=07t
Hence by (3.1), we have lim;_.,, "% () = —oco, which contradicts the fact that
"1 () > 0 eventually. This completes the proof. O

Theorem 3.2. Assume that (2.4) and (2.1) hold and for sufficiently large T €
[to, 00)1 and for every odd integer m € {1,...,n— 1},

Jo p () R, (t,T)At = oo, if v<a
limsup, . P(t)Rna(t,T)>1, if v=q; (3.3)

[ T2 P(t)Rya(t, T)AL = 00, if 7> o

0

Then every solution of Eq. (1.1) is oscillatory.

Proof. Assume Eq. (1.1) has a nonoscillatory solution z(t). Then without loss of
generality, assume z(t) > 0 and =z (g;(¢)) > 0, j = 0,1,2,..., N, on [ty,00)r. It
follows from Lemma 2.1 that there exists an odd integer m € {1,...,n — 1} such
that (2.2) and (2.3) hold for t > t; € [ty,00)r. Eq. (1.1) becomes

—at (1) = Z () @y, (2 ) = Z t) ds; (27 (7 (1))
= &y (27 (7 (t)))ij (&) [ (r @) (3.4)
By Lemma 2.2, we have there exists ny,...,ny with

N N
> v =Y =0
j=1 j=1

Using the Arithmetic-geometric mean inequality, see [3, Page 17], we have

N N
anvj > Hv}”, for any v; >0, j=1,...,N.
=1 =1
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Then for t > t;

ij (&) [=7 (= ()] = po (t) + [ (7 ()]

== 1M
e

> o)+ [T |22]" b (o)
=m0+ T |22]" = pt0
This together with (3.4) shows that
2™ (£) > p(t)p., (27 (7 (1)), for t € [t;,00)r. (3.5)

Replacing ¢ by s in (3.5), integrating from ¢ > ¢; to v € [t,00)r, and using the fact

that 7 is nondecreasing, we have
) 420 2 [ (56, 0 (7 (s) s
> [ 5906 6 s
>0, () [ p(9) s

and by (2.3), we see that 2"~ (v) > 0. Hence by taking limits as v — oo, we have

) 2 0, 0 () [ ps) s (3.
Then by Lemma 2.4, Part (a) we have that for ¢ = 0,
z(v) > ¢;[117m} (I () /U Ro_1(s,u) As, (3.7)
and
22(0) > 634 (@™ (0)) By (0, ). (3.8)
Setting v = 7(¢t) and u = t; in (3.7) and (3.8), we have for 7(t) € [t1, 00)T,
()
o7(0) 2 03y T (70) [ B0 A (39)
and
22 (1(t)) > ¢;[11,m] ("™ (7(8))) Rinr (7 (1), ). (3.10)

Then by Lemma 2.4, Part (b) we have that for i = m,

P ) 2 6y (27 (0)) o (0,0,

Settingv = t and u = 7(t) gives

2™ (7 (1)) > Dot 1] (2" (#)) Ry (t,7(2))  for 7(t) € [t1, 00)7. (3.11)
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Pick ty € [t1,00)T such that 7(t) € [t;,00)r for t > t5. Substituting (3.11) into (3.9)
and (3.10), we get for t € [ta, 00)T,

_ ()
2(7(t) > o7 (a1 (1)) Do) (Rn_m_l(t,T(t)))/t Ro1(s,t1) As

oot (2 (#) R (t, 1), (3.12)
and

227 () = 65" (@71 (1) b (Boem-1 (8, 7(1))) B (7(1), 1)
= ¢ (2" (1)) Ra(t,th), (3.13)
where a = «a[1,n]. We consider the following three cases:

(a) v < a. From (3.5) and (3.12) and using the fact that x is strictly increasing,

we have
—al" () > p () dy (27 (7 (1)) = p (1) by (@ (7 (8)) = p () 5 (z (7 (1))
> p () Rl (4 t) (2" (6) ) for t € [ty, 00)r,
a N I Gl ) .
T ~ <(5E[ } (t)) ) > —W > p(t) Rm,l(tatl)

> p(t) Ry (L, t2).

Integrating this inequality from ¢, to ¢, we get
t

T (@ (1) T B ()T > / p(s) By, 1(s,t2) As.

o —7 =7y t2

Since 2"~ > 0 eventually and o > +, then

t
(21 (1)) 7 > / p(5) R (5 £2) As,

a—r 4y
which contradicts (3.3) if v < a.
(b) v = a. Substituting (3.6) into (3.12) gives
2(r(t)) = P(t) R (t, t1)2” (7 (1))
> P(t) R (¢, t2) (7 (1))
> P(t) Ry (t,t2)a (7 (1)),

(67

or
P(t)Ry1(t, ta) <1,
which implies
lim sup P(t) Ry 1(t, t2) < 1.

t—o0

This leads to a contradiction to (3.3) if v = a.
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(¢) v > a. Substituting (3.6) into (3.13) gives
PA(T(t) = P(t) Rua(t, ) [0 (7 ()]

or

A Lemma 2.3 (x(T(t)))A

2 (£))]@=N/a
(o) = e T

o
a—7

> P(t)Rya(t, )72 (1)
> P(t)Rmal(t, t2)7(1).
Integrating this inequality from ¢, to ¢, we get

et

«
a—7

(a=7) /e

o o (a—ry)/a] @M/
a_%[[ GO
t P(s)72(5s)

y

t

O ] s [P Ruals. s,

’}/—O{ to

ng(s, t2)AS.

Since x > 0 eventually, then

which contradicts (3.3) if v > a. This completes the proof. O

Theorem 3.3. The conclusions of Theorem 3.2 hold if the third condition in (3.3) is
replaced by

/oo T2 (1) Qm(t, T) At = o0, (3.14)

T
for sufficiently large T' € [to, 00)r and for every odd integer m € {1,...,n — 1}, where

Qum(t,T) = ¢ [ / N Pn_m_l(u)Au] R (7(t),T).

Proof. Assume Eq. (1.1) has a nonoscillatory solution z(t). Then without loss of
generality, assume x(t) > 0 and z(g; (t)) > 0, 7 = 0,1,2,..., N, on [tg,00)r. It
follows from Lemma 2.1 that there exists an odd integer m € {1,...,n — 1} such
that (2.2) and (2.3) hold for ¢t > ¢; € [ty, 00)r. As seen in the proof of Theorem 3.2,

we have
(1) > 6, (27 (7 (1) / " p(s) As

=0t 01 ) [ R A

Then
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Replacing ¢ by s and integrating with respect to s from ¢t > 7} to v € [t,00)r and

letting v — oo and using (2.2) and (2.3), we get
—a 0 2 6y 0 0 O] [ Pi(s) s

Continuing this process n —m — 2-times, we get

(60 @7 (7 (1)) / Py () A,

Since z® > 0 and (x[m})A < 0 on [t;,00)T, we have for sufficiently large t5 € [t1, 00)T
(3.15)

for t € [ty, 00)7.

AT (1) 2 O (05 (27 (7 (1)) /t Brm-a(s)As

As shown in the proof of Theorem 3.2, we have
i (@7 () R (7(2), 1)
(3.16)

() >
B ¢;[11,m] (iv[m} (7(1))) Ryoi(7(t),t2)  for t € [z, 00)r.

From (3.15) and (3.16), we get
22(7(t) = 65 [dy (27 (7 (¢)))]

bk [ / N Pn_m_l(u)Au} R (7(0), £2)

= 0a" [0 (27 (7 ()] @t t2),

P2NTO S Aot t).

(o (7 (1))
We will consider only the case v > a and the rest of the proof is similar to that of

Theorem 3.2. In view of Lemma 2.3, we have
A

z(7(t
[ ( ( ))] TA(t)Qm(t7t2)-

A Lemma 2.3
et (G 0)) S P
=7 (7 (7 (1))
Integrating this inequality from ¢, to ¢, we get
(a=7)/a
= ()]

o ) /a] @M/
G

a—7
> /tTA(s)Qm(s,tg)As.

to

Since z > 0 eventually, then

a 2(T(t))] @7
L))

which contradicts (3.14). This completes the proof.

(a=)fa [t
T 2 [ Qs s

to
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Theorem 3.4. Assume that (2.4) and (2.1) hold and for sufficiently large T €
[to, 00)1 and for every odd integer m € {1,...,n — 1},

lim sup P(t) Ry, 1(t, 1) = oo. (3.17)

t—o0

Then every bounded solution of Eq. (1.1) is oscillatory.

Proof. Assume Eq. (1.1) has a nonoscillatory solution z(t). Then without loss of
generality, assume x(t) > 0 and z (75 (t)) > 0, 7 = 0,1,2,..., N, on [tg,00)r. It
follows from Lemma 2.1 that there exists an odd integer m € {1,...,n — 1} such
that (2.2) and (2.3) hold for t > ¢, € [ty, 00)r. As shown in the proof of Theorem 3.2,

we have for sufficiently large t5 € [t1, 00)r
(7(1) 2 Rua(t.t1)e;" (a1 (1)), (3.18)
and
o) 2 6,07 (1 0) [ p(s) B, (3.19)
for t € [ta, 00)7. Substituting (3.19) into (3.18) WE: obtain

2(7(t) = P()Ra(t,t1) [27 (7 ()] = P()Rona(t,12) [ (7 ()],
or
[2(r (D] = P(t) R (8 12),
which contradicts (3.17). This completes the proof. O
In the following, we denote
ki = max{k,0}, k_:=max{—k,0} for any k € R,
and we employ the lemma below, see and using the inequality (see [30]).
Lemma 3.5. If X and Y are nonnegative and \ > 1, then
X AXYM (A= 1)Y*r >0, (3.20)

where equality holds if and only if X =Y.

We are now ready to state and prove a Philos-type oscillation criteria for equation

(1.1).

Theorem 3.6. Assume that (2.4) and (2.1) hold and T o0 = o o1 on [tg, 00)r.
Furthermore, suppose that there exist functions 6 € C}([to, 00)r, (0,00)) and H,h €
Cra (D, R), where D = {(t,u) : t > u >t} such that

H(t,t) =0, t>ty, H(t,u)>0, t>u>t, (3.21)
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and H has a nonpositive continuous A-partial derivative H™v (t,u) with respect to

the second variable and satisfies

. 72w A e
HA (t,u) + H (t,u) (@) 5 () HY D (1 ) (3.22)

and, for all sufficiently large T and for every odd integer m € {1,...,n — 1},

. 1 ' (a/7)" [h- (t,w)]" "
1 —_ H — : A
?i%ﬂumﬂlwm“)“”)<wuwﬂwwﬂwmwmmmfm !
= 00, (3.23)
where
c1,C1 1S any positive constant, when v > «a;
Alt) =1, when v = «; (3.24)

co PY77L(t), ¢y is any positive constant when v < a.
Then every solution of Eq. (1.1) is oscillatory.

Proof. Assume Eq. (1.1) has a nonoscillatory solution z(t). Then without loss of
generality, assume z(¢) > 0 and z(g;(¢)) > 0, j = 0,1,2,..., N, on [ty,00)r. It
follows from Lemma 2.1 that there exists an odd integer m € {1,...,n — 1} such
that (2.2) and (2.3) hold for ¢t > ¢; € [ty,00)r. Define

o(t)xl" 1 (¢)
¢y (z (7 (1))

By the product rule and the quotient rule, we get

w(t) := (3.25)

WA (1) = 4(t) £n=1] A 4(t) . =17
0= s aem OO remy) @
_ sl
= T )
551 50 16, O] (e
+ %@vwm>(m@v@»@@wwm4( ®)

As shown in the proof of Theorem 3.2, we have for t € [t;, 00)r

(@10 < =p(O)s, (" (7 (1)),
which implies
@I0) )
s wrm) = e ey = 7Y
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Therefore for t € [t1, 00)r

e NI 1A 0)) N P
(t) < =3(tp(e) + [wa:(fo(t))) 5 @ (7 (0)) 6 (2 (7 <t>>>]( )
--stnt %0 () -~ TR (Fg) - e

Since x and 7 are differentiable functions, and 7 is a nondecreasing, we have x o 7
is a differentiable function and (z (7(¢)))® = 2® (7(¢)) 72(t). Then, by the Pétzsche

chain rule ([6, Theorem 1.90]), we obtain

[ (r(1))] = 7/0 [ (7(t)) + hu(t)(x (r(1))) 2] dh (@ (7(1)))*

— / (1= B) @ (r(t) + h o(r(E)] ™ dh 2> (r(t)) 7(1)
{7 (W) S (r(0)) TAM), 0 <y <1,

>
Yle(r@) T 2t (r() TAE), v =L

If 0 < v <1, we have that

w0 < =000 +50) (0) —sater) () £ GO LT

whereas if v > 1, we have that

w?(t) < —0(H)p(t) + 5°(t) (%)J — A8(H)TA(¢) <7§((:)))U X (T(t))) Z(To(t))'

Using the fact that 22 (t) > 0 on [t;, 00)T, we get that, for v > 0,

w w 7B (1
w(t) < —8(t)p(t) + 62(1) (%) — 28O0 (6<(tt>) ) :cv(((tt))))

Now, by (3.13), there exists ty € [t1,00)r such that 7(t) € [t1,00) for t € [ta, 00)T
and

(3.27)

and so
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Then (3.27) becomes for t € [tg, 00)r

A A w(t)\”
w®(t) < =6(t)p(t) +07(t) 30

A w®)\ T e
—y6(t) T2 (t) Rim2(t, 1) {<%) } [z (T7(2))]" . (3.28)
If v > «, then 2 (77(t)) > x(ty) for t € [ty, 00)r, and we have
[ (7@ > )] = e > 0.
If v = o, we have [z (77(¢))]"/*" = 1 for t € [ty, 00)q; whereas if 7 < a, then there

exist b > 0 and t3 > t, such that 2"~ (¢) < b for all ¢ > t5, and hence from (3.6), we

have
b> (1) > ¢ (o7 (v (1)) / () As.
So
& (O = (6, (2 (7 DN
— (6, (@ (r O 2 [ [ v As] T e, poh),

where ¢y := ber > 0. Combining all these we see that
[z (F7 @] > A®t),  fort >ty (3.29)
From (3.28) and (3.29), we obtain for t € [t3, c0)r

w(t)

w0 < ~5(0p) +80) (511 = 2807 A0 R 1) [(%)} (3.30)

where A := 1+ 1/a > 1. Multiplying both sides of (3.30), with ¢ replaced by u, by

H (t,u) and integrating with respect to u from t3 to ¢ € [t3, 00)r, we have

/Htu (1) A < — /Htu (u)Au+/tStH(t,u)5A(u) <%)0Au

- / 1 0() 7 () A) Ro(, 1) H (1,11 K%)TAU.

t3
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Integrating by parts and using (3.21) and (3.22), we obtain

);
/Htu p(u)Au < H (t, t5) w (t3) /HA (t,u)w’ (u) Au

o (5553)3“

Defining X >0 and Y > 0 by

X 1= 40(w) ™ (w) A(w) Ra(u, t1) H (, ) K@H A ,
At h (t,u)

A (6 ()7 (u) A(u) Ro(u, 1))

and using Lemma 3.5, we have

w(u)

Y8 (w) T (u) A(u) Ry (u, t1) H (t,u) {(W) ] —h_ (t,u) (H (t,u))
(0/2)° A (1) .
(a4 1)t [6(u) T2 (u) A(u) Re(u, t1)]" —
From this last inequality and (3.31), we have

t (o))" (t,0)
[, Lm0~ s ) A0 < H e )

>
VR
| &
s |=
\_/\_/
~~

q

+

and this implies that

v (a/7)" h=H (1, u)

H - : Au <
H (t’ t3) /t;) [6(u)p(u) (t7 u) (Of + 1)a+1 [5(u)7—A(u)A(u)R2(u’ tg)]a Uusw (t3) )
which contradicts assumption (3.23). This completes the proof. 0

We assume a > 1 in the following theorem.

Theorem 3.7. Assume that (2.4) and (2.1) hold and o > 1 and Tooc = coT on
[to,00)r. Furthermore, suppose that there exist functions 6 € C!,([tg, o0)T, (0,00))
and H,h € Crq (D,R), where D = {(t,u) : t > u > to} such that (3.21) and H has
a nonpositive continuous A-partial derivative H™* (t,u) with respect to the second

variable and satisfies

Mgy A ()
HE () + H (t) o = =V (), (3.32)
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and, for all sufficiently large T € [to, 00) and for every odd integerm € {1,...,n — 1},

' b (t,w))* Ry 7 (u,T)
P H (T /T [ (1) 0P ) = oS ) o, TV AW B L) |~ %
(3.33)
where A is defined by (3.24) and
c1,C1 18 any positive constant, when v > oy
B(t) =41, when v = a; (3.34)

co PleM@=D(#) ¢, is any positive constant when v < a.

Then every solution of Eq. (1.1) is oscillatory.

Proof. Assume Eq. (1.1) has a nonoscillatory solution z(¢). Then without loss of gen-
erality, assume z(¢) > 0 and x (g, (t)) >0, 7 =0,1,2,..., N, on [ty,00)r. Proceeding
as in the proof of Theorem 3.6, we obtain for ¢ € [t3, co)r

w o w o11+1/a
WA () < —8()plt) + 52(1) (%) ()T (1) A R (1. 11) [(%) }
— s(tp(t) + 5 (0) (%)
w’ 1/a—1 )
—va<t>fﬁ<t>A<t>Rm,2<t,m%[w“(t)] . (3.35)

In view of the definition of w and (3.12), we get

[wcr(t)]l/oz—l o -50(t) (gj[”—l](t))U] o § [M} L

vV
=3
Q
—~
~
~
&
—~
9
—~
~
~
=
i
)
1
Q

= A ) (3.6)
If v > a, then x (7(t)) > x (7(t3)) for t > t3, we have
@) 2 @) T = > 0
If v = «, we have [z (7(t))] S L fort > t3; whereas if v < «, then there exist

b > 0 and t; > t3 such that z"~1(¢) < b for all + > ¢,, and hence from (3.6), we have

b> 2 (t) > 6, (27 (v (1)) / Tp(s)As = 6, (2 (r (1)) / () s,
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and so
(r=a)(a—1) (r=a)(a—1) (y—a)(a=1)

[z (@) =k @) e =l @@ @)

(a=y)(a=1)

> €y [/ p(s) As} R ¢y P (),
t

where ¢y := i} Combining all these, we see that

(y=a)(a=1)

[z (T7(t))] = > B(t), for t > t4.

Substituting into (3.36), we get

o/\11/a—1 o 1o B(t)
W OP = O =y

Then (3.35) becomes

w g A 2 1 w ik
W0 < —5(Ep(t) 1 65 ( %) R0 (t;zflﬁma((ttttl))A(t)B(t) Kﬂ(tt)))} |

(3.37)
Multiplying both sides of (3.37), with ¢ replaced by w, by H (¢,u), integrating with

respect to u from 4 to t € [ty, 00)T, we have

/Htu WA < — /Htu Ay )Au+£H(t,u)5A(u) (%)UAU
v [”‘““”A<“>Rm]_§f“af;)“ff;‘>3(“>ﬂ(“” (Y]]

Integrating by parts and using (3.21) and (3.32), we obtain

/Htu WA < H (1) w (t) + /ttHA“(t,u)w”(u)Au

/H ~o (5) =

g
£
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It follows that

/t H (t,u) d(u)p(u)Au < H (t,t4) w (ty)

_ /t [\/Vé(u)TA(u)Rm,z(U,tl)A(U)B(U)H(t’“) (w(“))a

ern_,la (u> tl)

B h_(t,u) Au
) \/vd(u)TA(u)ng(u,tl)A(u)B(u)
R}n_,fl(uv tl)
’ [h— (t,u)]* Ry (u, t1)
" / 130007 () By, £) A(w) Bla) "

Au.

! [he (t,w)]* Rh 2 (t, 1)
< H{ fa)w (t) + / 476 ()T (w) Ry 2w, 1) A(u) B(u)

Consequently,

L (0,0 Rzt (o 1)
i, [H ) ) = ) S @) B, ) AC B

Au < w(ty),

which contradicts assumption (3.33). This completes that proof. O

Theorem 3.8. Assume that (2.4) and (2.1) hold and there exists
§ € CLi([to, 00)T, (0,00)) such that for every sufficiently large T € [ty, 00)T

! (0%(w)), C(u)
lim su / o(u)p(u) — a Au = o0, 3.38
msup | [ (o) = e (3.39)
where
c1,C1 1S any positive constant, when v > «a;
Ct) =141, when v = a; (3.39)

ca PO/ (1), ¢y is any positive constant when v < a.

Then every solution of Eq. (1.1) is oscillatory.

Proof. Assume Eq. (1.1) has a nonoscillatory solution z(¢). Then without loss of gen-

erality, assume z(t) > 0 and z (g; (¢)) >0, 7 =0,1,2,..., N, on [tg,00)r. Proceeding
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as in the proof of Theorem 3.6, we obtain for sufficiently large t3

. 0 w o114+1/a
wA(t) < —8()p(t) + 52 (#) (%) — ()T (D) A(t) R a(t, 1) [(%) }
A (eI 1(t))”
< =00p) + (0°M),y 5 ey
o1l
< —s(tp(t) + (5A(t))+ N (T((?))] for t € [ts, 00)r.

In view of (3.12), we get

2(7(8)) = o3t (@ (1) Rma(t,ta),  for ¢ € [t 00)r.

Therefore

5
w?(t) < =5(t)p(t) + %

Let v > a. Since x(t) > x(t3) := ¢ > 0 for all t > t3, we have [z (7(¢))]"7 < * 77 :=
c1 for all t > t3. If v = a, then [z (7(¢))]*" =1 for all t > t5. If v < «, then there
exist b > 0 and t4 > t3 such that 2"~ !(¢) < b for all ¢ > ¢, and hence from (3.6), we

have

@ (r()]*7,  for t € [t5, 00)r. (3.40)

b2 0 2 60 7 (r(0) [ p(9) 852 6, @) [ p(s) s

and so

-«

a—y

[ (@) =27 ()] 7 < e [/:op(S) AS} L= PO,

where ¢, := b"a > 0. Combining all these we see that
[z (7(£))]"77 < C(t), for t > t,.

From (3.40), we have

C(t)
A < — A — <
wB(t) < =5(t)p(t) + (62(1)) , B h) S
Integrating this inequality from ¢4 to t, we find
t C(s)
A

— I - < X

[, [power - @, CERENN) R

Taking limit superior as t — oo, we obtain a contradiction to condition (3.38). This

o)

—3(t)p(t) + (62(1)) . B i)

completes the proof. O

As a direct consequence of Theorems 3.1-3.8, we obtain oscillation criteria for

Eq. (1.1) with n = 2; namely, for the equation

(r1(t)da, (z +ij ) 61, (27 (g5 (1)) = 0. (3.41)
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Corollary 3.9. Assume that (3.1) holds. Then every solution of FEq. (3.41) is oscil-
latory.

Corollary 3.10. Assume that (2.4) and (2.1) hold. Every solution of Eq. (3.41) is

oscillatory provided one of the following conditions is satisfied for sufficiently large
T e [to, OO)']T

(a)
ft (t) R} (t, T)At = oo, if v<a;

limsup, . P(t)R.(t,T) > 1, if v=a;

either  [,° 72 (t) P(t) Ro(t) At
if 7>
or o TR Q)AL = 0o
(b) there exist 6 € C,([to, 0)T, (0,00)) and H,h € C,q (D, R), where D = { (¢, u) :
t >wu>to} such that (3.21), (3.22) and

| ) ¢ (oq /7)™ RO (8, )
hllriiljpm/T [5(U)p(u)H(t’u) (o 4 D)5 (w) 72 (w) A(w) Ry (u)]™ A

= OQ,

where Too =0 oT on [ty,o0)r;
(c) there exist 6 € C}([to, 00)T, (0,00)) and H, h € Cyq (D, R), where D = {(¢, u) :
t >u>ty} such that (3.21), (3.32) such that
l—o
H (6 u) () - =L 0 T)

1 t
limsupi/
=0 H(,T) Jr 46 (u) 75 (u) Ry (u) A(u) B(u)
for a > 1 and where T o0 = o o1 on [ty, 00)T;

(d) there exist § € C}y([ty, 00)t, (0,00)) such that
t 62 (w)) , Clu
limsup/ lé(u)p(u)— Gl ))+ (u)

Au = 00,

U = 00,
t—00 T R‘f(u, T)

where A, B and C' are defined by (3.24), (3.34) and (3.39) respectively and where

7(t)
Rl T) o= Raa(6T) = [ i) B, Ralt) = Rualt,T) = 1™ (r(0).

T

Q=@ = | [ pwau/r)] .

Corollary 3.11. Assume that (2.4) and (2.1) hold and for sufficiently large T €
[t(]voo)']r

and

limsup P(t)Ry(t,T) = o0

t—o0

Then every bounded solution of Eq. (3.41) is oscillatory.
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For Eq. (1.1) with an even n > 4, we have further criteria for oscillation as shown
below. We denote

[LOO Pi—l (8) AS/TTL—i(tﬂl/anﬂ. L= 1,...,71,— 17
Z;'Vzopj (t)v 1= 0.

Theorem 3.12. Assume that (2.4) and (2.1) hold and

Pit) =

either / P(t)At =00 or / Py(t)At = o0, (3.42)

to to

and for sufficiently large T € [tg, 00)r,

J;zop (t) R;Yz—l,l(ta T)At = 00, Zf 8 < a3
limsup, oo P(t)Rp—11(t,T) > 1, if v=0q (3.43)

TP R1a(t, T)AL = 00, if 7> a

Then every solution of Eq. (1.1) is oscillatory.

Theorem 3.13. The conclusions of Theorem 3.12 hold if the third condition in (3.43)
15 replaced by

/OO T2 (1) Q1 (t, T)At = 0, (3.44)

T
for sufficiently large T € [to, 00)r and where

~

Quor(t.T) = oy [ / N p(u)Au] Ros(r(t),T).

Theorem 3.14. Assume that (2.4), (2.1) and (3.42) hold and for sufficiently large
T € [to, OO)']T
limsup P(t)R,—1.1(t,T) = 0. (3.45)

t—oo

Then every bounded solution of Eq. (1.1) is oscillatory.

Theorem 3.15. Assume (2.4), (2.1) and (3.42) hold and T o0 = o o T on [ty, 00)T.
Furthermore, suppose that there exist functions 6 € C}([to, 00)r, (0,00)) and H,h €
Crqg (D,R), where D = {(t,u) : t > u > to} such that (3.21), (3.22) and

| L (/)" [ (¢, w)] ™"
sy ) [00n008 00— o S e

= 00, (3.46)

where A is defined by (3.24). Then every solution of Eq. (1.1) is oscillatory.

Theorem 3.16. Assume (2.4), (2.1) and (3.42) hold, « > 1 and Too = o oT on

[to,00)r. Furthermore, suppose that there exist functions 6 € C}([to, o0)T, (0,00))
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and H,h € Crq(D,R), where D = {(t,u) : t > u > to} such that (3.21), (3.32) and
for all sufficiently large T' € [ty, 00)r

oy h () B (0 T)
Ty [H ) ) = ) () 1 TV A B

= 00, (3.47)

Au

where A and B are defined by (3.24) and (3.34). Then every solution of Eq. (1.1) is

oscillatory.

Theorem 3.17. Assume (2.4), (2.1) and (3.42) hold and there ezists
§ € CLi([to, 00)T, (0,00)) such that for every sufficiently large T € [ty, 00)T

t 52 (u))  C(u
limsup/ lé(u)p(u)— (O ))+ (u) Au = 00, (3.48)

t—oo JT 2—1,1(“7 T)

where C' is defined by (3.39). Then every solution of Eq. (1.1) is oscillatory.

Proofs of Theorems 3.12-3.17. Assume Eq. (1.1) has a nonoscillatory solution z(t).
Then without loss of generality, assume z(¢) > 0 and = (g; (¢)) > 0,5 =0,1,2,..., N,
on [tp,00)r. It follows from Lemma 2.1 that there exists an odd integer m €
{1,...,n — 1} such that (2.2) and (2.3) hold for ¢ > t; € [tg,00)r. This implies
x(t) is strictly increasing on [t;,00)r. We claim that (3.42) implies that m =n — 1.
In fact, if 1 <m <n — 3, then for t > t;

2"(t) <0, 2 U(@#) >0, 2"7A(4) <0, 28(E) > 0. (3.49)

As seen in the proof of Theorem 3.1, there exists to € [t;,00)r and L > 0 such that

N N
_ A , _
— (@) =D pi () 6y, (27 (95 (D)) = LYy (8) = L Po(t) for ¢ € [ts,00)r.
=0 =0
(3.50)
Integrating (3.50) from ¢ to v € [t, 00)r and using (3.49), we get that
() > —al=U(w) + 2t > L/ Py (s) As.
t
By taking limits as v — oo, we have
=1t > L/ Py (s) As.
t
It is known from Theorem 3.1 that [ Py (s) As < co. Thus
A 1 [e'e) _ 1/C‘ln71 _
(«"2(t)) " = LYo [r (t) / By (s) As = LY Pi(t).  (3.51)
n—1 t
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Assume ftzo Py(t)At = co. Integrating above inequality from ¢, to t € [ty, 00)r

[n—2]

and noting that x < 0 eventually, we get

t
=2 (f) — g2 (1) > Vo / Pu(s)As.

to
Then by (3.42), we have lim, ., 2" 2(t) = oo, which contradicts the fact that
"2 (t) < 0 on [ty, 00)r. Assume [ Pa(t)At = oco. By integrating the inequal-
ity (3.51) from ¢ to v € [t,00)r and then taking limits as v — oo and using the fact
2l"72 < 0 eventually, we get
—z=2A(t) > Ll/o‘”l/ Pi(s)As,
t

which implies

1 0o 1/om—2 _
B (x[n_g}(t))A < [Mealn—2n-1] [ / Pl(s)As} = Ll/a[n—z,n—l]pz(t)_
Tn—2(t) t
Again, integrating above inequality from ¢, to t € [t, 00)r and noting that z"~3 > 0

eventually, we get

t
al? A (ty) — 2l =H(t) > LMol 2e / Py(s)As.

t2
As a result, limy .o 2"3(¢t) = —o0, which contradicts the fact that =3 > 0 on
[t2, 00)r. This shows that if (3.42) holds, then m = n — 1. The rest of the proof of
Theorems 3.12-3.17 are similar to the proof of Theorems 3.2-3.8 with m =n — 1

respectively and hence can be omitted. O

Remark 3.18. The conclusions of Theorem 3.12-3.17 remain intact if assumption

(3.42) is replaced by one of the following conditions holds:

either / P (t)At =00 or / Py(t)At = oo. (3.52)

to to
4. OSCILLATION CRITERIA FOR ODD ORDER EQUATIONS

In this section, we establish the oscillation criteria for Eq. (1.1) when n is odd.
It follows from Lemma 2.1 that there exists an even integer m € {0,...,n — 1} such
that (2.2) and (2.3) hold eventually.

Theorem 4.1. Assume that (2.1) and (3.1) hold. Then every solution of Eq. (1.1)

15 either oscillatory or tends to zero eventually.

Proof. Assume Eq. (1.1) has a nonoscillatory solution z(t). Then without loss of
generality, assume x(t) > 0 and x(g;(¢)) > 0, j = 0,1,2,..., N, on [tg,00)r. It
follows from Lemma 2.1 that there exists an even integer m € {0,...,n — 1} such
that (2.2) and (2.3) hold for t > t; € [ty, 00)r.
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(I) We show that if m = 0, then lim;_,., z(¢) = 0. In this case
(=D)Fz™ >0 for k=0,1,...,n

This implies that x(t) is strictly decreasing on [t;,00)r. Then lim; . z(t) =1 > 0.
l

Assume [ > 0. Then for sufficiently large t, € [t1,00)r, we have z7(g;(t)) > [ for

t > ty. It follows that

b, (27 (9; (1)) 2 17 > L for t € [tz, 50)r,

where L := info<;j<n {7} > 0. Then from (1.1), we obtain

— (:c[" 1] ij ) ¢, (x ) > szﬂ (t) fort € [ta, 00)T.

Replacing ¢ by s in above inequality and integrating from ¢, to t € [ta, 00)T, we obtain

t
=1 (t) + =1 (ty) > L Z/ p; (s) As.
j=0 712
Hence by (3.1), we have limy_ 2"~ () = —oo, which contradicts the fact that

x"=1(#) > 0 eventually.
(IT) Assume m > 2. Then the same argument as in the proof of Theorem 3.1

leads to a contradiction to assumption (3.1). This completes the proof. O

Theorem 4.2. Assume that (2.1) holds and

If
N o oo gi(s
p; (s) () ACASs = oo, (4.2)
jgo /tQ /tl 1

then every solution of Eq. (1.1) is either oscillatory or tends to zero eventually.

Proof. Assume Eq. (1.1) has a nonoscillatory solution z(t). Then without loss of
generality, assume x(t) > 0 and x(g;(¢t)) > 0, j = 0,1,2,..., N, on [tg,00)r. It
follows from Lemma 2.1 that there exists an even integer m € {0,...,n — 1} such
that (2.2) and (2.3) hold for t > t; € [ty,00)r.

(I) We show that if m = 0, then lim;_,., z(¢) = 0. In this case
(-2 >0 for k=0,1,...,n. (4.3)

This implies that x(t) is strictly decreasing on [t1,00)r. Then lim; . z(t) =1 > 0.
Assume [ > 0. Then for sufficiently large ¢, € [t1,00)r, we have 27(g;(t)) > [ for
t > ty. It follows that

s, (27 (g5 () = 177 = L for ¢ € [t2, 00)r,
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where L := info<j<n {{%} > 0. Then from (1.1), we obtain
N N

— (@) =30 (B 6, (07 (95 (1)) 2 LY py (1) = L Pot).
=0

=0
Integrating above inequality from ¢ to v € [t, 00)T, we get
2" () + 2 > L/ Py (s) As,
t

and by (4.3) we see that x("~!(v) > 0. Hence by taking limits as v — oo, we have

e}

() > L / Py (s) As,

t

which implies

(a2 ()* > pHan [ /t TPy () As / rn_l(t)] Y e Pi(t).

Integrating from ¢ to v € [t, 00)r and letting v — oo and using (4.3), we get

=2 () > [Mano / Pi(s)As.
t
Continuing this process, we get
—gll() > [Velzn- / Pos(s) As,
t

which implies

19 1/an
—z®(t) > LMeln-ll [/ P (s) As/ rl(t)] = LYeln=lp ().
t

Again, integrating the above inequality from ¢, to t € [ta, 00)T, we get
t
—ZL’(t) + [L’(tg) Z Ll/a[l,n—l]/ pn_l(S) As

to

Hence by (4.1), we have lim; ., x(t) = —oo, which contradicts the fact that > 0
eventually. This shows that if m = 0, then lim;_, . z(¢) = 0.

(IT) Assume m > 2. This implies
@) >0, 2¥#)>0 and zUE) >0 fort>t.
Since z?(t) > 0 on [t;, 00)r, we have
W) > 2W(t) = ¢ > 0.
Thus for t > tq,

2(t) > 2(t) — a(t) > /e / 7% () As.

t1
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Choose ty € [t1, 00)r such that for ¢ € [ty, 00)r

9i(t)

9i(t)
by (27 (g5 (1)) > 6, (2 (g (1)) > e/ / TV (5)As > O / 7V () As,

t1 t1

(4.4)
where C':= info<j<n {/*1} > 0. It follows from (1.1) and (4.4) that
N gi(t)
n— A —1/a1
_ (;p[ 1] )" > Cij (t)/ ry M (s)As  for t € [tg, 00)T.
=0 h
Integrating both sides of the last inequality from t¢5 to ¢, we have
1 1 SNk 9) —1/a
—x (@) 4 2 (1) > CZ/ P; (s)/ ry T (Q)ACAs.
=0 to t1
Hence by (4.2), we have lim,_,, #"" (t) = —oo, which contradicts the fact that
"1 () > 0 eventually. This completes the proof. O

Theorem 4.3. Assume that (2.4), (2.1), (3.3) and (4.1) hold for sufficiently large
T € [ty,00)r and for every even integer m € {2,...,n— 1}. Then every solution of

Eq. (1.1) is oscillatory or tends to zero eventually.

Theorem 4.4. The conclusions of Theorem 4.3 hold if the third condition in (3.3)
is replaced by (3.14) for sufficiently large T' € [to,00)r and for every even integer
me{2,...,n—1}.

Theorem 4.5. Assume that (2.4), (2.1), (3.17) and (4.1) hold for sufficiently large
T € [tg,00)r and for every odd integer m € {2,...,n—1}. Then every bounded

solution of Eq. (1.1) is oscillatory or tends to zero eventually.

Theorem 4.6. Assume (2.4) and (2.1) hold and T oo = o o1 on [ty,00)r. Fur-
thermore, suppose that there exist functions § € C!,([tg,0)T,(0,00)) and H,h €
Cra (D, R), where D = {(t,u) : t > u > to} such that (3.21), (3.22)and (3.23) and
(4.1) hold for all sufficiently large T and for every even integer m € {2,...,n — 1}.

Then every solution of Eq. (1.1) is oscillatory or tends to zero eventually.

Theorem 4.7. Assume (2.4) and (2.1) hold, « > 1 and T oo = o o7 on [ty, o0)r.
Furthermore, suppose that there exist functions 6 € C,([to,00)r, (0,00)) and H,h €
Cra (D,R), where D = {(t,u) : t > u > to} such that (3.21), (3.32) and (3.33) and
(4.1) hold for all sufficiently large T and for every even integer m € {2,...,n — 1}.

Then every solution of Eq. (1.1) is oscillatory or tends to zero eventually.

Theorem 4.8. Assume (2.4) and (2.1) hold and that there exists
§ € CY([to, o0)T, (0,00)) such that (3.38) and (4.1) hold for all sufficiently large T
and for every even integer m € {2,...,n —1}. Then every solution of Eq. (1.1) is

oscillatory or tends to zero eventually.



OSCILLATION CRITERIA 397

Proofs of Theorems 4.3-4.8. Assume Eq. (1.1) has a nonoscillatory solution x(t). Then
without loss of generality, assume x(t) > 0 and z(g;(¢)) > 0, j = 0,1,2,..., N,
on [tg,00)r. It follows from Lemma 2.1 that there exists an even integer m €
{0,...,n — 1} such that (2.2) and (2.3) hold for t > ¢, € [ty,00)r.

(I) Assume m = 0. The same argument as in the proof of Theorem 4.2 and hence

is omitted.

(II) Assume m > 2. The same argument as in the proof of Theorems 3.2-3.8

respectively and hence is omitted. This completes the proof. O

Remark 4.9. (1) If the assumption (4.1) is not satisfied, we have some sufficient
conditions which ensure that every solution z(t) of (1.1) oscillates or lim;_ .., x(t)
exists (finite).

(2) The conclusions of Theorem 4.2-4.8 remain intact if assumption (4.1)is re-

placed by one of the following conditions
/ Py(t)At = oo,/ P (t)At = o0, ... / P,_5(t) At = oo.
to to to

(3) The conclusions of Theorem 4.3-4.8 remain intact if assumption (4.1)is re-

placed by one of the following conditions either

/ Py(t)At = oo,/ P (tH)At = 0, . .. ,/ P,_1(t)At = oc.
to to

to

In the following theorems we assume whether (3.42) or (3.52) holds.

Theorem 4.10. Assume that (2.4), (2.1), (3.42) and (3.43) hold for sufficiently
large T' € [tyg,00)r. Then every solution of Eq. (1.1) is oscillatory or tends to zero

eventually.

Theorem 4.11. The conclusions of Theorem 4.10 hold if the third condition in (3.43)
is replaced by (3.44) for sufficiently large T' € [ty, 00)T.

Theorem 4.12. Assume that (2.4), (2.1), (3.42) and (3.45) hold for sufficiently large
T € [ty,00)r. Then every bounded solution of Eq. (1.1) is oscillatory or tends to zero

eventually.

Theorem 4.13. Assume (2.4) and (2.1) hold and T oo = o o7 on [ty,00)r. Fur-
thermore, suppose that there exist functions § € Cly([to,0)T, (0,00)) and H,h €
Crg (D,R), where D = {(t,u) : t > u > to} such that (3.21), (3.22)and (3.42) and
(3.46) hold for all sufficiently large T and for every even integer m € {2,...,n — 1}.

Then every solution of Eq. (1.1) is oscillatory or tends to zero eventually.

Theorem 4.14. Assume (2.4) and (2.1) hold, « > 1 and Too = o o T on [ty, 00)T.
Furthermore, suppose that there exist functions 6 € C,([ty,00)r, (0,00)) and H,h €
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Cra (D,R), where D = {(t,u) : t > u > to} such that (3.21), (3.32) and (3.42) and
(3.47) hold for all sufficiently large T'. Then every solution of Eq. (1.1) is oscillatory

or tends to zero eventually.

Theorem 4.15. Assume (2.4) and (2.1) hold and that there ezists
§ € C!([to,0)T, (0,00)) such that (3.42) and (3.48)hold for all sufficiently large T
and for every even integer m € {2,...,n —1}. Then every solution of Eq. (1.1) is

oscillatory or tends to zero eventually.

Proofs of Theorems 4.10-4.15. Assume Eq. (1.1) has a nonoscillatory solution z(t).
Then without loss of generality, assume z(¢) > 0 and = (g; (t)) > 0,5 =0,1,2,..., N,
on [tp,00)r. It follows from Lemma 2.1 that there exists an even integer m €
{0,...,n — 1} such that (2.2) and (2.3) hold for t > ¢, € [ty,00)r.

(I) Assume m = 0. In this case
(=D)*zM >0 for k=0,1,...,n

This implies that x(t) is strictly decreasing on [t;,00)r. Then lim; o z(t) =1 > 0.
Assume [ > 0. Then for sufficiently large to € [t1,00)r, we have z7(g;(t)) > [ for
t > ty. It follows that

Gy (27 (95 (1)) 2 1 = L for ¢ € [ta, 00)r,

where L := info<;j<n {7} > 0. Then from (1.1), we obtain

N

= (@ UW) =D w06, 07 (g (0) = LY py () = L Bo(t).

=0
The rest of the proof is similar to the proof of Theorems 3.12-3.17, which leads to a
contradiction to the assumption (3.42). This shows that if m = 0, then lim; ., z(t) =
0. The same argument as in the proof of Theorem 4.2 can be used and hence is

omitted.

(IT) Assume m > 2. The same argument as in the proof of Theorems 3.12-3.17

and hence is omitted. This completes the proof. O

Remark 4.16. (1) The results are more general than any of the results in the refer-
ences since, by different choices for v;, we can get that all terms are sublinear, or all

terms are superlinear, or a combination of sublinear and superlinear terms.

(2) The results in this paper are including the both cases and also we do not need

to assume g;(t) >t or g;(t) < t, for all sufficiently large t.
(3) The results in this paper are in a form with a high degree of generality, thus

with an appropriate choice of the functions §(t)and H (¢, s), we can get several suffi-
cient conditions for oscillation of equation (1.1). For instance, if we choose H (¢, s) =
(t—s)",n>2 or H(t,s) = (t — )™, where t() =t (t —1)---(t—n+1),t© =1,
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or H(t,s) = (A(t) — A(s))", where A(t) = fti TA(—SS), for t > s > to; we may choose 6(t)
by 1, or t, etc.
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