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ABSTRACT. In this paper, we establish the existence and uniqueness of solutions for a class of
initial value problems for implicit fractional differential equations with impulse and Caputo fractional
derivative. The arguments are based upon the Banach contraction principle, and Schaefer’s fixed

point theorem. As applications, two examples are included to show the applicability of our results.

AMS (MOS) Subject Classifications: 26A33, 34A08, 34A37

1. Introduction

In this paper, we establish existence and uniqueness results to the following im-

plicit fractional-order differential equation with impulse
‘Dpy(t) = f(t,y," D y(t)), for each t € (tg,th1], £=0,...,m, 0<a <1, (1.1)

Aylimr, = I(y(ty)), k=1,...,m, (1.2)

y(0) = yo, (1.3)

where “Df is the Caputo fractional derivative, f : J X RXR — R is a given function,

Li:R->Randy R, 0=1g <t1 < <ty < b1 =T, Aylie, = y(t) —y(ty),

y(t) = limy,__o+ y(tr + h) and y(t; ) = limy,_o- y(tx + h) represent the right and left
limits of y(t) at t = t.

Fractional calculus is a generalization of ordinary differentiation and integration
to arbitrary order (non-integer). Fractional derivatives provide an excellent instru-
ment for the description of memory and hereditary properties of various materials
and processes (see [1, 5, 6, 21, 24, 28, 30]). On the other hand, impulsive fractional
differential equations are a very important class of fractional differential equations
because many phenomena from physics, chemistry, engineering, biology, etc., can be

represented by the impulsive fractional differential equations. The theory of impulsive
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differential equations describes the process subject to abrupt change in their states
at times. Impulsive differential equations have received much attention, we refer the
reader to books [4, 7, 19, 23, 26, 29|, and the papers [2, 3, 9, 10, 12, 11, 16, 20, 31],

the references therein.

In [12], Benchohra and Slimani considered the existence and uniqueness of solu-

tions for the initial value problems with impulses,
‘D%(t) = f(t,y(t), teJ=[0,T], t#t 0 <a<l,
Ay}t:tk = Ik(y(tlz)%
y(O) = Yo,
where kK = 1,...,m, °D“ is the Caputo fractional derivative, f : J xR — R is a
given function, I, : R — Ry and yg € R, 0 = tg < t; < -+ < tp, < tjpa1 = T,

Aylier, = y(&5) — y(ty), y(tF) = limp_o+ y(tx + k) and y(t;) = limy_o- y(tx + h)
represent the right and left limits of y(t) at ¢t = t.

In [11], Benchohra and Seba, using Monch’s fixed point theorem combined with
the technique of measures of noncompactness, considered the existence and uniqueness

of solutions for the initial value problems with impulses,
‘D%(t) = f(t,y(t)), teJ=[0,T], t#t, 0<a<l,
Ay‘t:tk = Li(y(ty,)),
y(0) = yo,

where k = 1,...,m, “D® is the Caputo fractional derivative, f : J x F — FE is a given
function, Iy : E — E, yg € E, E is a Banach space, and 0 =ty < t; < -+ < t,, <
tmir =T, Aylimy, = y(t) — y(t;)-

In [2], Agarwal et al. studied the existence and uniqueness of solutions for the

initial value problems, for fractional order differential equations with impulses
‘D%(t) = f(t,y(t)), teJ=[0,T),t#tg, k=1,....m, 1 <a <2
Ayli—y, = Iu(y(ty)), k=1,...,m,
AY |1y, = T(y(ty)), k=1,...,m,
y(0) =yo0. ¥'(0) =,

where k£ = 1,...,m, D% is the Caputo fractional derivative, f : J xR — R is a
given function, I : R - R, yp e Rand y; e R, 0=ty <t;1 < - - <ty < tpy1 =T,
Ayle—y, = y(ty) — y(ty).

In [8], Benchohra et al. discussed the existence of solutions for the initial value

problems, for fractional order differential inclusions,

°D%(t) € F(t,y(t)), teJ=[0,T],t#ty, k=1,....m, 1 <a <2
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Ay‘t:tk :]k(y(t,;)), k= 1,...,m,
Ay,|t:tk :Tk(y(t];))7 k: 1?"'>m7
y(0) =vo, ¥'(0) =y,

where ©D® is the Caputo fractional derivative, F' : JxR — P(R) is a multivalued map,
(P(R) is the family of all nonempty subsets of R), I and I, : R - R, k=1,...,m,
and yo,y1 € R, 0 =ty < t1 < +++ < by < ty1 = T, Aylime, = y(t) — y(ty),
AY'[1=e, = y’(t;) —y'(ty)-

Motivated by the works mentioned above, we present, in this paper, two results
for the problem (1.1)—(1.3). The first one is based on the Banach contraction prin-
ciple, the second one on Schaefer’s fixed point theorem. In Section 4 we indicate
a generalization to problems (1.1)—(1.3). Finally, in the last Section, we give two

examples to demonstrate our main results.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which
are used throughout this paper. By C(J,R) we denote the Banach space of all con-

tinuous functions from J into R with the norm

1Yl = sup{ly(®)] - t € J}.

Definition 2.1 ([22, 27]). The fractional (arbitrary) order integral of the function
h € L'([0,T],R,) of order « € R, is defined by

1

I"h0) = /0 (t — 5)°h(s)ds.

where I' is the Euler gamma function defined by I'(a) = / t*letdt, a > 0.

0
Definition 2.2 ([25, 27]). For a function h given on the interval [0, 77, the Caputo
fractional-order derivative of order « of h, is defined by

(D) = oy | (= O sy,

where n = [a| + 1. Here o] denotes the integer part of a.

Lemma 2.3 ([25, 27]). Let a > 0 and n = [a| + 1. Then

reog ) = 1) - 3 S0

We need the following auxiliary lemmas.
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Lemma 2.4 ([32]). Let a > 0, then the differential equation
‘Dgk(t) =0

has solutions k(t) = co + cit + cot?> + -+ + it L € R, 1 =0,1,2,...,n — 1,
n=a]+ 1.
Lemma 2.5 ([32]). Let o > 0, then

I°°D3k(t) = k(t) +co + et +cot® + -+ cpgt™!
for somec; e R, i =0,1,2,...,n—1, n=[a] + 1.
Theorem 2.6 (Banach’s fixed point theorem [18]). Let C' be a non-empty closed

subset of a Banach space X, then any contraction mapping T of C into itself has a

unique fized point.

Theorem 2.7 (Schaefer’s fixed point theorem [18]). Let X be a Banach space, and

N : X — X a completely continuous operator. If the set
E={ye X :y= ANy, for some XA € (0,1)}

1s bounded, then N has fized points.

3. Existence of Solutions

Denote by C(J,R) the Banach space of continuous functions J — R, with the

usual supremum norm
[yl = sup{ly(®)], t € J}.

Consider the set of functions
PC(JR) ={y:J—=R:ye C((ty,ty+1],R),k =0,...,m and there exist y(t,)
and y(t)), k=1,...,m with y(¢;,) = y(tx) }.

PC(J,R) is a Banach space with the norm
lyllpe = sup [y (t)].
teg
Let Jo = [to, t1] and J = (ty, txy1] where k=1,... m.

Definition 3.1. A function y € PC(J,R) whose a-derivative exists on Jj is said to
be a solution of (1.1)-(1.3) if y satisfies the equation “Dg y(t) = f(t,y(t),c Dg y(t))
on Ji, and satisfies the conditions
Ay‘t:tk :]k(y(t,;)), k:O,...,m,
y(0) = vo.

To prove the existence of solutions of (1.1)—(1.3), we need the following auxiliary
lemmas.
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Lemma 3.2 ([12]). Let 0 < a <1 and let o0 : J — R be continuous. A function y is

a solution of the fractional integral equation
Yo+ a7 Jo (t = 5)° o (s)ds if t € [0,t],
y(t) = Qyo + ﬁ S ftiﬂ (t; — s)*to(s)ds (3.1)
i S (= 9)* 0 (8)ds + T L)), if € Jio= (te tre],

where k= 1,...,m, if and only if, y is a solution of the fractional IVP

‘Diy(t) =o(t), te (3.2)
Aylm, = L(y(ty)), k=1,...,m, (3.3)
y(0) = yo. (3.4)

We are now in a position to state and prove our existence result for the problem
(1.1)—(1.3) based on Banach’s fixed point theorem.

Theorem 3.3. Assume

(H1) The function f:J xR xR — R is continuous.
(H2) There exist constants K > 0 and 0 < L < 1 such that

|f(t,u,v)—f(t,ﬂ,17)| SK‘U_QH‘L‘U_H

for any u,v,u,v € R and t € J.
(H3) There ezists a constant £ > 0 such that

L (u) — Li(@)| < Clu—1l,
for each u,u € R and k=1,...,m.

If
KT*(m+1)
(1-L)Na+1)
then there ezists a unique solution for IVP (1.1)~(1.3) on J.

+ml <1, (3.5)

Proof. Transform the problem (1.1)-(1.3) into a fixed point problem. Consider
the operator N : PC(J,R) — PC(J,R) defined by

N@)(t) =0+ ﬁ Z /t k (te — ) 'g(s)ds
+ ﬁ /tk (t— s)* 'g(s)ds + O;Kt L(y(ty), (3.6)

where g € C'(J,R) is such that

g(t) = f(t,y(t), 9(t)).
Clearly, the fixed points of operator N are solutions of problem (1.1)—(1.3).
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Let u,w € PC(J,R). Then for t € J, we have

NGO = N0 < s 3 [ =9l — i)l

O<trp <t *k—1

b [ (=9 ats) - i)l

ty

+ > () = L(w(t;)],

O<tp<t

where g, h € C(J,R) are such that

g(t) = f(t, u(t), g(1),

and

By (H2) we have

l9(t) = h()] = |f (t, u(t), g(t)) = f(t, w(t), h(t))]
< Klu(t) —w(t)] + Llg(t) — h(t)].

Thus

Then, for t € J

__ mKT° = wllpe + T K
= (1-L)(a+1) PET I D(a+1)

+ m€||u — ’UJHpc.

[ = wl[po

Thus
KT*(m+1)
(1-LT'(a+1)

IN(u) = N(w)| pe < +ml| flu—wlpe.

By (3.5), the operator N is a contraction. Hence, by Banach’s contraction princi-
ple, N has a unique fixed point which is a unique solution of the problem (1.1)—(1.3).

Our second result is based on Schaefer’s fixed point theorem.

Theorem 3.4. Assume (H1), (H2) and
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(H4) There exist p,q,r € C(J,Ry) with r* =supr(t) < 1 such that
ted
|f(t,u,w)| < p(t) + q(t)|u] + r(t)|w| fort € J and u,w € R.

(H5) The functions Ij, : R — R are continuous and there ezist constants M*, N* > 0
such that

[Tx(u)] < M*|u| + N* for eachu e Rk =1,...,m

If

(m+ DT
(I—r9)l(a+1)
then the IVP (1.1)~(1.3) has at least one solution on J.

mM™* + <1,

Proof. Consider the operator N defined in (3.6). We shall use Schaefer’s fixed point

theorem to prove that NV has a fixed point. The proof will be given in several steps.

Step 1: N is continuous. Let {u,} be a sequence such that u,, — u in PC(J,R).
Then for each t € J,

IN(u)(t) — N(u) |_F Z/t (te — 5" lgn(s) — g(s)]ds

0<t <tY k-1

b [ (=9 (o) — o)l

ty

+ Y Mn(un(ty) = Te(ulty)],

O<tp<t

where g,,, g9 € C(J,R) are such that
gn(t) = f(t, un(t), gn(1)),

and

By (H2) we have
9n(t) =g = [f(t, un(t), 9a(t)) = F(E, u(t), g(1))]
< Klun(t) = ut)] + Llgn(t) — g(1)].
Then

K
92(8) — 9(0)] < 2 (t) — (e
Since u, — u, then we get g,(t) — ¢g(t) as n — oo for each t € J. And let n > 0 be
such that, for each ¢ € J, we have |g,(t)] < n and |g(t)| < n. Then, we have

(t—5)" " gn(s) —g(s)] < (E—95)" " lgn(s)| + lg(s)]]
< 2t —s)*,

and

(tk — 5)°'gu(s) — g(s)]

IA

(tk = 5)° Hlgn(s)| + 1g(s)]]



420 M. BENCHOHRA AND J. E. LAZREG
< 2(tp — s)*

For each t € J, the functions s — 2n(t — s)*~ ! and s — 2n(tx — s)*"! are integrable
on [0, t]; then the Lebesgue Dominated Convergence Theorem and (3.4) imply that

|N(u,)(t) — N(u)(t)| — 0 as n — oo,
and hence
|IN(u,) — N(u)|lpc — 0 as n — 0.

Consequently, N is continuous.

Step 2: F maps bounded sets into bounded sets in PC(J,R). Indeed, it is enough
to show that for any n* > 0, there exists a positive constant ¢; such that for each
u € By ={u e PC(J,R) : |Jul|pc < n*}, we have ||N(u)|pc < ¢1. We have for each
teJ,

@O =+ s 3 [ -9 g(s)ds

( )0<tk<t tk—1

1 ! o1 _
+@/tk(t_8) g(s)ds + Z I (u(ty), (3.7)

0<trp<t

where g € C'(J,R) is such that
g(t) = f(t, u(t),9(t)).

By (H4) we have for each t € J,
ol

|f(t u(t), g(1))]

p(t) + q()[u@)] + r(t)]g(t)]
< p(t)+a)n" +r(t)|g@)]
prH g+ rrlg(t)],

IA

IN

where p* = sup p(t), and ¢* = sup ¢(t). Then
teJ teJ

lg(t)| < PAan . _ gy
1—r*
Thus (3.7) implies

IN@OL < ol + F5 * T

g MT M
= I T T T+ )

+m(M*|u| + N*)

+m(M*n* + N*).

Then
(m+1)MT*

['(a+1)
Step 3: F' maps bounded sets into equicontinuous sets of PC(J,R).

IN(w)llpe < |yo| + +m(M*n* + N*) := {;.
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Let 7,70 € J, 11 < T, B, be a bounded set of PC(J,R) as in Step 2, and let
u € By+. Then

< gy | 1= = = gl

* i =9 ot + X
< T A = )+ (5 =+ (= ) (Ml + )
< %p(a L) T8 — 70 + (7 — ) (M4 N).

As 11 — 7y, the right-hand side of the above inequality tends to zero. As a consequence
of Steps 1 to 3 together with the Arzela-Ascoli theorem, we can conclude that N :
PC(J,R) — PC(J,R) is completely continuous.

Step 4: A priori bounds. Now it remains to show that the set
E={ue PC(J,R):u= AN(u) for some 0 < A < 1}

is bounded. Let v € F, then u = AN (u) for some 0 < A < 1. Thus, for each t € J we
have

u(t) = Ayo + A > / k (tx — 5)* 'g(s)ds

[(a) 0<tp<t”te-1
A a1 -
+@/tk (t—s) g(s)ds+)\0<tzk<tfk(u(tk ).

And, by (H3) we have for each t € J,

|9(t)] [f(t,u(t), g(1))]
< p(t) + q®)]ut)] +r()]g(@)]
< P lut)] g ()]

Thus

9(0)] < =" + a0,

This implies, by (H4) and (H5) (as in Step 2), that for each t € J we have
m (2= (0" + ¢*Jut)]) T

[u(®)] < lyol + Tt T
(=" + ' ut)]) T * *
Tla+1) + m(M*|u(t)| + N*)

m (= (0" + ¢ llullpc)) T°

< lyol + T(a+ 1)
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(=" + ¢ llullpc)) T
['(a+1)

+m(M||ulpc + N7).

Then we have

m (=" + ¢*llullpc)) T
['(a+1)

(== (" + ¢*llullpc)) T*

I'(a+1)

|ullpe < |yol +

+m(M||ulpc + N7).

Thus
o (ml)prTe
[yol +mN" + 555rern _

[ullpe <
* (m+1)g* T«
L —mM* — A—r )T (at1)

This shows that the set F is bounded. As a consequence of Schaefer’s fixed point
theorem, we deduce that N has a fixed point which is a solution of the problem
(1.1)—(1.3). O

4. Nonlocal Impulsive Differential Equations

This section is concerned with a generalization of the results presented in the
previous section to implicit nonlocal fractional differential equations with impulses.
More precisely, we shall present a result of existence and uniqueness for the following

implicit nonlocal problem

‘Dpy(t) = f(t,y,° D y(t)), for each t € (ty,ths1),k=0,...,m0<a <1, (41)

Aylimy, = L(y(t;)), k=1,...,m, (4.2)

y(0) + »(y) = yo, (4.3)

where f, yo, Iy, are as in Section 3 and ¢ : C'(J,R) — R is a continuous function.

Nonlocal conditions were initiated by Byszewski [15] when he proved the existence
and uniqueness of mild and classical solutions of nonlocal Cauchy problems. As
remarked by Byszewski [13, 14], the nonlocal condition can be more useful than the
standard initial condition to describe some physical phenomena. For example, in [17],

the author used
p
ply) = ciy(n) (4.4)
i=1

where ¢;, © = 1,...,p, are given constants and 0 < 73 < --- < 7, < T, to describe the
diffusion phenomenon of a small amount of gas in a transparent tube. In this case,

(4.4) allows the additional measurements at 7;, i = 1,...,p.

Theorem 4.1. Assume (H1)-(H3) and the following hypothesis holds:
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(H6) There exists a constant v > 0 such that
lo(u) — ()| < y|lu—1a| for each u,uw € PC(J,R).

If
KT*(m+1)
(1-L)(a+1)

then the nonlocal problem (4.1)~(4.3) has a unique solution on J.

+ml+y| <1, (4.5)

Proof. We transform the problem (4.1)—(4.3) into a fixed point problem. Consider
the operator N : PC(J,R) — PC(.J,R) defined by

Nw)® = - o0) + 5 S [ (=) gls)ds

I(a) 0<tp<t?th-1

I a-1 -
+@/ (t — ) Lg(s)ds + Z Ie(y(ty)),

tk o<t <t

where g € C(J,R) be such that
g(t) = f(t,y(t), 9(t)).

Clearly, the fixed points of the operator N are solution of the problem (4.1)-(4.3).
We can easily show the N is a contraction. O

5. Examples

Example 1. Consider the following impulsive Cauchy problem
. 1

“Diy(t) = 9T O DO for each ¢ € Jo U Jy, (5.1)
Ayli—y = M, (5.2)
55+ ly(5 )l
y(0) =1, (5.3)
where Jo = [0,3], Ji = (3,1], to =0, and ¢; = L.
Set
f(t,u,v) = L t €[0,1], u,v € R.

©99et+2(1 + [ul + [v])’
Clearly, the function f is jointly continuous.

For each u,v,u,v € R and ¢ € [0, 1]:

£t u,0) = £6,0)] < g (u =l + o - 0).

Hence condition (H2) is satisfied with K = L = 5. And let
u

Liu) = 55 +u

. u € [0,00).
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Let u,v € [0,00). Then we have

(Y

u 55|u — v| 1
I = — < —|u—vl.
Ol =570 "5 =l

() = (55 + u)(55 + v) — 55

Thus condition

KT*(m +1) +ml = 2 +i—$+i<1
(1—L)(a+1) © (992 — 1)I(3) 55 (992 —1)y/m 55

is satisfied with 7' =1, m = 1 and ¢ = % It follows from Theorem 3.3 that the

problem (5.1)—(5.3) has a unique solution on J = [0, 1].

Example 2. Consider the following impulsive Cauchy problem

CD%y(t) = 2+ [y(®)] + |CD%y(t)|) for each t € JyU Jy (5.4)
* 102e+3(1 + y(1)] + [cD2y(t)])’ ’
ly(37)]
=1 = — 5.5
Pt = ) (53)
y(0) =1, (5.6)

where Jy = [0, %}, J = (%, 1}, to =0, and t; = % Set

(2 + [u] + Jo])

¢ —
St 0) = o33 1 Tl + o)

t €[0,1], u,v € R.

Clearly, the function f is jointly continuous.

For any w,v,u,0 € R and t € [0,1] :

£t 0,0) = £(2,8,0)] <t (ju =l + o — 7).

Hence condition (H2) is satisfied with K = L = . We have, for each t € [0, 1],

1
< — .
(0, 0,0)| < ooz (24 Jul + o)
Thus condition (H4) is satisfied with p(t) = =25 and q(t) = 7(t) = gz And let
u
I(u) = Y€ [0, 00).
We have, for each u € [0, 00),
1
1 < = 1
)| < -t
Thus condition (H5) is satisfied with M* = L and N* = 1. Thus condition
(m + 1)T¢* 1 2 1 4

mM™* + =—+ <1,

(I—mCla+1) 77 (102 —DI(E) 77 (10265 — 1)/m

is satisfied with "= 1, m = 1 and ¢*(t) = r*(t) = 1555 It follows from Theorem 3.4

that the problem (5.4)—(5.6) has at least one solution on J = [0, 1].
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