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ABSTRACT. In this paper some fundamental results concerning the global existence, convergence
theorem and continuous dependence on the initial data are proved for the nonlinear hybrid differential
equations with a linear perturbation of second type via applications of differential inequalities with
a comparison principle. The results of this paper are complementary to the work presented in a
recent papers of Dhage and Jadhav (2013) and Dhage (2014).
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1. INTRODUCTION

Given a closed but unbounded interval Jo, = [ty, o0) in R, R the real line, for some
fixed ty € R, let C(J,R) denote a class of continuous real-valued functions defined
on J. Consider an initial value problem of ordinary hybrid differential equations (in
short HDE)

(1.1)

where, f,g € C(Jo X R R).
By a solution of the HDE (1.1) we mean a function z € C(J, R) such that

(i) the function t — x — f(¢,z) is continuous for each x € R, and

(ii) x satisfies the equations in (1.1).

Again, a function r € C(J, R) is called a maximal solution of the HDE (1.1)
if for any other solution x defined on J,, we have that x(t) < r(t) for all t € J,.

The HDE (1.1) has been discussed in Dhage and Jadhav [4] for the existence
and comparison principle and in Dhage [3] for the existence via monotone iterative
technique. However, several other qualitative aspects of the problem such as stability,
boundedness of the solutions etc. are still open. In this paper, we shall continue the
study of the HDE (1.1) and prove the global existence and convergence theorems

under some suitable conditions along the lines of Dhage and Lakshmikantham [5] and
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Lakshmikantham and Leela [8]. The following hypotheses concerning the function f
are crucial in the study of HDE (1.1) on J.

(Ag) The function = — x — f(t, ) is increasing in R for each t € J.

(A1) There exists a continuous and nondecreasing function ¢ : R, — R, such that

for all t € J, and z,y € R. Moreover, ¥(r) < r.

There do exist functions f satisfying the hypotheses (Ag)-(A;) mentioned above.
In fact, the function
ft,x) =z —tan 'z
satisfies (Ag) and the function

f(t,z) =tan™'z

satisfies (A1) with the ¢ function given by ¢ (r) = %52 for 0 < £ < r. We note that

if f(t,z) =0 on J x R, then the HDE (1.1) reduces to the usual nonlinear ordinary

differential equation,

2(t) =gt z(t)), te JOO,}
(1.2)

l’(to) =1x9 € R.

We shall also make use of the following result in what follows.

Lemma 1.1. Assume that hypothesis (Ag) holds. Further, if g(-,x(+)) € L*(Js,R)
for some v € C(Jx,R), then the HDE (1.1) is equivalent to the hybrid integral
equation (HIE),

x(t) = xo — f(to, x0) + f(t,x(t)) + /tg(s,x(s)) ds, té€ Js. (1.3)

to
Proof. Let g(-,z(-)) € L'(J,R,) for some z € C(Jy,R). Assume first that z is a
solution of the HDE (1.1). By definition, the function ¢ +— x(t) — f(¢,z(t)) is contin-

d
uous, and so, differentiable there, whence 7 [z(t) — f(t,x(t))] is Lebesgue integrable
on Jo. Applying integration to (1.1) from t, to ¢, we obtain the HIE (1.3) on J.

Conversely, assume that the function € C'(J, R) satisfies the HIE (1.2) on J.
Then, by direct differentiation we obtain the HDE (1.1). Again, substituting ¢ = t,
in (1.3) yields

z(to) — f(to, z(to)) = mo — f(to, o).
Since the mapping x — z — f(¢,x) is increasing in R for all t € J, the mapping
x — x — f(ty, ) is injective in R, whence z(ty) = x¢. Hence, the proof of the lemma

is complete. O

In the following section, we prove a global existence result for the HDE (1.1) via

the comparison method.
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2. GLOBAL EXISTENCE RESULT

We place and seek the solutions of the HDE (1.1) in the space C(Jy,R) of

continuous real-valued functions on unbounded interval J,,. Define a norm || - || in
C(Jo; R) by
2]l = sup |x(t)].
teJoo

Clearly, BC(Jw,R) is a Banach space with respect to the above supremum norm.
The study of hybrid fixed point theorems in Banach space involving the addition of
two operators is initiated by Krasnoselskii [7] and some interesting applicable hybrid
fixed point theorems may be found in Dhage [1, 2]. We need the following fixed point

theorem for proving a main existence result of this paper.

Definition 2.1. A mapping ) : R, — R, is called a dominating function or,
in short, D-function if it is an upper semi-continuous and nondecreasing function
satisfying ¢(0) = 0. A mapping @ : E — E is called D-Lipschitz if there is a
D-function ¢ : Ry — R, satisfying

1Q6 — Q&I < ¥(llo — &Il (2.1)
for all 9, £ € E. If ¥(r) = kr, k> 0, then @ is called Lipschitz with the Lipschitz

constant k. In particular, if £ < 1, then @ is called a contraction on X with the
contraction constant k. Further, if ¢)(r) < r for r > 0, then @ is called a nonlinear

D-contraction and the function v is called a D-function of () on X.

The details of different types of contractions appear in the monographs of Dhage
[1] and Granas and Dugundji [6]. There do exist D-functions and the commonly used

D-functions are

W(r) = kr, for some constant k > 0,

Lr
= ‘ <
W(r) o for some constants L > 0, K > 0 with L < K,
Y(r) =tan"'r,
(r) =log(1+7),
v(r) = —1

These D-functions have been widely used in the theory of nonlinear differential
and integral equations for proving the existence results via fixed point methods. The

class of D-functions on R is denoted by ©.

Remark 2.2. If ¢, R, — R, are two D-functions, then i) ¢ + v, ii) A¢, A > 0,

and iii) ¢ o ¢ are also D-functions on R.

Another notion that we need in the sequel is the following definition.
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Definition 2.3. An operator (Q on a Banach space E into itself is called compact
if Q(F) is a relatively compact subset of E. @ is called totally bounded if for any
bounded subset S of E, Q(S) is a relatively compact subset of E. If ) is continuous

and totally bounded, then it is called completely continuous on E.

Theorem 2.4 (Dhage [1]). Let S be a closed convex and bounded subset of the Banach
algebra E and let A: E — E and B : S — E be two operators such that

(a) A is nonlinear D-contraction,
(b) B is compact and continuous, and
(¢c) x=Ax+ By forallye S —= z €S.

Then the operator equation Ax + Bx = x has a solution in S.

Now, consider a scaler HDE,

d
“p(t) — F(t,p(t))] = G(t,p(t)), t€ Jy,
g7 P(t) = F(t,p(t)] = G(t, p(t)) (2.2)
p(to) = po € Ry
Where, F e C(Joo X R+,R+> and G c C(Joo X R+,R+>.
We consider the following set of assumptions:

(Bp) The assumption (Ag) holds with f replaced by F.
(By) The functions F(t,p) and G(t,p) are nondecreasing in r for each t € J,..
(B2) The HDE (2.2) has a solution p(t) on Jy and G,(-) = G(-,p(+)) € C(Js, Ry).
(B3) There exists a continuous function h : J,, — R such that
|G(t,z)| < h(t), t€ J,
for all z € R.

Theorem 2.5. Assume that hypotheses (Ag)-(A1) and (By)-(Bs) hold. Suppose also
that the functions f,g and F,G involved respectively in (1.1) and (2.1) satisfy

Fea)] = F( e,
and o(t,)| < G(t,\xb,} 2%

for all (t,x) € Joo X R. Then for every initial value xo with
|zo — f(to, %0)| < po — F(to, o),
the HDE (1.1) has a global solution defined on Jy, satisfying
lz(t)| <7r(t), t€ Jw (2.4)

Proof. Set E = BC(J,R) and define a subset Ey of E by

Ey={z € B |[a(t)] < p(t)} (2.5)



GLOBAL EXISTENCE AND CONVERGENCE ANALYSIS 443

where, p(t) is a solution of the HDE (2.2) existing on J,. Clearly, Ej is a closed,
convex and bounded subset of the Banach algebra E. By hypothesis (Bs) and the
condition (2.3) for every « € Ey, the HDE (1.1) is equivalent to the hybrid integral

equation,

x@z%—ﬂ%%ﬂ%@ﬂm+/g@ﬂm% (2.6)

to

for all t € J.
Define two operators A, B : £y — E by

Ax(t) = f(t.a(t), t€ Ju, (2.7)

and

Bx(t) = xo — f(to, o) + /tg(s,:c(s)) ds, tée€ J. (2.8)

to

Then, the HIE (2.6) is transformed into an operator equation as
Az(t) + Bx(t) = z(t), t€ Jw. (2.9)

A solution of the operator equation (2.9) is a solution of the HIE (2.6) and vice
versa. We show that the operators A and B satisfy all the conditions of Theorem 2.4.
Now, it can be shown as in Dhage and Jadhav [4] that A is a nonlinear D-contraction

operator on F into itself and B is a compact and continuous operator on Ej into F.

Next, we show that hypothesis (c¢) of Theorem 2.4 is satisfied. Let x € Ej be
arbitrary. Then, by hypotheses (Bg)—(B5), we obtain

< [Ax(t)] + [Bu(t)]

‘Kw@ﬂmws

< |wo = f(to, zo)| + [ F(t, 2(1))| +

guww%wm+ﬂmwm+/G@M@mw

gw—ﬂ%mnfwmm+[0ummw

= p(t)
for all t € J. It then follows that x € E, for all y € Ej.

Finally, by hypothesis (A;), the operator A is a nonlinear D-contraction with
D-function ¢ (r) = Nf_’;r and so, hypothesis (a) of Theorem 2.4 is satisfied. Now, we
apply Theorem 2.4 to yield that the operator equation Ax + Bx = x has a solution
in Fy. As a result the HDE (1.1) has a solution defined on J,. This completes the

proof. O
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Remark 2.6. Note that first equality in the condition (2.3) holds, in particular if
the function f(¢,z) is positive and even in x, i.e., f(t,—x) = f(t,x) for all t € J.
Then, in this case we identify the function F' with f on J, x R,.

Below we give a direct proof of the global existence result by assuming the local
existence of solution for the HDE (1.1). We need the following result proved in Dhage
and Jadhav [4] in what follows.

Lemma 2.7 (Dhage and Jadhav [4]). Let J = [to, t1] be a closed and bounded interval
in R for some ty < t; < co. Assume that hypotheses (Ag)—(A1) hold with f replaced
by F. Suppose also that hypothesis (Bs) holds. If there exists a function m € C(J,R)

such that

d
- [m(t) = F(t,m(1))] < G(t,m(1), teJ, (2.10)

m(ty) < rg € Ry,
then,
m(t) <r(t), teJ, (2.11)
where r is a maximal solution of the HDE (2.2) defined on J.

Theorem 2.8. Assume that all the hypotheses of Theorem 2.5 and condition (2.3)
hold. Then for any solution x of the HDE (1.1) one has

2(6)] < r(t), (2.12)
for allt € J, where r is a mazimal solution of the HDE (2.2) on J.
Proof. Let z be any solution of the HDE (1.1) on J. Take

m(t) = |z(t)|, te

Then,

for all t € J and
m(to) = |z(to)| < po.

Now, a direct application of Lemma 2.7 yields the desired inequality (2.12) on J
and the proof is complete. O
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Theorem 2.9. Assume that hypothesis (Ag) holds and the function g is smooth
enough that the HDE (1.1) has a local solution. Assume further that the functions f, g
and F, G involved in (1.1) and satisfy (2.3) on Ju. Suppose further that the mazimal
solution of the HDE (2.1) exists on J. Then the solution of the HDE (1.1) ewists
on J.

Proof. Let z(t) be any local solution of the HDE (1.1) existing on the bounded interval

[to, 1) for some ty < t; < oo such that the value of t; cannot be increased.

Now, by Theorem 2.8, we have |x(t)| < r(t) for all t € J, where r is a maximal
solution of the HDE (2.2) defined on J.

Then, for any to < n < 7 < ty, one has

Ah@m@»@

< [ lg(s,x(s)) ds

(o(7) = f(.2(m) = (a(n) = Fln.x())| =

g/UXMAQDw

< / G(t,r(s))ds
7
= (r(r) = F(7,7(r))) = (r(n) = F(n,7(n)))- (2.13)
Since lim,_,- r(t) exists and is finite, taking the limit as 7,7 — ¢; in the in-

equality (2.13) and using the Cauchy criterion for convergence, it follows that the
lim,_,,- (z(t) — f(t,z(t))) exists and

lim [z(t) — f(t,z(t)] = (z(t1) — f(tr, 2(t1))).

t—ty

Since (Ag) holds, lim,_,,- z(t) = x(t1) and we define z(t;) = 1. Now, consider
the HDE

©lalt) — 72 0)] = o(t,2(0), 121,
l’(tl) =1 € R.

(2.14)

By assumed local existence, we find that x(¢) can be continued beyond ¢, con-
tradicting to our assumption about its interval of existence. Hence, a solution of the
HDE (1.1) with |zo| < 7 exists on J,, and the proof is complete. O

3. CONVERGENCE THEOREM

In this section we develop a convergence theorem for the HDE (1.1) and show

that the sequence of successive approximations defined in a certain way converges to
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the unique solution of the HDE (1.1) on a closed and bounded interval J = [to, to+al.
Consider the scalar ODE

(3.1)

where G € C(J x R, R,).

We list the following set of assumptions:

(Cy) There exists a constant M; > 0 such that 0 < G(t,u) < M, for all (t,u) € JxR,.
(Cy) G(t,0) =0 for all t € J and G(t,u) is nondecreasing in u for each ¢t € J.
(C3) u(t) =0 is the unique solution of the ODE (3.1) on J with u(ty) = 0.
(C4) The functions g and G involved in (1.1) and (3.1) satisfy
9(t2) = 9(t,9)| < G (1| (@ = £lt.2) — (v = F(tw))]).
for all ,t € J, and z,y € R.

The following result is well-known in the literature.

Lemma 3.1. Assume that the hypothesis (C1) holds. If there ezists a function m €
C(J,Ry) such that

m/(t) < G(t,m(t)), teJ
m(to) < up € Ry, } (3.2
then,
m(t) < r(t) (3.3)

for allt € J, where r(t) is a mazimal solution of the HDE (3.1) defined on J.

Theorem 3.2. Assume that the hypotheses (Ay) and (Cy)-(Cy) hold. Then the HDE
(1.1) has a unique solution =* and the sequence of successive approximations {x,}
defined by

Tni1(t) = o — f(to, x0) + f(t, Tpia(t)) + /tg(s,xn(s)) ds, teJ (3.4)

to

converges to the unique solution x* defined on J.

Proof. 1t is easy to see, by induction that the successive approximations {z,} given

by (3.4) are well defined and continuous on J.

Now, set
Xo(t) =z, (t) — f(t,x,(t)), te (3.5)

Then, the functions X, are well defined and continuous real-valued functions

defined on J for each n =0, .... Moreover,

[ Xnll < lzo = f(to, o)l + [[2llLr = M
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for all n € N. Therefore, X,, € By(0), where Bj(0) is a closed ball in the Banach
space C(J,R) centered at origin 0 of radius M.

We shall now define the successive approximations for IVP (3.1) as follows:

Uy = t-to),

M(
¢ (3.6)
Uns1(t) = /tG(s,un(s))ds, te

An easy induction proves that the successive approximations (3.6) are well defined

and satisfy

0 < ups1(t) <wuy(t) onJ

for all n =0,1,.... Since |u,,(t)| < M;, we conclude by Ascoli-Arzeld Theorem and
the monotonicity of the sequence {uw,(t)} that
lim u,(t) = u(t)

n—oo

uniformly for ¢ € J. It is clear that wu(t) satisfies (3.3) and hence by (Cs), u(t) =0
on J by Lemma 3.1. Now,

|X1(t) - X()‘ < [t G(S,ZL’(]) ds < M(t - to) = UO(t)

Assume that for some fixed integer k,
[ X5 (t) = Xia ()] < up—a(t).
Since
Xeos) = Xul0)] < [ Iolo,7006) — gl s,
0

using the nondecreasing nature of G(¢,u) in u and the assumption (Cs), we get

|mﬂm—xmﬂs/GwWA@Mvwmm

to

in view of (3.6). Thus, by principle of induction, the inequality
| X1 (t) — Xo ()| S un(t), t€ [to,to+ af (3.7)

is true for all n. Also, we have

[ Xn () = X5 < lg(s, za(s)) — g(s, 2na(s))]
< G Xa() = X ()
S G(tvun—1<t>>7 (38>
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because of (3.7) and the nondecreasing character of G(t,u). Let m > n. Then, one

can easily obtain using (3.8),

| X5 (t) = X0, (O] = |g(t, 201 (t) — g(t, 21 (1))]
< gt 2n(t) = g(t, 2na ()] + [9(E, 2m(t)) — g(E, 2m-1(1))|
+ lg(t, zn(t)) — g(t, 2m(t)
< G(t,up—1(t)) + G(t, w1

)
(1) + G(t, | Xa(t) = X (D)), (3.9)

Since up,11(t) < uy(t), it follows that
% [|Xn(t) — X)) <G, | X, (t) — Xin(t)]) + 2G(t, up_1(1)). (3.10)
An application of the comparison theorem given in Lemma 3.1 yields
[ Xn(t) = X ()] < 7u(t), €,
where 7,(t) is the maximal solution of

v, = G(t,0,) + 2G(, up 1 (1),  va(te) =0,

for each n. Since G(t,u,-1(t)) — 0, as n — oo, uniformly on J, it follows by
Lemma 3.1 that r,(¢) — 0 uniformly on J. This implies that X, (¢) converges uni-
formly to X (¢) on J. Therefore, we obtain

lim (:En(t) - f(t,xn(t))) — lim @,(t) — f (t, lim :):n(t)> — 2(t) — f(t,2(D)

n—oo n—oo

uniformly on J. Since, (Ag) holds, lim, . z,(t) = z(t). Now using the standard
arguments, it is proved that z(¢) is a solution of the HDE (1.1). To show that the
solution is unique, let y(t) be another solution of HDE (1.1) existing on J. Define

m(t) = [(x(t) = f(t,z(t))) — (y(t) — f(t,y(t)))]. Note that m(ty) = 0. Then, by
hypothesis (Cy),

whenever z,y € C(J,R), using assumption C,). Again, applying Lemma 3.1, we get
m() < (), ted

where r(t) is the maximal solution of the HDE (3.1). But by assumption (Cs), r(t) = 0
and this proves that x(t) = y(t). Hence, the limit of the successive approximations is

the unique solution of HDE (1.1) and the proof is complete. O
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4. CONTINUOUS DEPENDENCE

Finally, in this section, we discuss the continuity of solutions of the HDE (1.1)

with respect to initial data tg, x¢. For this purpose, we need the following result.
Lemma 4.1. Let G : J x Ry — Ry be a function satisfying

l9(t,2) < Gt (@ = £(t,2)) = (20— f(to, 20))] ) (4.1)

for allt € J and v € R. Assume that x(t) = x(t, to, x9) be any solution of the HDE
(1.1) on J. Then,

|(@(t) = f(t,2(2))) — (w0 — f(to, z0))| < 7"(t,%0,0) (4.2)

for allt € J, where r*(t,t,0) is the mazimal solution of the differential equation

u'(t) = G(t,u(t)), te J,}
(4.3)
Proof. Define a function m : J — R, by
m(t) = |(x(t) — f(t, x(t))) — (x0 — f(to, o)) - (4.4)
Then,
, d
() < | (0 = a0
= lg(t,2(t))]
< Gt 1a(t) - f(t2(2) = (20 = flto,20))] )
= G(t,m(t))
for all ¢t € J and m(ty) = 0. Now an application of Lemma 3.1 yields that
|($(t, t07 ZL’O) - f(tv $(t, t07x0>>> - (xO - f(t07x0>)| < T*(tv tOv 0)
U

Theorem 4.2. Assume that hypotheses (Ay) and (Cy)-(Cy) hold. Further, if the
solutions of the differential equations (3.1) are continuous with respect to (to,xo),
then the solutions of the HDE (1.1) are unique and continuous with respect to the

initial values (to, xo).

Proof. Since the uniqueness of the solution follows from Theorem 3.2, we only prove
the continuity part of the theorem. To this end, let x(t) = z(t,to, x9) and y(t) =
y(t, to, yo) be two solutions of the HDE (1.1) through (to, zo) and (%o, yo) respectively.

Define a function m : J — R, by

m(t) = |(x(t) — f(t,x(1)) = (y(t) = f(&y(@))] (4.5)
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Then,
m'(t) < G(t,m(t), teJ,

and hence by the comparison theorem

m(t) < (L, to,|(xo = f(to, %0)) = (Yo — f(to: %0))|)

where, r(t, to, ug) with ug = }(xo — f(to,z0)) — (yo — f(to, y0))| is a maximal solution
of the ODE (3.1) defined on J.
Since the solutions of ODE (3.1) are continuous with respect to initial values, it
follows that
lim r(t,t9, uo) = r(t, to, 0)

T0—Yo

and by hypothesis r(t,ty,0) = 0. This, in view of definition of m(t), it shows that

lim x(t, to, xo) = y(t, to, Yo)

To—Yo
whence the continuity of the solution relative to xy follows.

Next, we shall prove the continuity of the solutions with respect to to. If z(¢, to, x¢)
and y(t,t1,x0), t1 > ty, are any two solutions of the HDE (1.1) through (to, o) and

(t1, o) respectively, then, as before, we obtain the inequality

m/(t) < G(t,m(t)), tE [t,to+ al,

m(t> = |(£L’(t, tOvIO) - f(tvx(tvt% xO))) - (y(tvthIO) - f(tvy(tv tlvxo)))‘ :

m(t1) = [(@(t1, to, mo) — f(t1, 2 (t1, to, 20))) — (20 — f(to, 0))] -
Hence, by Lemma 4.1,
m(ty) < r*(t1,t,0)
which further implies that
m(t) < 7(t), t>t,
where 7(t) = r(t, t1,7*(t1, to, 0)) is a maximal solution of (4.3) through (t1, 7*(t1, to, 0)).

Since 1*(t1, tp,0) = 0, we have

lim = f(t, tl, T*(tl, to, 0)) = T’A<t, to, 0)

t1—to
and by hypothesis, 7(t,ty,0) = 0. Now, from definition of m(t) and the hypothesis
(Ap), it follows that

lim l’(t, tl, Io) = I(t, to, ZL’()).
t1—to

This proves the desired continuity of the solutions x(t,ty, o) of the HDE (1.1)

with respect to ¢y and the proof of the theorem is complete. O
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Next, we shall now prove the continuous dependence of solutions with respect to
a parameter involved in the HDE (1.1). Consider the HDE,

d
S La0) = 120)] = g(t,2(0), ), L€ o
LL’(T,(]) =29 € R,
where, g € C(J x R x R, R).

Let zo(t) = (¢, ty, o, f10) denote the solution of the HDE (4.6) corresponding to

the parameter u = po. We consider the following hypotheses in what follows.

(D) limy,—,, g(t, z, 1) = g(t, 2, po) uniformly in (¢,2) € J x R.
(Dg) There exists a function G € C(J x R, R) such that

otz ) — gty ] < G(E1(0) — F(L20) — ) — Fy®))]). e
for all z,y € R and p € R,

Theorem 4.3. Assume that hypotheses (Ay)-(Az), (Cs) and (Dy)-(Ds) hold. Then,
for given € > 0, there exists a d(€) > 0 such that the HDE (4.6) admits a unique
solution z(t) = x(t,ty, zo, 1) satisfying

|z(t) — o(t)] <€ (4.7)
for all t € J, whenever | — po| < d(€).
Proof. The uniqueness of the solutions is obvious from Theorem 3.2. From the as-
sumption that u(f) = 0 is the only solution of the DE (4.3) existing on J, it follows
by Theorem 3.2 that for given € > 0 there exists a number n = n(e¢) > 0 such that

the maximal solution r(t, to, xg,n) of
u'(t) = G(t,u(t)) +n, teJ, (4.8)
exists on J and satisfies
T(t,to,O”f}) <€ (49)
for all ¢t € J. Also, because of hypothesis (D), there exists a 6 = d(n) > 0 such that
|g(t,x,,u)—g(t,x,u0)| <n (410)
whenever | — pg| < 0. Define a function m : J — R, by
m(t) = |(2(t) — f(t, z(t))) — (zo(t) — f(£,20(t)))]

where, x(t) and x(t) are the solutions of the HDE (4.6) corresponding to the values
of parameter p and pg respectively. Then, using hypothesis (D5), we get

m'(t) < G(t,m(t)) +n, te, (4.11)
and by a comparison result( Lemma 3.1),

m(t) S T(t, t07 07 7])
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for all t € J. Hence, if |pn — po| < 6§, then we have m(t) < e for all t € J. This further
in view of hypothesis (Ag) together with continuity of the function z — x — f(t,x)
for all ¢ € J implies that

‘x(tut(]vanU’) - x(t7t07x07/110)| <€,

whenever | — po| < d. This completes the proof. O
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