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ABSTRACT. In this paper, we study the higher order functional dynamic equation

Ay A
{10 (raealt) (- a0 @)% %) 4 p 2 0) =0

on a time scale T, which is unbounded above, and where n > 2 . We will extend the so-called
Hille and Nehari type criteria to higher order dynamic equations on time scales. Our results are
essentially new even for higher order differential and difference equations. Therefore, the results
obtained extend and improve several known results in the literature on second-order and third-order

dynamic equations. We illustrate these new results by means of several examples.
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1. INTRODUCTION

In this paper we study the asymptotic behavior of solutions of the following higher

order functional dynamic equation:

{rucal0) (ralt) (- a2 0 -)A)A}A Fp®olg) =0, (L]

on a time scale T, which is unbounded above, and wheren > 2and r;,i =1,2,...,n—
1 are positive rd—continuous functions on T such that for ¢ty € T,
/Oo BS o i1 -1, (1.2)
t Ti(S)
We assume further that p is a nonnegative rd—continuous function on T such that p #
0 and the function g : T — T such that lim;_., g(t) = oo and 7(t) := inf {o(t), g (t)}

is nondecreasing on T, where the forward jump operator o(t) := inf {s € T : s > t}.

Since we are interested in the oscillatory and asymptotic behavior of solutions near
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infinity, we assume that sup T = oo, and define the time scale interval [ty, 0o)r by

[to, 00) := [to, 00) N T. Throughout this paper, we let

2l =, (:L'[i_l])A , 1=1,2,...,nwithr, =1 and 29 = 7.

We will assume that the reader is familiar with the basic facts of time scales
and time scale notation. For an excellent introduction to the calculus on time scales,
see Bohner and Peterson [5, 6]. By a solution of Eq. (1.1) we mean a nontrivial
real-valued function » € C,[T}, c0)r for some T, > t, such that zl! € CL [T}, co)r,
i=1,2,...,n—1 and z(t) satisfies Eq. (1.1) on [T}, c0)T, where C,4 is the space of
right-dense continuous functions. In the following, we state some oscillation results
for differential and difference equations that will be related to our oscillation results
for (1.1) on time scales and explain the important contributions of this paper. In
1918, Fite [23] studied the oscillatory behavior of solutions of the second order linear

differential equation
2”(t) + p(t)z(t) = 0, (1.3)
and showed that if

[O " p(s)ds = oo, (1.4)

then every solution of equation (1.3) oscillates. In 1948, Hille [15] improved the
condition (1.4) and showed that if

lig(i)glft/too p(s)ds > i, (1.5)
then every solution of (1.3) oscillates. In 1957, Nehari [42] proved that if

P Y L 1

htrgglfg /to s“p(s)ds > 7 (1.6)

then every solution of (1.3) oscillates. We note that the inequalities (1.5) and (1.6)
are 'sharp’ and can not be weakened. Indeed, let p(t) = 1/4t*> for t > 1. Then we

have

1/t o 1
lim inf —/ s%p(s)ds = lim inft/ p(s)ds = 7
t

t—o0 ¢ t—o0
0

and the second-order Euler-Cauchy differential equation

1
2" (t) + Ei(t) =0, t>1, (1.7)

has a non-oscillatory solution z(¢) = v/t. In other words the constant 1/4 is the lower
bound for oscillation for all solutions of (1.7). In 1971 Wong [48] generalized the
Hille-type condition (1.5) for the delay equation

2"(t) + p(t)z(7(t)) =0, (1.8)
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where 7(t) > at with 0 < o < 1, and proved that if
o 1
liminf¢ d — 1.9
imin / p(s)ds > 1, (1.9)

then every solution of (1.8) is oscillatory. In 1973 Erbe [9] improved the condition
(1.9) and proved that if

t—oo

liminft/ p(s)ﬁds > i, (1.10)
¢

then every solution of (1.8) oscillates where 7(¢) < ¢t. In 1984 Ohriska [43] proved

that, if
limsupt/ p(s) (@) ds > 1, (1.11)
t

t—oo
then every solution of (1.8) oscillates. Note that when p(t) = %, with 7(t) < t,

(1.8) reduces to the second-order delay differential equation

2'(t) + —S—a(r(t) =0, t>to (1.12)

tr(t)
From (1.10) we see that every solution of (1.12) is oscillatory if A > I and non-

oscillatory if A < 1, with oscillation constant 1/4 (see [1]).

Erbe, Hassan, Peterson, and Saker in [16, 17] extended the Hille and Nehari

oscillation criteria to the second order superlinear half-linear delay dynamic equation

(r(®) (1)) + p(t)2" (r(t)) = 0,
where 7y is a quotient of odd positive integers, 7(t) < ¢t and
r2(t) >0  and / 7 (t)p(t) At = . (1.13)
to
Also, in [13, 14, 15] the authors extended Hille and Nehari type oscillation criteria
to more general second order dynamic equations. Erbe, Peterson, and Saker [20]

established Hille and Nehari oscillation criteria for the third order dynamic equation
2282 () + p(t)a(t) = 0,

and their work was further extended by Erbe, Hassan, and Peterson [12] to the
equation

(r2(8) [(ra (D22 (1)) +p (5) 2 (9 (1)) = 0.
where v is a quotient of odd positive integers, g(t) < t, g®(t) > 0 and where 7,
is a A-differentiable function with 7£(t) > 0. Wang and Xu in [46] considered the

ordinary dynamic equation
A
(r2(t) [ ()22 ($)2]7) " +p (&) 27 () = 0,
where v > 1 is a quotient of odd positive integers and with the condition

lim Uilv)
e R()

=1, (1.14)
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t t
51(t. ) m / A8 stt) = / Ouls, )
t t1

L ral(s) r1(s)

where

r(t) = th)él(t,tl)dg_l(t,tl) and R(t) == /t r(s)As.

Very recently, Agarwal, Bohner, i and Zhang [2] extended the Hille and Nehari

oscillation criteria to the third order delay dynamic equation

()1 (2 (0)*)" +p (1) 2 (7(2)) = 0,

where 7(t) <t on [tg,00)r. The results in [2] included the results which were estab-
lished in [20] and without condition (1.14). For more results on dynamic equations,
we refer the reader to the papers [4, 7, 8, 10, 11, 18, 19, 21, 22, 24, 26, 27, 30, 31, 32,
33, 34, 35, 39, 44, 45, 49, 25].

The purpose of this paper is to extend the Hille and Nehari oscillation criteria
to higher order dynamic equation (1.1) without assuming the conditions (1.13) and
(1.14). The results in this paper improve the results in [20] and [2] for higher order

dynamic equations.

To simplify the discussion below, we introduce the following notation: For any
u,v € T, define

Y As
Ri(v,u) == — i=1,2,...,n—1, 1.15
(v,u) / e n (1.15)
and for a fixed m € {0,...,n—1}, define the functions R,,;(v,u), i =1,2...,m, and
pi(t), i =1,...,n, by the following recurrence formulas:
= vai— m—1 A :1
R i(v,u) = Ju Bomia(,0) [ i1 (5) s, P (1.16)
1 1 =0;
and |
— oopi_l(S)AS, izl,...,n—l,
pi(t) =< Ta-i(t) Ji (1.17)
p(t), i=0,
provided the improper integrals involved are convergent. Note that for i =1,... m,

Ryi(v,u) > 0ifu <o, and (=1)"""7 1R, ;(v,u) > 0 if u > v.
2. MAIN RESULTS

Lemma 2.1. Assume Eq. (1.1) has an eventually positive solution x(t). Then there

exists an integer m € {0,...,n — 1} with m + n odd such that
M) >0 for k=0,1,...,m, (2.1)

and
(=)™ W) >0 for k=m+1,m+2,...,n, (2.2)

eventually.
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Proof. Since z(t) is an eventually positive solution of Eq. (1.1) then without loss of
generality, we may assume x(t) > 0 and z (¢ (t)) > 0 on [ty,00)r. From (1.1), we have
that for t € [tg, c0)T,

2" (t) = —p(t)z (g (t)) < 0. (2.3)
This implies that 2l(¢), i = 1,2,...,n — 1, are eventually monotone and hence are

of one sign. There are two possibilities:

(a) 2l¥l(¢) and x*~U(¢) have opposite signs eventually for k = 1,2,...,n; or
(b) there exists a largest m € {1,2,...,n — 1} such that 2™ (t)z™=1(¢) > 0 even-
tually.

If (a) holds, then (2.1) and (2.2) hold with m = 0.

Assume (b) holds with z[™(¢t) < 0 and zI™=U(t) < 0 for t > t;, where t; €
[tg, 00)r. Then

t . [m—1]
23 = z[m—2}(t1)+/ xi(s)As
t

L Tm—1(9)

b As
[m—2] [m—1]
< ™ At) + o (tl)/ _ a5
t1 T'm—1 (S)

By (1.2) with i = m — 1, lim;_o 2™~ () = —o0o. Hence 2I™~2(t) < 0 eventually. By
the same reasoning, we see that x[*l(t) < 0 eventually for k = m —2,m —3,...,0.

This contradicts the assumption that x(t) is eventually positive.

Assume (b) holds with zI™(¢) > 0 and 2™~1(¢) > 0 eventually. By (2.3) we note
that m + n must be an odd number. Using a similar argument as above, we see that
¥ () > 0 eventually for k = m — 2,m — 3,...,0. Therefore, (2.1) and (2.2) hold
with this m. O

Lemma 2.2. Assume Eq. (1.1) has an eventually positive solution xz(t) and m €
{1,...,n — 1} is as given in Lemma 2.1 such that (2.1) and (2.2) hold fort > t; €
[to, 00)1. Then the following inequalities hold for t € (t;,00)y:

(a)
[« (0) ) Rn(t,11)] < 0; (2.4)
(b) fori=0,1,...,m—1
2(t) > 2™ () Ryni(t,t) ) Run(t, t). (2.5)
Proof. (a) From (2.1) and (2.2), we get for ¢ € [t1,00)r

tplml
x[m—l]@) _ x[m—l](tl)_'_/ x (3) As
t

, T (8)

> 2 (1) /t T:(;
= 2™ (1) R, (t,t1).
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Noting that

O 1/rm(t) . .
[m} T Rt t) R (0 (1), 1) [Rin(t, 1) (1) — a7 H(#)]
we have
L1172

(b) It is easy to show, using (1.16) and (2.2) that (2.5) holds for ¢ = m — 1 since
Rini = Ry,. By (2.1) and the fact that «™~1(¢)/ R,,,(,t1) is decreasing on (1, 00)r,
we have for t € (t1,00)r

B 2 - = [ () s
[t (s) Rus,t)
N /th (s,t1) T’ml(S)A
S(Z[m il ( ) (8 tl)
= Rin(t,11) /1 Tm—i (5) o
B ZL'[m il (t) m,(S tl) s
~ Rp(tt 1)/ Tm—i (5) .
B lm—il (t) _
= R (t tl)Rmz-q-l(t tl)

This shows that (2.5) holds for i = m — 2. Next assume (2.5) holds for some i €
{1,...,m —1}. Then for ¢t € (¢, 00)T, we have

x[m_l] (t) _

xm(t) Z R (t tl)Rm,m—i(t7t1)7

which implies

: =1 () Rypym—i(t, t
(:L’[Z—l](t))A > z (t) Ronm—i(t, 1)
Ry (t,t)  ri(t)
Replacing t by s in the above inequality and then integrating it from ¢; to t € (¢1, 00)r,

we have
. . . Pl (8) Rypmi(s, 1)
[Z_l]t > [i—1] t) — [i—1] t >/ T m,m—i\°, bl A
2 H() > ) — 2 () > s Rt () s
t .
2 (t)/ Rm,m—2(57t1>AS
R (t,11) ri (s)
() 5
= B L 2 \Littmm—i t,t
Rm(t,tl)R 1t ).
This shows that (2.5) holds for i — 1. Therefore, by induction, (2.5) holds for all
1=0,1,...,m—1. O

Lemma 2.3. Assume Eq. (1.1) has an eventually positive solution x(t) and let m be
as given in Lemma 2.1 such that m € {0,...,n — 1} and (2.1) and (2.2) hold for
t >ty € [tg,00)r. Then the following inequalities hold for t € [ty, 00)r:
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(a) If m > 1, then fori =m,...,n—1, ftoopn_,-_l(s)As < 00, and
(=)™ Higll(t) >z (7 (t))/ Pn_i—1(s)As; (2.6)
t

(b) fori=0,1,...,m,
2l (t) > 2™ (t) Ry mi(t, 1) (2.7)

Proof. (a) Note that m € {1,...,n — 1} implies that 21/(¢) > 0 and z*~U(¢) > 0 for
all t € [t1,00)r. This implies that z(t) is strictly increasing on [t1, c0)r. Replacing ¢
by s in Eq. (1.1), integrating from ¢ > ¢; to v € [t,00)r, and using the fact that 7 is

nondecreasing, we have

27Uy > =l () 2l = /t Up(S)x(g(S))AS
> [ perrenaszriro) [ pes
= x(T(t))/tUPO(S)AS'

Taking limits as v — oo we obtain that

") > (7 (1)) /too po (s) As for t € [t;,00)T.

This shows that [ po(s)As < oo and (2.6) holds for i = n — 1. Next, we assume
[ pis1(s)As < oo and that (2.6) holds for some i € {m +1,...,n —1}. Then

(=)™ Hizll(t) >z (7 (t))/ Pni—1(s)As  for t € [t;,00)T.
t
It follows that

(=1 (@) = 2 (7 (1) -

Replacing t by s in the above inequality and then integrating it from ¢ > #; to

v € [t,00)T, we have
() > (1 ) - o)

- / " (7()) pucs(s)As
> x(7(t)) /tvpn_i(s)As.

Taking limits as v — oo we obtain that
()™ ) 2 2 (e (1) [ pao)s
t

This shows that ftoo Pn—i(8)As < 0o and (2.6) holds for i—1. Therefore, the conclusion

follows by induction.
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(b) It is easy to show, using (1.16) and (2.2), that (2.7) holds for i = m since
R0 = 1. Also by (2.2) and x™*1(#) < 0 and hence z[™(¢) is strictly decreasing on
[t1,00)r. Let t € [t1,00)r. Then

@) = gl + /t (x[m_”(s))A As

t1

t plm]
_ l,[m—l}(tl)_l_/ X (S>AS
t1

Tm (5)

t
S gl (p) / B0 ) (1) Ry (8, ).
t1 T'm (8)

This shows that (2.7) holds for i = m—1. Assume (2.7) holds for some i € {1,...,m}.
Then

2(t) > ™ () Rypn_i(t, 1) for t € [t 00)r.
which implies
(@) > 2 (8) Ryt 1)/ 14(1).

Replacing t by s in the above inequality and then integrating it for s from t; to ¢t with
t > t1, we have

U@ > gl + / ol (8) Rinm—i(s, 1)/ 1i(s)As

t1

> glm (t)/ Ronm—i(s,t1)/ 1i(s)As

t1

= ZL'[m] (t) Rm,m—z’—i—l(t; tl).

This shows that (2.7) holds for ¢ — 1. By induction, it follows that (2.7) holds for all
i=0,1,...,m. O

3. CRITERIA FOR EVEN ORDER EQUATIONS

In this section, we establish Hille, Nehari, Ohriska and Fite-Wintner type criteria
for the even order dynamic equation (1.1) when n is even. It follows from Lemma 2.1
that there exists an odd m € {1,...,n—1} such that (2.1) and (2.2) hold eventually.

Theorem 3.1. Assume that, for every odd number i € {1,...,n — 1} and for suffi-

ciently large T € [ty, 00), we have

liminf R, (1, 7) / TP (s,T) As > i (3.1)
where
P;(s,T) := pu_i—1(s)Rii(7(s), T)/ Ri(0(s),T). (3.2)

Then every solution of Eq. (1.1) is oscillatory.
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Proof. Assume Eq. (1.1) has a non-oscillatory solution z(¢). Then without loss of
generality, we may assume z(t) > 0 and z (g (¢)) > 0 on [ty, 00)r. It follows from
Lemma 2.1 that there exists an odd m € {1,...,n — 1} such that (2.1) and (2.2) hold

for t >t € [ty, 00)r. Define

Zm(t) == T ()

(3.3)
By the quotient rule, we have
=11 () () (t))A — zml(¢) [alm (t)}A
aln =1 () alm =11 (o (1))
ml (£)) 2 m=1] ()14
_ (f_()) _[x_ 9l (1) (3.4)
a1 (o (t)) a1 (o (1))
By Lemma 2.3, Part (a) we have that for i = m + 1

—zmt ) > 2 (r (t))/ Pr—m—2(8)As,
t
which, together with (1.17), implies that for ¢ € [t1, 00)r
A
— (x[m](t)) >z (7 (1)) Prem-1(t). (3.5)

(i) Assume m = 1. In this case, by (1.15) and (1.16) we see that

. M) Ag
R171(T(t),t1) = Rl(T(t),tl) = / A

t 7°1(5).

From (3.5) and Lemma 2.2, Part (a), we have for 7 (¢) € (t1,00)r

— (@V1)" = a:(f(t>)pn_2(t)=L(t)231(7(t>’tl>f’n—2(t)

Zm(t) =

Ry(7(t), t1)pn—2(t)
= pn_Q(t)SL’ O'(t)) Rl’l(T(t), tl)/ R1 (O'(t), t1>
(ii) Assume m > 2. By Lemma 2.2, Part (b) with i = 0, we get

Lm=1 (4 _
o(t) > Wt,ig}%m,m(t,tl). (3.6)

Then by Lemma 2.2, Part (a), we see that for 7 (t) € (t1,00)r

A )
R0, 1) TR

d o)
R (o(0.4)) Ry (7(t),t1). (3.7)

Substituting (3.7) into (3.5), we obtain that for 7 (t) € (t1,00)r

— (@) 2 s (D2 (0(8) Rona (7(8), 1)/ Runlo(8), ).

z(r(t)) =

>
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Combining cases (i) and (ii) we see that for 7 (t) € (1, 00)r

— (M) > 2 (0 () Po(t ) for t € [ty, 00)r. (3.8)
Substituting (3.8) into (3.4) we get
[zlm=1] (t)]A
= Y (A e o0 (1)
[al= ()
< =P, (tts) T (o (t))zm(t) for t € [ta, 00)7. (3.9)
Since
[0 (1)) 2 (1) (o (1) aml(o ()

(o (8) (2 (o (6) =m0 (1)~ ra(t)
we get from (3.9) that
Zm(t)2m (0 (1))
(1)
Replacing t by s in the above inequality and then integrating it from ¢ > t5 to

—25(t) > P, (t,ty) + for t € [ty, 00)r.

v € [t,00)r and using the fact that z,, > 0, we have

Zm (t) > —zm (V) + 2m (1) > /tv P, (s,ty) As + /tv Zm(8)z2m (0 (S>)As.

rm($)
Taking limits as v — oo we obtain that
2 () > / Py (5,t2) As +/ 2m(8)2m(0(3)) £ o (3.10)
t t Tm(8)

Multiplying both sides of (3.10) by R, (¢,t2), we get (suppressing arguments)

© Zm 27

As

RmszRm/ P, A3+Rm/
t t

T'm

oo oo 1/7“m
= Ly F)mA m me~m mZm A
R /t s+ R /t RmR%R 2m Ry 20 As

o o _ A
=R, / P As+ Ry, / {—1} Rpnzm R%,2° As.
t t Rm

Let € > 0 and pick t3 € [ta, 00)r, sufficiently large, so that

R, (t,t2) 2 (t) > 1), — e for t € [ts, 00T, (3.11)
where
T = litm inf R, (t,t2) 2 (%) . (3.12)
Therefore
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Taking the liminf of both sides as t — 0o we get that
o> liérn inf R, (t,t2) / P (s,t2) As + (1, —¢)”.
— 00 t

Since € > 0 is arbitrary, we get

>0 1 n? 1
lim inf Ry, (t,tg)/ P (s,t2) As <7, — (1%)* = i (r; - —) <
which contradicts (3.1). This completes the proof. O

Theorem 3.2. Assume that, for every odd number i € {1,...,n — 1} and for suffi-
ciently large T € [ty, 00)r,

U L,
htrgcl)glf R T /T R; (0(s),T)P; (s, T)As > T (3.13)
where P; is defined by (3.2) and
Ly :=limsup R; (o(t),T)/ R; (t,T). (3.14)

t—oo

Then every solution of Eq. (1.1) is oscillatory.

Proof. Assume Eq. (1.1) has a nonoscillatory solution z(t). Then without loss of
generality, assume x(t) > 0 and x (g (t)) > 0 on [tg,00)r. It follows from Lemma
2.1 that there exists an odd m € {1,...,n — 1} such that (2.1) and (2.2) hold for
t >t € [to,00)r. As shown in the proof of Theorem 3.1
Zm(t)zm (0 (1))
2 (1) < =Py (t,2) — NS
where z,, is defined by (3.3). Multiplying both sides of (3.15) by R2 (o(t),t2), we
get

fort € [tg, OO)']T, (315)

R, (0(t),t2) zm(t) < —R%, (0(t),t2) P (t,12)
l(t)Rm( 0o (t),t2) 2pm(t) Bon (0(t), t2) 2m(0 (1))
< —R:, (0(t),ts) P (t,12)

L R () 2m(t) B (0(0), 12) 2m(0 (1)):

(1)
Let € > 0 and pick t3 € [ta, 00)r, sufficiently large, so that

i —e < Ry (tt2) z2m(t) < R + ¢,

" R (0(5), 1)
m (0(8), 12
D —e< ———=<L .
m— &S R (5.02) m T €
where 7% is defined by (3.12),
R, :=limsup R,, (t,t2) 2 (1), (3.16)

t—o0
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and
B (0(5), t2) = liminfw

L :=limsu ,
ool R (sita) T R R (s, )

m

Therefore

R2 (0(t),ts) 25(t) < —R2 (0(t),t2) Py (t,ts) — % for ¢ € [t3, 00)T.

Integrating the above inequality from t3 to ¢ € [t3,00)1, we get

/t R2 (0(s),t3) 25 (s)As < — /t R2 (0(), bs) Py (5, t2) As — (1t — ¢)? /t As

t3 t3 t3 Tm(S) ‘

Using integration by parts, we obtain

R, (t,13) zm(t) < R2, (s, 15) 2o (ts) + /t R, (“<S>’ﬁif<$ Ry (s, 12)

Zm(8)As

— / R2 (0(5),t2) Py (5, t2) As — (1, — 5)2 R, (t,t3)

t3

SRi@&ﬁﬂm&ﬁ+ﬂ+l%+fﬂR;+E%fr(@

- / R, (0(5), t2) P (s,12) As — (1, — ©)° Ry (1, 13)

= R2 (t3,t5) 2m(t3) + (1 4+ LF 4 €) (R, 4 €) Ry, (,13)

- / Rgn (U(S), t2) Pm (57 t2) As — (Tjn - 5)2 Rm (t7 t3) )

t3

or
R2 (t,t3) 2 (t) < R2 (ts,ts) zm(t3) + (1 + LE, +¢) (RE, +¢) Ry, (¢, 3)

_ / R2 (0(5),ts) P (5,13) As — (1, — £)2 Ry (£113)

t3

Dividing both sides by R,, (t,t3) for t € (t3,00), we have

R, (t3, t2)
Rm(t7t3)
1 t
- | R t3) P (5, t3) As — (rh, — ¢)?
i . (o) P ) A — 15, =9
Ry, (t3,t2)
o Rm (t7t3)

—m / R2 (0(3),1s) P (5. 1) As.

t3

R, (t,t3) zm(t) < Zm(ts) +(L+ Ly, +¢) (R, +¢)

Zm(ts) + (L+ L, +¢e) (R, +¢)

Taking the lim sup of both sides as t — oo and using (1.2) we get that

1 t
R.<(1+4+L;,+¢e) (R, +¢e)— litm inf —— / R? (0(s),t3) Py, (s,t2) As.

—0o0 m (t) t2) to



CRITERIA FOR HIGHER ORDER DYNAMIC EQUATIONS 475

Since € > 0 is arbitrary, we have

1 t
lim inf R ity / R2 (0(s),t2) Py (5,t2) As < R LY. (3.17)
2) Ji,

t—o00 m(7

Also, we have from the proof of Theorem 3.1,

m—1 A
[zt t)z}f zm(t)  for t € [ta, 00)r.

(o (1) "

22(t) < =P, (t,ts) —

Since
O3 I P N OO | P RO B ) 21 (1)
em=(o () —  alm=U() a2l (o () () 2lm=1 (8) + p(t) (2lm=1 ()>
_ Zm(t)
() F p(t)z(t)
we have

Z5(t) < =Py (t 1) —

2 (?) for ¢ € [ta, 00) (3.18)
rm(8) + pt) 2 (1) v |
Multiplying both sides of (3.18) by R2, (o(

we get

t),ts), and integrating from ty to ¢ (t > t3)

/ R?n (o(s),t2) zﬁ(s)As < —/t R,Qn (0(s),t2) Py (s,t2) As

t2

Using integration by parts, we obtain

t

R2 (t,ty) zm(t) < —/ an(a(s),t2)Pm(s,t2)As+/ (R, (s,15)] > 2m(5)As

_ /t R?n (U(S)vt2> < s
to Tm(s) + 1(s)2m(s)

_ _/ B2 (0(5),s) Pa (5. 2) As

t2

[ [Pl 0,

3[\9
=
L

R0
N ACORSECN
/t (5) (3 m(5)

since

[R%,(5,85)]" = [Run (0(s), t2) + R (5,2)] R (5, t2)
2R, (0(s).t2) _ pi(t)
Tm(8) r2,(s)
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It follows that

R2 (t,ty) zm(t) < —/ R2 (0(5),t3) Py, (,t2) As

to

_/t [R?n (0(5),t2) 22(s) 2R (0(5),t2)
t2 Tm(S) + pu(s Zm(S) Tm(s)
+T/~2L((ts>) zm(s)} As

ta)
rm(8) + () 2m(s) T'm(5)

t
.
1

Tm(5)

< —/t R2 (0(5),t3) P (5,t2) As + Ry, (L, 1) .

t2

( Ron (0(5),12) 2 () _'v%m@)+¢wﬁzm@)>2
VT (5) + 1(3) 2 (5) F(s)

| as

Dividing both sides by R,, (t,t5), we have

R (£, 12) 2 (1) < 1 — —— /t R2 (0(5),12) P (5.12) As.

Ry, (t,t2) )y,
Taking the lim sup of both sides as t — oo we get that

1 t
R* <1—liminf —— [ R? ts) P, (s,t5) A 3.19
m =T R (4 1) /t (71 12) B (5 12) B )

where R’ is defined by (3.16). From (3.17) and (3.19), we get

1 t
liminf ——— [ R2 ty) P, (s,t2) A
S Ry (1) /t m (7(8),2) P (5, a) s

1 t
< <1 —liminf ——— / R2 (0(5),t3) Py, (8, t2) As) L.

f—o0 m (t7 t2) to

which implies

]_ t L*
liminf ———— 2 to) Py (s, t2) As < —™
i iy L o600 P )80 5

m

which contradicts (3.13). This completes the proof. O
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Theorem 3.3. Assume that, for every odd number i € {1,...,n — 1} and for suffi-
ciently large T € [to, 00)T,

limsup R, ;(7 (t),T) / Pr_i—1(8)As > 1. (3.20)
t

t—o0

Then every solution of Eq. (1.1) is oscillatory.

Proof. Assume Eq. (1.1) has a nonoscillatory solution z(t). Then without loss of
generality, assume z(¢) > 0 and x (g (¢)) > 0 on [ty,00)r. It follows from Lemma 2.1
that there exists an odd m € {1,...,n — 1} such that (2.1) and (2.2) hold for ¢ >
t1 € [to,00)r. By Lemma 2.3, Part (a) we have that for i =m

2™ () >z (7 (t))/ Pn-m-1(8)As for t € [t1,00)r.
t
Since (at[m})A < 0 on [t;,00)T, we have

™7 (t)) >z (7 (1)) /OO Prn-m-1(8)As  for t € [t;,00)r. (3.21)
By Lemma 2.3, Part (b) we have th;t fori=0
x(t) > 2™ (1) Ry (t, 1)) for t € [ty 00)r.
Then
(1 (t)) > 2™ (7 (£)) Ry (7 () , 1) for 7 (t) € [t1, 00)r. (3.22)
From (3.21) and (3.22), we obtain

Ry (7 (1) ,t1) /toopn_m_l(s)As <1 for7(t)€ [t1,00)T,

which implies
lim sup Rym (7 () ,tl)/ Prn-m-1(8)As < 1.
t—o0 t

This leads to a contradiction to (3.20). This completes the proof. O
The following result is a Fite-Wintner type oscillation criterion.

Theorem 3.4. Assume that

/00p (s) As = 0. (3.23)

Then every solution of Eq. (1.1) is oscillatory.

Proof. Assume Eq. (1.1) has a non-oscillatory solution z(¢). Then without loss of
generality, assume x(t) > 0 and z (g (t)) > 0 on [ty, 00)r. It follows from Lemma 2.1
that there exists an odd integer m € {1,...,n — 1} such that (2.1) and (2.2) hold
for t > t; € [tp,00)r. This implies x(¢) is strictly increasing on [t, 00)r. Then for
sufficiently large ¢y € [t1,00)r, we have x(g(t)) > [ for t > t5. Eq. (1.1) becomes

— @) =p @ a(g(t) = 1p(t) fort € [ty, 00)r. (3.24)
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Replacing t by s in (3.24), integrating from t, to ¢ € [ty, 00), we obtain
t

—a () 4 2 () > l/ p(s)As

to
Hence by (3.23), we have lim; ., #"71 (t) = —o0, which contradicts the fact that
"1 () > 0 eventually. This completes the proof. O

As a direct consequence of Theorems 3.1-3.4, we obtain oscillation criteria for

Eq. (1.1) with n = 2, namely, for the equation
(n®z2®)* +p Bz (9 (8) =0, t € [to, 00) (3.25)

Corollary 3.5. Assume that, for sufficiently large T € [ty,00)T,
liminf R, (t,7) / p(s) Blr(s). T) 1

As > —
Rio(s), 1)~ 7
Then every solution of Eq. (3.25) is oscillatory.

Corollary 3.6. Assume that, for sufficiently large T € [ty,o0)T,

' . 1 t L*
i inf s /T p(5) R (o(9), T) Ba(7(s), T)As >

where
L* :=limsup Ry (o(s),T)/ R (s,T).
Then every solution of Eq. (3.25) is oscillatory.

Corollary 3.7. Assume that, for sufficiently large T € [ty,00)T,
lim sup By ( (£) , T) / p(s)As > 1.
t—oo t

Then every solution of Eq. (3.25) is oscillatory.

Corollary 3.8. Assume that (3.23) holds. Then every solution of Eq. (3.25) is os-

cillatory.

Example 3.9. Consider the second order nonlinear dynamic equation (3.25) with

p(t) = %it)’ where (3 is a positive constant such that (1.2) holds. We see that

lim inf ﬁ /T p(s) By (0(s), T) Ry(7(s), T) As

1 t
> B liminf / As
- 6 t—o00 Rl (t, T) T T (8)

. 1 !
= ﬂhtl'[_l)gjlf m L [Rl (8, tO)]A As

=,
since limy_oo 229 — 1 Then, by Corollary 3.6, we get that (3.26) is oscillatory if

Ry (t,T)
L*
8> thar
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Example 3.10. Consider the second order nonlinear dynamic equation

(1‘”%)) o —a(g() =0, g(t) > o). (3.26)

t

t
where 7 is a positive constant. Here ri(t) = 1, p(t) = 27] . Note that
Rl (tv tO)

/ At :/ t At = o0,
to Tl(t) to

L * iy Br(s),T)
htrggjlf Ry (t,T) /t p(s) WAS

= nlim inf t,T —A
Uity it )/t R3(s,to) i

and

S

> pliminf By (¢, T A
2 7 lim inf B ( >/t Rr(s.to) Ba (o (30, 10)

or g 78
=pliminf R, (t.T — | A
nliminf R (¢, ’/t [Rl(&to)] ;

=1,

since limy_ o, gll((iz;)) = 1. Then, by Corollary 3.5, we get that (3.26) is oscillatory if

1
For Eq. (1.1) with an even n > 4, we have further criteria for oscillation as shown

below.
Theorem 3.11. Assume that

/Oop2(t)At = 00, (3.27)

to

and

liminf R,y (¢, T) /t “p(S)Rn_l,n_l(r(s), T)

t—o0

1
ORI S (3.28)

for sufficiently large T € [tg, 00)r. Then every solution of Eq. (1.1) is oscillatory.

Theorem 3.12. Assume that (3.27) and

. 1 K _ L*,
i inf > /T P Rt (7(3). T) Ry (0(5). T) A > T2 (329

for sufficiently large T € [tg, 00)r and where
L*

m

= limsup R,,_1(0(s),T)/ Rp—1(s,T).

Then every solution of Eq. (1.1) is oscillatory.
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Theorem 3.13. Assume that (3.27) and

limsup Ry, —1.1(7 () ,T)/ p(s)As > 1, (3.30)
t

t—o0

for sufficiently large T € [tg, 00)r. Then every solution of Eq. (1.1) is oscillatory.

Proofs of Theorems 3.11-3.13. Assume Eq. (1.1) has a non-oscillatory solution z(t).
Then without loss of generality, assume x(t) > 0 and z (g (t)) > 0 on [ty,00)r. It
follows from Lemma 2.1 that there exists an odd m € {1,...,n — 1} such that (2.1)
and (2.2) hold for t > t; € [ty, 00)r. We claim that (3.27) implies that m =n — 1. In
fact, if 1 < m < n — 3, then for t > t;

2@ <0, 2@ >0, 2" A1) <0, 2"3(#) > 0. 3.31
(t) <0, , :

By Lemma 2.3, Part (a) we have that for i = n — 2

—z"A (@) > 2 (7 (1)) /too p1(s)As  for t € [ty, 00)r.

By using the fact that x(t) is strictly increasing on [t1,00)r. Then for sufficiently
large ty € [t1,00)T, we have x(7(t)) > [ for t > t5. Then

—z=2(t) > l/ p1(s)As  for t € [ty, 00)r.
t
It follows that

U AN 1
( (t>) Z lrn—2(t)

/toopl(s)As — ().

Integrating above inequality from ¢, to ¢t € [t,00)r and noting that z*~* > 0
eventually, we get

t
23 (ty) — 2 3() > l/ pa(s)As.

to
As a result, limy .o 2"3(¢t) = —o0, which contradicts the fact that =3 > 0 on
[ta, 00)7. This shows that if (3.27) holds, then m = n — 1. The rest of the proof
of Theorems 3.11-3.13 is similar to the proof of Theorems 3.1-3.3 with m =n — 1

respectively and hence can be omitted. O

Remark 3.14. The conclusion of Theorems 3.11-3.13 remains intact if assumption

(3.27) is replaced by one of the following conditions

cither / (DAt = 00 or / pi(B)AL = 0, (3.32)

to to
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4. CRITERIA FOR ODD ORDER EQUATIONS

In this section, we establish Hille, Nehari, Ohriska and Fite-Wintner type criteria
for odd order dynamic equation (1.1). It follows from Lemma 2.1 that there exists
an even integer m € {0,...,n — 1} such that (2.1) and (2.2) hold eventually.

Theorem 4.1. Assume that (3.1) holds, for every even number i € {2,...,n — 1}

and

/OO Pn—1(t)At = oo. (4.1)

to

Then every solution of Eq. (1.1) is either oscillatory or tends to zero monotonically.

Theorem 4.2. Assume that (3.13), for every even number i € {2,...,n — 1} and
(4.1) hold. Then every solution of Eq. (1.1) is either oscillatory or tends to zero

monotonically.

Theorem 4.3. Assume that (3.20), for every even number i € {2,...,n — 1} and
(4.1) hold. Then every solution of Eq. (1.1) is either oscillatory or tends to zero

monotonically.

Proofs of Theorems 4.1-4.3. Assume Eq. (1.1) has a non-oscillatory solution z(t).
Then without loss of generality, assume z(t) > 0 and x (g (t)) > 0 on [ty,00). It
follows from Lemma 2.1 that there exists an even m € {0,...,n — 1} such that (2.1)
and (2.2) hold for t >t € [ty, 00)r.

(I) We show that if m = 0, then lim;_,., z(¢) = 0. In this case
(-2 >0 for k=0,1,...,n.

This implies that x(t) is strictly decreasing on [t;,00)r. Then lim; o z(t) =1 > 0.
Assume [ > 0. Then for sufficiently large to € [t1, 00)T, we have z(g(t)) > [ for t > t,.
Then from (1.1), we obtain

— (@)  =p ) a(g(t) = 1p(t) fort € [tr,00)s.

Replacing t by s in above inequality and integrating from ¢ to v € [t, 00)T, we get

—z () + 2 > l/tvp (s) As = l/tv po (s) As.

and by (2.2) we see that 2("~!(v) > 0. Hence by taking limits as v — oo we have

(1) > 1 / po () As,
t

which implies
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Integrating from ¢ to v € [t, 00)r and letting v — oo and using (2.2), we get

—z"A(1) > l/ p1(s) As.
t

Continuing this process, we get

—at[l](t) > / Pn—2(s) As,
t

which implies

1
—z2(t) > 1

21 [ peas =)

Again integrating the above inequality from t5 to ¢ € [ty, 00)r, we get
t
—x(t) + z(ty) > 1 / Pn-1(s) As
to
Hence by (4.1), we have lim; ., z(t) = —oo, which contradicts the fact that x > 0
eventually. This shows that if m = 0, then lim; ., z(t) = 0.

(IT) Assume m > 2. The same argument holds as in the proof of Theorems 3.1-3.3

respectively and hence is omitted. This completes the proof. O

Example 4.4. Consider the third order nonlinear dynamic equation

(152()* + Galo0) =0, g (1) > o(0), (1.2

for ¢ € [ty, 00)y , where (3 is a positive constant. Here

n=3, 1=2, mt)=1, rl(t):tandp(t):tg.

It is clear that condition (1.2) holds. Note that

[e.e] [e.e] [e.e] _ A
m(t) = r21(t)/t p(s)As :/t gAs > 6/1& (TI) As > g,

[e.e] o0 A
/ pi(s)As > ﬁ/ = = o,
to to 8§

To apply Theorem 4.1, it remains to prove that condition (3.1) holds. To see this
note that

and

o © A 7
htminf&(t,T)/ P2(3,T)Aszﬁli{ninf(t—T)/ 20> pimint L <
—00 t — 00 t

t—o0

So if 3 > 1, then (3.1) holds and we have by Theorem 4.1 that (4.2) is oscillatory or

every solution tends to zero if 5 > i.

Theorem 4.5. Assume that (3.23) holds. Then every solution of Eq. (1.1) is either

oscillatory or tends to zero monotonically.
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Proof. Assume Eq. (1.1) has a non-oscillatory solution z(¢). Then without loss of
generality, assume z(¢) > 0 and x (g (¢)) > 0 on [ty,00)r. It follows from Lemma 2.1
that there exists an even m € {0,...,n — 1} such that (2.1) and (2.2) hold for ¢ >
t1 € [to, 00)T.

(I) We show that if m = 0, then lim; . z(¢) = 0. In this case

(=D)*z™ >0 for k=0,1,...,n

This implies that x(t) is strictly decreasing on [t;,00)r. Then lim; . z(t) =1 > 0.
Assume [ > 0. Then for sufficiently large to € [t1, 00)T, we have z(g(t)) > [ for t > t,.
Then from (1.1), we obtain

— (2" ()2 = p(®)x (g (1) > 1p(t) for t € [t, o0)r.

Replacing ¢ by s in the above inequality and integrating from t, to t € [ta, 00)r, we

get
t
—z (@) 4+ 2 () > l/ p(s) As.

to
Hence by (3.23), we have lim;_, 2" (t) = —o0, which contradicts the fact that
xI"1(#) > 0 eventually. This shows that if m = 0, then lim,_, (t) = 0.

(IT) Assume m > 2. The same argument as in the proof of Theorem 3.4 and

hence is omitted. This completes the proof. O
Example 4.6. Consider the higher order nonlinear dynamic equation (1.1) with

' 1
7i(t) :tl/z’ i=1,2,...,n—1 and p(t) =

where € (—o0, 1] is a constant. Using [5, Example 5.60], we have

/ 1—/5;:/ —BS:OO’ 22172?3n_1
t, S to S

0

Then by Theorems 3.4 and 4.5:

1. if n € 2N, then every solution of Eq. (1.1) is oscillatory.
2. if n € 2N — 1, then every solution of Eq. (1.1) is either oscillatory or tends to

zero monotonically.

At the end of this paper, we establish parallel results to Theorems 3.11-3.13
under the assumption that (3.27) holds.

Theorem 4.7. Assume that (3.27) and (3.28) hold. Then every solution of Eq. (1.1)

1s either oscillatory or tends to zero monotonically.

Theorem 4.8. Assume that (3.27) and (3.29) hold. Then every solution of Fq. (1.1)

1s either oscillatory or tends to zero monotonically.

Theorem 4.9. Assume that (3.27) and (3.30) hold. Then every solution of Eq. (1.1)

15 either oscillatory or tends to zero monotonically.
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Proofs of Theorems 4.7-4.9. Assume Eq. (1.1) has a non-oscillatory solution z(t).
Then without loss of generality, assume x(t) > 0 and z (g (t)) > 0 on [ty,00)r. It
follows from Lemma 2.1 that there exists an even m € {0,...,n — 1} such that (2.1)
and (2.2) hold for t > t; € [ty, 00)r.

(I) We show that if m = 0, then lim;_,., z(¢) = 0. In this case
(=D)*z" >0 for k=0,1,...,n

This implies that x(t) is strictly decreasing on [t;,00)r. Then lim; o z(t) =1 > 0.
Assume [ > 0. Then for sufficiently large to € [t1, 00)T, we have z(g(t)) > [ for t > t,.
As in the proof of Theorems 4.1-4.3, we have

a0 21 [ ) s
t
which implies
(A s L / ~ _
(SL’ (t)) _lrn_g(t) t p1(s)As =1 pa(t).

Integrating above inequality from ¢, to ¢t € [t,00)r and noting that z[*~3 > 0

eventually, we get

t
2 =3(ty) — 2 3() > l/ pa(s)As.
to

[n=3]

As a result, lim,_, 2" 3l(t) = —oco, which contradicts the fact that > 0 on

[t2, 00)7. This shows that if m = 0, then lim; . x(t) = 0.

(IT) Assume m > 2. The same argument holds as in the proof of Theorems 3.11—

3.13, respectively, and hence is omitted. This completes the proof. O

Remark 4.10. (a) The conclusion of Theorems 4.1-4.3 remains intact if assumption

(4.1) is replaced by one of the following conditions

/pg(t)At:oo, /p4(t)At:oo,...,/ po () = o0,
¢ to ¢

0 0
(b) The conclusion of Theorems 4.7-4.9 remains intact if assumption (3.27)is replaced
by (3.32).
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