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ABSTRACT. We apply Krasnosel’skii’s fixed point theorem [6] to study the semipositone eigen-

value problem

uD (1) + 02" (t) = M (L u(t), 0<t<1,

We show that there exist at least two positive solutions for a sufficiently small value of A > 0.
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1. INTRODUCTION

In this paper, we are interested in the fourth order nonlinear boundary-value

problem

u (t) + W2 (t) = M (t,u(t), 0<t<1, (1.1)
u(0) = u(1) = u"(0) =u"(1) =0, (1.2)

which serves as a nonlinear model describing deformations of elastic beams with axial

force effects.

Due to numerous applications [10], solvability of fourth order both local and non-
local boundary value problems has been discussed in many papers. Various methods
were applied in [5, 1, 3, 4, 11] to obtain the existence of a unique or multiple solu-
tions of fourth-order boundary value problems including the result for semipositone
problems [9, 12, 8, 7, 2].

In the next section we present the properties of Green’s function of the homoge-
neous analogue of (1.1) with (1.2), and state Krasnosel’skii’s fixed point theorem [6],
which will be used to show the existence of at least two positive solutions. The main

result is obtained in Section 3.
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2. GREEN’S FUNCTION

First, we state Green’s functions of
Liu(t) = —u"(t) —w?u(t) =0, te(0,1),
with 0 < w < 7, and
Lou(t) = —u"(t) =0, te€(0,1),

both satisfying u(0) = w(1) = 0. These functions are well-known and are given,

respectively, by

1 sinwssinw(l —1t), 0<s<t<I1,
G(t,s) = —
WSIMW | sinwtsinw(l —s), 0<t<s<1,
and
s(1—1), 0<s<t<,
H(t,s) = ( )
t(l—s), 0<t<s<l1

In particular,
p(t)Ho(s) < H(t,s) < Ho(s), Ho(s)=s(l—3s), p(t)=min{t,1—-¢t}. (2.1
Using the Green functions G and H, we can see that Green’s function of
LiLou(t) = u™®(t) + w?u"(t) = 0

satisfying (1.2) is

G(t,s):/o H(t,7)G(T,s)dr

1 sinwssinw(l —t) — s(1 —t)wsinw, 0<s<t <1, (2.2)

wrsinw | sinwtsinw(l — s) — t(1 — s)wsinw, 0<t<s< 1.

It is clear that G(t,s) and G(t,s) are nonnegative valued in [0,1] x [0,1]. As a
result, G(t,s) > 0 for (¢,s) € [0,1] x [0,1]. The next two lemmas concerning G(t, s)
are useful whenever one would like to apply a cone-theoretic result such as Theorem
2.5. The first lemma can be found in [11]. The second lemma is similar to Lemma

2.2 in [11], so we omit the proof.

Lemma 2.1. The Green function G(t,s), (t,s) € [0,1] x [0,1], satisfies
Gi(s) =2 G(t,s) = ¢:i(t)Gi(s),

where

0 (t) = Sirllw min {sinwt, sinw(l — )}, Gi(s) = G(s, ),

for0<w <m/2, and

¢2(t) = min {sinwt, sinw(1 —t)},
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sin ws, 0<s<1-L,
1 w
_ : . - _
Ga(s) = e sinwssinw(l —s), 1-IL <s< I,
Sinw(]' - S)a % <s<1,

form/2 <w <.

Since p(t) < ¢;(t), we prefer to use p(t) to define the cone, which is done with the
help of the next lemma.

Lemma 2.2. The Green function G(t,s) satisfies
H(s) > G(t,s) > p(t)H(s), (t,s)€[0,1] x[0,1],

where

H(s):/0 Hy(7)G(T,s)dr.

In the Banach space X = C]0, 1] with the max-norm, we define a cone by
C={veX:ut)=p@)v], t 0]}
In particular, if 0 < o < 1/2,
u(t) = Allull, tela1-a (2.3)

where v = mineja,1-0 P(t) = .

Lemma 2.3. If g € C[0,1], go(t) > 0 in [0,1], go(to) > 0 for some ty € [0, 1], then
there exists > 0 such that the inequality

p(t) > Muo(t)v te [07 1]7 (24)
holds where ug(t) = fol G(t, s)go(s)ds.

Proof. Consider first the case 0 < w < /2. We have
1
w(t) = [ Gits)on(s)ds
0

S (/0 (sinwssinw(l —¢) — s(1 — t)wsinw)go(s) ds

w3 sin w

+/t (sinwtsinw(l —s) — (1 — s)wsinw)go(s) ds))

1 t 1
< —— (/ (sinwssinw(l—t)go(s)ds+/ Sinwtsinw(l—s)go(s)ds)>
wisinw \ J .
(2.5)
1 : : !
< u}:,)Smwsumutsmu)(l —t)/o go(s) ds
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1
w3 sin w

190l
w2

IN

1
wt sinw/ go(s)ds
0

t

and at the same time
uo(t) < H90H1(1—t).

S
Thus,
2
w
p(t) = r——uo(t).
19011
If

2

p< = (2.6)

~ lgolly”
then the inequality (2.4) is fulfilled.

For /2 < w < 7, we note that (2.5) still applies and obtain, for ¢ € [0, 1/2],

1

w3 sin w

1 /t ' ' 1
: sin wsgo(s ds—l—smwt/ go(s)ds
wgsmw( i wsa(s) i) >)

sin wt||go |1

UQ(t) S

(sinw(l —t)/o (sinwsgo(s) ds+sinwt/t sinw(1 — s)go(s) ds))

IN

IA

w3 sin w
lgoll1
w? sin w

goll1
= (t).

w?sin w

< t

One can easily arrive at the same inequality for ¢ € [1/2,1]. Again, the inequality
(2.4) holds provided

w?sinw
< g = . (2.7)
lgoll1
O
We will also need the constants
1
D= G(t d
max /0 (t, s)p(s) ds
1 w [ 2 w 1 w 1
= in— (Ssine — —cos | — —wsi 2.
w?’sinw(San <w2 sin wCOS2) 24ws1nw>, (2.8)
1
L= max/ G(t,s)ds
te[0,1] Jo
1
= e (8(25in 5 — sinw) - w*sinw) (2.9)
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and, for 0 < o < 1/2,

11—
C = max G(t,s)ds
te[0,1] J 4
— 1 LW 5 ,
= s <8(2 coswarsin sinw) —w”sinw(1 — 4a )) (2.10)
Define
f(t,2) + golt), (t,2) €[0,1] x [0, 00),
flt,2) =

and consider the equation
v (1) + w2 (t) = M, (t, v(t) — Mug(t)), t€(0,1), (2.11)
under the boundary conditions (1.2).

Lemma 2.4. The function u is a positive solution of the boundary value problem
(1.1), (1.2) if and only if the function v = u+ Aug is a solution of the boundary value
problem (2.11), (1.2) satisfying v(t) > Aug(t) in [0, 1].

Suppose that the function f in (1.1) satisfies

(Hl) f S C([O> 1] X R+>R);
(Hs) there exists a function go € C[0, 1] such that go(¢) > 0 in [0, 1], g(ty9) > 0 for
some to € [0,1] and f(t, 2) + go(t) > 0 in [0, 1] x Ry;

In the Banach space X = C[0, 1] endowed with usual max-norm, we consider the

operator
Tou(t) = A /1 G(t, s) fo(s,v(s) — Aug(s)) ds, (2.12)
where G(t, s) is given by (2.2). ]gy (Hy), T: X — X is completely continuous.
Obviously, a fixed point of T : C — C is a positive solution of (2.11), (1.2). The

existence of the former will be shown using Krasnosel’skii’s fixed point theorem:

Theorem 2.5. Let B be a Banach space and let C C B be a cone in B. Assume that
1, Qy are open with 0 € Oy, Q1 C Qy, and let

TICﬂ(Qg\Ql)—)C
be a completely continuous operator such that either

@) |Tul| < |ull, weCno, and |Tull = |ul, u€CNoy, or
(i) (| Tull = ull, we€CnoQy, and |Tu| < |ul, € CNoQy.

Then, T has a fized point in C N (Qy \ Q).

Subsequently, (1.1), (1.2) has a positive solution provided the inequality of Lemma 2.4
holds.
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3. POSITIVE SOLUTIONS

We present our main result for 0 < w < 7 since the only difference between the
cases 0 < w < w/2 and 7/2 < w < 7 is that between the constants u; and pg in
Lemma 2.3. The presence of the parameter A > 0 provides an additional control on

the growth of the right side. We will need the following assumptions:
(M) there exists an interval [a, 1 —a] C (0,1) such that
t

U—00 u

Y

uniformly in o, 1 — af.

(M) f(t,0)>0,te[0,1].

Our next result is a multiplicity criterion. We introduce
o(r) = max{f(t,z —uo(t)) + go(t) : t € [0,1], z € [0, 7]} (3.1)

Theorem 3.1. Assume that (H,y), (Hz), (M), (Ms) hold. Then, the boundary value

problem (1.1), (1.2) has at least two positive solutions provided A > 0 is small enough.

Proof. We will construct open nonempty subsets Q; = {v € C: ||v|| < R;},i=1,...,4.
Let the R; > 0. Then, using (3.1),
1
| Tv|| = m[gul(] )\/ G(t, s) fo(s,v(s) — Aug(s)) ds < ALp(Ry) < Ry
te|0, 0

for all v € C N 0€y, provided
Ry
Lo(Ry)
Let v € C N0y, where Ry > R;. We choose u = p; according to Lemma 2.3.
Note that the equation in (Ms) holds with f, in place of f. Thus, given A > 0
satisfying

A<

(3.2)

%ACVA >, (3.3)

where C' is given by by (2.9), there exists h > 2R, such that f,(¢,2) > Az for all
z>handt € [a,1—al. For every A in (3.2), there exists a constant A > 0 such that
(3.3) is satisfied. Since p(s) > pug(s) in [0, 1], for all s € [a, 1 — «], we have

Aug(s) < 2]9(5) < ﬁv(s).
So,
v(s) — Aug(s) > (1 — L) v(s) > (1 — L) YRy > 1”ng
PR pRy 2
provided
A< ,M—Rg (3.4)
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Hence,
fo(s,v(s) —up(s)) > A(v(s) — Aug(s)) > %RQ, s € [a,1—al.

Then, by (3.3),

||Tv||—max>\/Gt s) fp(s,v )—Auo(s))ds>)\max/ G(t, s)ds—AR2

t€(0,1 te(0,1

l1-a
= )\ max G(t,s)ds —ARQ
t€f0,1] J,, 2

_ v

= >\C’§AR2

> Rs.
That is, | Tv]| > ||v]| for all v € CNI,. By Theorem 2.5, we have a solution v; such
that Ry < ||v1]| < Ry for every

0<)\§>\o=min{ f M—RZ}

Lo(Ri)" 2

In order to make use of the assumption (M), we note that there exist a,b > 0
such that f(t,z) > bfor allt € [0,1] and z € [0, a] and introduce a “truncation” of f
given by

ft,2), (t,2) €[0,1] x [0, a]),
f(t,a), (t,2)€]0,1] x (a,00).

Consider now,
v () + Wt (t) = Mi(t,o(t), 0<t<1,

subject to (1.2). The operator, whose fixed point will be shown to be (a second)
solution of (1.1), (1.2), is

To(s) =\ /OlG(t, s) fi(s,v(s)) ds.
Choose R3 < min{R;,a}. Then, as in the first part of the proof,
ITv|| < AL¢(Rs),
where ¢(R3) = max{f(t,z) :t € [0,1], z € [0, Rs]}. Choose

A< min{ (3.5)

Rs \ }
L¢(R3)’ 0 )
then [|[Tv|| < ||v]| for all v € C N 9I3. Choose A according to (3.5). Since

t, z . b
lim fil )Z lim — = o0
z—0t z z—0t 2

uniformly in [0, 1], there exists 0 < Ry < R3 such that
fi(t,z) = Bz, t€[0,1], z €0, Rd],
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where

1
ABD >1, D= max/ G(t, s)p(s) ds,

t€[0,1]

and D is defined by (2.8). Then, for all v € C N0y,

HTUH—maX)\/Gtsftsv( ))ds>max)\B/Gts

t€(0,1] te(0,1

>)\BmaX/Gts p(s)Ryds

t€[0,1
= ABDRy

> ||l

Thus, there exists a positive solution vy with Ry < ||va]] < R3 < Ry < ||v1]| < Ry for
every A > 0 satisfying (3.5). O
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