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1. INTRODUCTION

Boundary value problems are important in theory and have wide applications in

physical sciences. For example, the boundary value problem
u () = g() f(ult), 0<t<1, (1.1)

uw(0) =4'(0) =4/ (1) =u(l) =0 (1.2)

arises in the study of elasticity and has definite physical meanings. The equation (1.1)
is often referred to as the beam equation. It describes the deflection of a beam under
a force. The boundary conditions (1.2) mean that the beam is embedded at both
ends t = 0 and t = 1. Related is the boundary value problem that consists of the

equation (1.1) and the boundary conditions
u(0) =u/(0) = /(1) =" (1) = 0. (1.3)

It is well known that the problem (1.1), (1.3) arises in the study of symmetric solutions
to the problem (1.1), (1.2).

In 2005, Yang [10] studied the problem (1.1), (1.3) and proved the following

theorem.

Theorem 1.1. If u € C*0, 1] satisfies (1.3) and is such that
W) >0, 0<t<1,
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then u(t) >0 for 0 <t <1, and

(3t — 26 u(1) < wu(t) < (2t — *)u(l), 0<t<1.

In this paper, we consider the fourth order discrete boundary value problem
A'yio=gif(y:), 1<i<n, (1.4)

Yo = Ay—l = Ayn = A3yn—1 =0. (15)

Here the forward difference operator A is defined as

Ay; = Yi+1 — Yi-

Problem (1.4), (1.5) can be considered a discrete analogue of problem (1.1), (1.3).
It is important to study boundary value problems of difference equations from a
computational point of view. An example is included at the end of Section 3 to show
how we discretize a boundary value problem of fourth order differential equation and

then solve it numerically.

The main purpose of this paper is to prove some upper and lower estimates
for positive solutions of the problem (1.4), (1.5). These upper and lower estimates
are essential in finding sufficient conditions for the existence of positive solutions. We
refer the reader to [1, 3, 6, 8, 9, 11] for some recent works on boundary value problems

of discrete beam equations. Throughout the paper, we assume that

(H) n > 4 is a fixed integer, g; > 0 for 1 <1i < n,

i g: >0,
=1

and f :[0,400) — [0, +00) is a continuous function.

Definition 1.2. By a positive solution to the problem (1.4), (1.5), we mean a se-
quence

(y—h Yo, Y1, - -+ Yns Yn+1, yn+2)
which satisfies the difference equation (1.4), the boundary conditions (1.5), and the
inequalities

yi>0, 1<i<n.

Throughout the paper, we let R denote the set of real numbers. For 1 <i < n
and 1 < j <n, we define

oo 20+ 1)1 +3i —j) — LG <,
MU b4 1)1+ 3 — i) — BN
6 A(n+1) 7 J-

Then, G, ; is the Green function for the problem (1.4), (1.5), in the sense that
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(1) First, if
(Y=1,Y0, Y15 - - -, Yn, Ynt1, Ynt2)
is a solution to the problem (1.4), (1.5), then
(y17y27 cee 7yn)

solves the sum equation
vi= Y Gijgif(y;), 1<i<n (1.6)
j=1

(2) Secondly, if
(ylay2> s ayn) € R"
solves the sum equation (1.6), then
(07 07 Y1, 92, -+ - s Yn—15Yns Yn, yn—l)
is a solution to the problem (1.4), (1.5).

In other words, problem (1.4), (1.5) is equivalent to the sum equation (1.6). Hence,
in order to solve the problem (1.4), (1.5), it suffices to solve the sum equation (1.6).
We leave it to the reader to verify that

Gi,j>0a 1§Z,]§7’L,

and
Gij=Gji, 1<4,j<n.

Throughout the paper, we define the norm || - || on R™ as
We define the subset Y of R" as

It is obvious that Y is a positive cone of R". For each y = (y1,...,y,) € Y, we define
Ty € R" as

Ty = (; Gl,jgjf(yj)v;szgjf(yj)? - -v;G"Jgjf(yj)> !

or equivalently,
(Ty)i =Y Gijgif(y;), 1<i<n
j=1

It is easy to see that T': Y — Y is a continuous operator.

To prove some of our results, we will need the following fixed point theorem,

which is due to Krasnosel’skii [7].
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Theorem 1.3. Let (X, || -||) be a Banach space over the reals, and let P C X be a
cone in X. Let Hy and Hy be real numbers such that Hy > H; > 0, and let

Q={veX||v|<H}, i=1,2.
If
L:PN(Q—Q)—P
1s a completely continuous operator such that, either
(K1) ||Lv|| < ||| if v e PNy, and ||Lv|| > ||v]| if v € PN 0OQy, or
(K2) [|[Lo|| > ||v|| if v € PN O, and ||Lv|| < ||v]| if v € PN OQ,.
Then L has a fived point in PN (Qy — Q).

The rest of this paper is organized as follows. In Section 2, we prove some upper
and lower estimates for positive solutions of the problem (1.4), (1.5). In Section 3,
we state and prove the existence and nonexistence results for positive solutions of the
problem (1.4), (1.5). In Section 4, we give estimates for the first eigenvalue of the

linear boundary eigenvalue problem associated with the problem (1.4), (1.5).

2. UPPER AND LOWER ESTIMATES

We fix some notations first. For 1 <17 <n, we define
(i 4 1)(3n + 2 — 2i)
" onm+1D(n+2)

and
b — i(2n+1—1)

n(n+1)
It is easy to verify that (ay,...,a,) € Y and (by,...,b,) € Y.

Lemma 2.1. We have
O<ayy<ar<azg<---<a,=1,
0<bl<bQ<b3<"'<bn:1,

and a; < b; for 1 <i < n.

Proof. 1t is easy to see that ag > 0, by > 0, and a, = b, =1. For 1 <i:<n—1, we

have
6(i+1)(n—1)

i+l — A = >0,
dir1 =@ nn+1)(n+2)
2(n —1)
biy1 —bj=——->0.
i n(n+1)>0

For 1 <17 <n, we have
b 2i(n —i)(n+1—1)
i — Qi =

nn+1)(n+2)

The proof of the lemma is now complete. O

> 0.
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We have the following estimates for the Green function.
Lemma 2.2. For1 <i<n and1 < j <n, we have
a;,G,; < G < b,G, ;. (2.1)
Proof. We take two cases to prove the first inequality in (2.1). If 1 <7 < j < n, then

Gij = aiGn

i+ )(n—j)(n—j+1)
B 6n(n+1)(n+2)

[(j—i)n+2j(n—1)+2(j —1i) +n+2]

> 0.

If1<j<1i<n,then

Gij = aiGn

U+ —)n—it+1) , , o
T 6n(n+1)(n+2) [(i = J)n+2i(n —j) +2(i — j) + n + 2]

> 0.

Thus, we proved the first inequality in (2.1).

It also takes two cases to prove the second inequality in (2.1). If 1 <i < j <mn,
then

biGn,j _Gi,j
- m [G=DG+Dn—5)n+1-75)+(G—i)P n(n+1)
+j (G = )(n? = 5> +n+ 1)]
> 0.

If1<j<1i<n,then

J=DjG+ D0 =i)n—it+1)

> 0.
6n(n + 1) ~

biGn; — Gij = (

Thus, we proved the second inequality in (2.1). The proof of the lemma is now
complete. O

Lemma 2.3. If y = (y1,...,yn) €Y, then
ai(Ty)n < (Ty)i < bi(Ty)pn, 10 <

In particular, if y = (y1,...,Yn) 1S a non-negative solution to the sum equation (1.6),
then y € Y and

aiyn < Yi < biyp, 1<i<n.
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Proof. Let y € Y. For 1 <i <n, we have

(Ty)i = > Gijgif () <bi Y Gnjgif (y;) = bi(Ty)n.

J=1 J=1

In a similar way, we can show that
(Ty); > a;(Ty)n, 1<i<n.
The proof is now complete. O

3. EXISTENCE AND NONEXISTENCE OF POSITIVE SOLUTIONS

First, we define some important constants:

A=Y Gujga;, B=Y Gujgb;,

j=1 Jj=1
Fy = lim sup m, fo =liminf m,
z—0+ x z—0t T
F, = limsup m, foo = liminf m
T— 400 i r—+oo T

Throughout the rest of the paper, we let
P={v=1(v1,...,v) €Y | v, >0, av, <v; <bw, for 1 <i<n}.

Clearly P is a positive cone in R™. The next lemma shows that if u € P, then the

greatest component of u is u,.
Lemma 3.1. Ifu € P, then u,, = |jul|.

Proof. If u € P, then we have
0 <u; <bu, <byu, =u,, for 1<i<n.
The proof is complete. O

We can restate Lemma 2.3 as follows.

Lemma 3.2. We have T(P) C P. And, if u € R" is a nonnegative solution to the
sum equation (1.6), then u € P.

It is clear that the sum equation (1.6) is equivalent to the equality
Tu=u, ué€P.

In order to find a positive solution to the problem (1.4), (1.5), we need only to find
a fixed point w of T" such that u € P and u,, = ||ul| > 0.
Now, we are ready to prove some sufficient conditions for the existence of at least

one positive solution to the problem (1.4), (1.5).
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Theorem 3.3. Suppose that (H) holds. If BFy < 1 < Af., then the problem (1.4),

(1.5) has at least one positive solution.

Proof. First, we choose ¢ > 0 such that (Fj +¢)B < 1. From the definition of F{, we
see that there exists H; > 0 such that

f(x) < (Fo+e)r for 0<z < Hj.
For each u € P with ||u|| = Hy, we have

(Tu)n = Z Gh,j9;f(uj) < (Fo+¢) Z Gn,jgju;
j=1

j=1

< (Bo+o)ull Y Gujgsb;

j=1

= (Fo+e)llull B < |ull,
which means ||Tu|| < ||u||. Thus, if we let Q; = {u € R™ | ||u|]| < H;}, then

|Tu|| < |Ju|| for we Pnosy.

To construct €2y, we choose d > 0 such that

(foo = 0) Y Grjgia; > 1.
=1
There exists Hs > 0 such that f(z) > (foo — 0)x for x > Hj. Let Hy = Hz/ay + H;.
Then Hy > Hy. If u € P is such that ||u|| = Ha, then, for 1 <i < n, we have
u; > upa; > Hyay > Hs.

Therefore, for each v € P with ||u|| = Hs, we have

(Twn = D Gnjgif (u5) > (foo = 0) Y G jgju;
j=1 i=1

> (foo = O)ull Y Gujgsa; > |lull,

j=1
which means ||Tu|| > ||lu|. Thus, if we let Qy = {u € R" | ||u]| < Ha}, then Q; C Qy,
and

|Tu|| > |Ju|| for we PN oSk.

Now, since the condition (K1) of Theorem 1.3 is satisfied, there exists a fixed point
of Tin PN (Qy — Q). The proof is now complete. O

In a similar way, we can prove the next existence result.

Theorem 3.4. Suppose that (H) holds. If BF,, <1 < Afy, then the problem (1.4),

(1.5) has at least one positive solution.
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The next two theorems provide sufficient conditions for the nonexistence of pos-
itive solutions to the problem (1.4), (1.5).

Theorem 3.5. Suppose that (H) holds. If Bf(x) < z for all x € (0,400), then the
problem (1.4), (1.5) has no positive solutions.

Proof. Assume to the contrary that u € P is a positive solution of the sum equation
(1.6). Then, u; > 0 for 1 <i <n, and

Un = > Guygif(u;) < B G jgju,

j=1 Jj=1
n
< B_IUn Z Gn,jgjbj = B_lBun = Unp,
j=1

which is a contradiction. The proof is complete. O

Theorem 3.6. Suppose that (H) holds. If Af(x) > x for all z € (0,+00), then the
problem (1.4), (1.5) has no positive solutions.

The proof of Theorem 3.6 is quite similar to that of Theorem 3.5 and is therefore

omitted.

Example 3.7. Consider the problem

Alyip = Agif (i), 1<4<10, (3.1)
Yo = Ay_1 = Ayyg = A’yg = 0. (3.2)
Here A > 0 is a parameter, g; = (1 + 7 +4%)/1000000 for 1 < ¢ < 10, and
Au(l+ 2u)
=" 7/ > () 3.3
fly =22 s (53)

It is easy to see that fo = Fy = A, foo = Fw = 2, and
Au < f(u) <2 u, for u>0.

By direct calculation, we find that

68539 23067
d B=

A= an = .
2000000 625000

By Theorem 3.3, if
1 1
1459~ — < A< = = 27.
59 51 <2< 7.09,
then the problem (3.1), (3.2) has at least one positive solution.

From Theorems 3.5 and 3.6, we see that if
1 1
> — ~ 29, < — =~ 13.54
)\_A 29.18 or )\_QB 3.547,

then the problem (3.1), (3.2) has no positive solutions.

This example shows that our existence and nonexistence conditions are quite

sharp.
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Example 3.8. We consider the boundary value problem

u"(t) =p(t) - (T+3u(t), 0<t<l, (3.4)
uw(0) =4'(0) =d/(1) =" (1) =0, (3.5)
where 5401
p(t) =

49 + 75t2 — 60t? + 6t°
This boundary value problem has a positive solution

a(t) = (25t% — 2083 + 2t°) /7.
Note that maxo<i<i 4(t) = 1.

For illustrative purposes, we now try to solve problem (3.4), (3.5) numerically.
First, we let n = 500, h = 1/n, and, for each i = —1,0,1,2,3,...,n,n+ 1,n+ 2, we
let

ti = (i—1/2)h.
This means that we divide the interval [0, 1] into n = 500 subintervals of equal length
and we let t1,%q,...,t, be the midpoints of these subintervals. The discretization of

the boundary value problem (3.4), (3.5) is now

(uti-2) = dultior) + 6u(t:) — dultipr) + u(tis2)) /B = p(t:)(7 + Bu(t:),
i=1,2,3,...,n, (3.6)

(3.7)
u(tpi1) — u( n) =0, u(tn+2) — 3u(ty41) + 3u(t,) —u(t,—1) = 0. }
If we denote u(t;) by u; for each i = —1,0,1,...,n,n+ 1,n + 2, then we can rewrite

problem (3.6), (3.7) as
A*u_o = h*p(t)(7+3u;), i=1,2,3,...,n, (3.8)
= Au_; = Au,, = ANu,_; = 0. (3.9)

The boundary value problem (3.8), (3.9) is equivalent to the sum equation
§2G2jh4 )7+ 3u;), i=1,2,3,...,n. (3.10)

By using the contraction mapping theorem, we can show that the sum equation (3.10)

has a unique solution.

Next, we construct an approximate solution to the sum equation (3.10) through
iteration. Let
W =1, i=1,2,...,n

(2

For m > 1, we let
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(m
7

mation for u(t). Calculations using MATLAB indicate tha

w —a(t)

This iteration converges very fast, and for m > 6, {u

max
1<i<n

< 0.0103,

which is a very small error if compared with the size of a(t).

4. ESTIMATES FOR THE FIRST EIGENVALUE

In this section, we consider the boundary eigenvalue problem

B. YANG

n
)} is a very nice approxi-
i=1

A'yis =gy, 1<i<n, (4.1)
Yo =Ay1 = Ay, = Ay, = 0. (4.2)
If we let
6 —4 1 0 0 0 O 0 0 O
—4 6 —4 1 0 0 0 0 0 0
1 -4 6 —4 1 0 O 0 0 O
0 1 -4 6 —4 0 O 0 0 O
D= :
0 0 O 0 o --- 1 -4 6 —4 1
0 1 —4 6 —3
0 0 0 0 0O --- 0 0 1 -3 2
K = diag(gb s ,gn)>
y= (Y192, Yn),
then we can write the problem (4.1), (4.2) into the form
Dy" = AKy",
or equivalently
yT = \GKy”, (4.3)
where
G = (Gi,j)nxn~
Let M be the number of nonzero components in the vector (gi,...,g,). In 2006, Ji

and Yang [6] proved the following result.

Theorem 4.1. The eigenvalue problem (4.3) has M positive eigenvalues. FEach of

the M eigenvalues is simple. The smallest eigenvalue Ay corresponds to a positive

eigen-solution

y:(ylv"'vyn>€}/'

By using the upper and lower estimates for positive solutions that we obtained

in Section 2, we can prove the following theorem.
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Theorem 4.2. If \; is the smallest positive eigenvalue of the problem (4.3), then
1/B <)\ <1/A.

Proof. Let z = (z1,...,2,) € Y be an eigen-solution corresponding to A;. Then it is
obvious that z € P, z, > 0. And, we have

zn = M(GK2), =\ ZGmgjzj > \i2n, Z Gnjgia; = Az, A.

j=1 Jj=1

This implies that A\ < 1/A. In a very similar way, we can show that A\; > 1/B. The

proof is complete. O
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