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1. INTRODUCTION

Fractional calculus is a generalization of differentiation and integration to an ar-
bitrary order. The first work devoted exclusively to the subject of fractional calculus
is the book by Oldham and Spanier [17]. A rigorous study of fractional calculus can
be found in [20]. Fractional differential equations have recently been proved to be
valuable tools in the modeling of many phenomena in various fields of engineering,
physics, economics, and science. We can find numerous applications in viscoelasticity,
electrochemistry, control, porous media, electromagnetic, etc. [8, 10, 11, 12, 18, 21].
In recent years, there has been a significant development in fractional differential
equations. Ome can see the monographs of Abbas et al. [1, 2], Kilbas et al. [15],
Lakshmikantham et al. [16], and the references therein. Agarwal et al. [5] proposed
the concept of solution for fractional differential equation with uncertainty. They
considered the Riemman-Liouville’s differentiability to solve fuzzy fractional differ-
ential equations; which is a combination of the Hukuhara difference and Riemman-

Liouville’s derivative; see also Arshad and Lupulescu [7] and the references therein.
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In this paper, we investigate the solution of Caputo’s fuzzy fractional differential
equations. This paper is organized as follow. In Section 2 we recall some basic knowl-
edge of fuzzy calculus and fractional calculus. In Section 3 several basic concepts and
properties of fuzzy fractional calculus are presented. We use the fixed point approach.

For an application of the above cited approach to fuzzy differential equations see [6].

Our aim in this paper is to study the existence of solution for fuzzy partial hy-
perbolic differential equations involving Caputo derivatives. The Banach contraction
principle and a fixed point theorem for absolute retract spaces are used to investigate

the existence of fuzzy solutions for the fractional differential equation
(“Dgu)(z,y) = f(z,y, u(z,y), (“Diu)(z,y)), if (z,y) € J:=[0,a] x [0,0],  (1.1)

u( 70) = 90(1')7 T € [O>a]>
) =1(y), y €00, (1.2)

where a,b > 0, “D{ is the Caputo’s fractional derivative of order ¢ = (q1,¢q2) €
(0,1] x (0,1], f : J x E™ x E™ — E™ is a given continuous function, ¢ : [0,a] —
E™ 4 :[0,b] — E™ are given absolutely continuous functions with 1(0) = ¢(0).

We present two results for the problem (1.1)—(1.2); the first one is based on the
Banach contraction principle and the second one on a fixed point theorem for absolute

retract spaces.

To our knowledge, fuzzy solutions for the problem (1.1)—(1.2) have not been
considered yet. So the present paper initiates the concept of fuzzy solutions for

implicit fractional differential equations.

2. PRELIMINARIES

We introduce notations, definitions, and preliminary facts which are used through-

out this paper.

Definition 2.1. Let X be a nonempty set. A fuzzy set A in X is characterized by
its membership function A : X — [0, 1] and A(x), called the membership function of
fuzzy set A, is interpreted as the degree of membership of element z in fuzzy set A
for each z € X.

The value zero is used to represent complete non-membership, the value one is
used to represent complete membership and values between them are used to represent
intermediate degrees of membership. Let P,(R™) denote the collection of all nonempty
compact convex subsets of R” and define the addition and scalar multiplication in
P(R™) as usual. Let A and B be two nonempty bounded subsets of R". The distance
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between A and B is defined by the Hausdorff metric

Hy(A, B) = max {sup d(a, B), sup d(b, A)}

acA beB

where d(b, A) = inf{d(b,a) : a € A}. It is clear that (P(R"), H,) is a complete metric
space [13].

Denote by
E"™ = {y :R" — [0, 1] such that they satisfy (i) to (iv) mentioned below},

(1) y is normal, that is there exists an o € R™ such that y(xy) = 1;

(ii) y is fuzzy convex, that is for z,2 € R" and 0 < A < 1,
y(Az + (1= A)2) > minfy(z), y(2)];

(iii) y is upper semi-continuous;

(iv) [y]° = {z € R* : y(x) > 0} is compact.

For 0 < o < 1, we denote [y]* = {x € R" : y(z) > «a}. Then from (i) to (iv), it
follows that the a—level sets [y]* € Py(R™).

We define the supremum metric D on E™ by

DWJDzoggjﬁqﬂﬂWP)

for all u,w € E™. (E™, D) is a complete metric space [19].
The supremum metric H; on the space of continuous fuzzy-valued functions from

J into E™ denoted by C(J, E™) is defined by

Hl(u>ﬂ) = Sup D(U(l’,y),ﬂ(l',y))
(z,y)ed

(C(J, E™), Hy) is a complete metric space.
We define 0 € E" as 0(z) = 1 if 2 = 0 and 0(z) = 0 if z # 0.

Proposition 2.2. If x € E™ then the following properties hold:

(i) [u] Clu*if0<B<a<l;

(ii) if {an} C [0, 1] is a nondecreasing sequence that converges to & , then

n>1

Conversely, if A, = {[uf,us];a € [0,1]} is a family of closed real intervals
satisfying (i) and (ii), then {A,} defines a fuzzy number uw € E™ such that
[u]* = A,.
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Proposition 2.3. If ¢ : [0,a] — E™, ¢ : [0,b] — E™ are given absolutely continuous

functions, then for all level a € [0, 1] we have
[p(2)]" = [¢1(2), ¥3(2)], 0<a <1,
and

()] =), v5(y)], 0<a<l

Definition 2.4. Let z,y € E™. If there exists z € E" such that x =y + 2, then z is
called the H-difference of x and y and is denoted by z = x © y.

We denote by L'(T, E™) the space of all fuzzy function f : I — E™ that are
Lebesgue integrable on the bounded interval I. Also, by AC(J) we denote the space

of absolutely continuous functions f : I — E™.

Definition 2.5. Let f : [a,b] — E", xy € (a,b) and ®(z) = F(ll—q) [ (J_(?)q dt. We
say that f is Riemann-Liouville H-differentiable of order 0 < ¢ < 1 at xg, if there
exists an element #-D?, f(zo) € C([0,a], ™) L'([0,a], E™), 0 < ¢ < 1, such that

for all h > 0,
(1)

RL ya — 1
Dav fzo) = lim, h h—0+ h

or

. D(xg) ©P(xg+ h) . D(xg—h) © D(xp)
RL g — =
Da flao) = hh—%%r —h B h%l+ —h

For sake of simplicity, we say that a fuzzy-valued function f is [1, ¢|-differentiable
if it is differentiable as in case (1), and is [2, g]-differentiable if it is differentiable as
in case (2).

Let z : I — E™ be a fuzzy function; we have

[z(t)]" = [z7(t),25(t)], t € I, a €[0,1].

Let x € C([0,al; E™) N L' ([0, a]; E™), and define the fuzzy fractional primitive of
order ¢ for x by

! _ b t — 5)1 x(s)ds a
Italt) = g [ (=9 a()ds, ¢ € 0.a)
and let
[[7x(t)]" = ﬁ [/0 (t— s)q_lz‘f‘(s)ds,/o (t—s) 25 (s)ds|, te]0,al

Also, the following properties are obvious:

(i) I9(cx)(t) = cl%x(t) for each ¢ € E™
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(i) I%x 4+ y)(t) = T1x(t) + 1y(t).

Theorem 2.6 ([4]). Let f(t) € C([0,a], E")(L'([0,a], E™), t € [0,a], 0 < q < 1,
and 0 < a < 1. The Caputo H-differentiable function of fuzzy-valued is defined as
following:

) The case °[() — q]:
‘Day fo() = [*Day fi (1), Day f5 ()] -
ii) The case °(ii) — q]
(“Day f)(t; ) = ["Day f5' (1), Day f1' ()],

where
n—1 Ik
‘Di,fi(t) = "DiL [ffl(t) - _,fa(k)(a)] (z)
k=0
- 1 dn * n—q—1 « = tk a(k)
= F(n—q)dx"/ (x —1) [f1 (t)_;_'fl (a)] dt,
and
n—1 Ik
‘Difs(t) = ™Dy, [fél(t) - _|fa(k)(a>] (z)
k=0
- 1 d" * n—q—1 « = tk a(k)
= m%/a (x—1) [fz (t)_;gﬁ (a)] dt.

Theorem 2.7 ([14]). Let z : [0,a] — E™ be a Caputo fractional differentiable function
and let

[u(®)]* = [y (1), uz (1)].

e

Then the boundary function u$(t), ug(t) are Caputo differentiable and:
1) Case °[(i) — q], we have
[“Dru(t)]* = ["Dut (t),” Dlus (t)]-
2) Case °[(ii) — q], we have
[“Dru(t)]* = [*Du5(t),” DUus (t)]-
Definition 2.8 ([22]). Let ¢ = (q1,¢2) € (0,00) x (0,00), = (0,0) and u € L*(J).

The left-sided mixed Riemann-Liouville integral of order ¢ of u is defined by

(I9) (2, ) = m /0 ' /0 " — sy (y — 2N, £)dt ds.

In particular,

(Igu)(z,y) = u(z,y), (Igu)(z,y)= /Ox /Oyu(s,t)dt ds

for almost all (z,y) € J, where o = (1,1).
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For instance, Iju exists for all ¢1,q2 € (0,00), if u € L'(J). Note also that if
u € C(J), then (Iju) € C(J), and moreover

(Ifu)(x,0) = (Iu)(0.5) = 0, € [0,a] y € [0,1].

Definition 2.9. A space Z is called an absolute retract (written Z € AR) if Z is
metrizable and for any metrizable space W and any embedding h : Z — W the set
h(Z) is a retract of W.

Theorem 2.10 ([9]). Let X € AR and F' : X — X a continuous and completely

continuous map. Then F has a fized point.

3. THE MAIN RESULTS
Let us start by defining what we mean by a solution of the problem (1.1)—(1.2).

Definition 3.1. A function u € C(J) such that u(z,y), Dfg  u(z,y), D, u(@,y),
and Dgovo)u(z, y) are continuous for (z,y) € J and ]gojg)u(x,y) € AC(J) is said to be
a solution of (1.1)—(1.2) if u satisfies equation (1.1) and conditions (1.2) on J.

For the existence of solutions for the problem (1.1)—(1.2) we need the following

lemma.

Lemma 3.2 ([3]). Let f(x,y,u,z): Jx E™x E™ — E™ be continuous. Then problem
(1.1)(1.2) is equivalent to the problem

g(x,y) = flx,y, pulz,y) + Igg(x,v), 9(x,y)),

and if g € C(J) is a solution of this equation, then u(z,y) = pu(z,y)+Ilg(z,y), where
(@ y) = p(r) + 9 (y) — »(0).

Next, we present conditions for the existence and uniqueness of a solution of
problem (1.1)—(1.2).

Theorem 3.3. Assume that the following hypotheses hold:

(Hy) f:Jx E™x E™ — E"™ is a continuous function,

(Hs) there exist constants k > 0, and 0 <1 < 1 such that
D(f(z,y,u,2); f(z,y,v,0)) < kD(u;v)+1D(2;w), for anyu, v € E™ and (z,y) € J.

If

kadt ha2
<
(1=D(q1 + 1)l (g2 +1)
then there exists a unique solution to IV P (1.1)~(1.2) on J.

1, (3.1)
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Proof. Transform the problem (1.1)—(1.2) into a fixed point problem. Consider the
operator N : C(J) — C(J) defined by,

N(u)(z,y) = p(z,y) + 1§ 6 9(z, y),
where g € C(J) is such that

g(x,y) = f(z,y,u(r,y), 9(v,y)).

By Lemma 3.2, the problem of finding the solutions of the IVP (1.1)—(1.2) is reduced
to finding the solutions of the operator equation N(u) = u. To apply Theorem 2.7,
we proceed as follows.

Case °[i — ¢q] H-differentiability: The problem (1.1)—(1.2) is equivalent to the

fractional differential system

{ (i) (w,9) = fale, 9, uf (@,9), 8 (2, )), i (2,9) € 52)
uf(z,0) = ¢ (x), uf(0,y) = ¢7(y), if z€[0,a], y€l0,0],
and
{ (“DEug) (@, ) = ga,y, i (2,), w52, ), i (2,) € 5.3
ug(x,0) = 5 (), u3(0,y) = V3 (y), if z€(0,a], ye€l0,0].
We define the operator N by
N (@,y) = pi(@,y) + 1{0,9(2, )
with
1 (@, y) = ¢ (@) + ¥ (y) — ¢1(0).
Let v,w € C(J). Then, for (x,y) € J, we have
DOV V@) < s | / R

xD(g(s,t),h(s,t))dtds,
where g, h € C(J) such that

g(x,y) = f(z,y,v(z,y),9(x,y))

and
hz,y) = f(z,y,w(z,y), h(z,y)).
By (H2), we get
D(g(z,y), h(z,y)) < kD(v(z,y);w(z,y)) + 1D(g(z,y), h(z,y)).
Then, .

D(g(x,y), h(x,y)) < T

Thus, (3.4) implies that

D(N(vf)(z,y); N(wi)(z,y)) <

D(v(z,y);w(z,y)).
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T(q) / / D(g(x,y), h(z,y)) (@ — s)" 7y — )= dt ds

k
< Yy — )2 D (v (s, t); w (s, t))dt ds
e MRS DGR (5.0 (5, 1)
< Hy (v wf r—s) —H)®dtds
= (1_l>r(q1> (q2> 1( 1 1) o o ( ) (y )
kathbtp

S =g + g 7 i)

Consequently,

kaq® p2
(1 =D (g + 1) (g2 + 1)
By (3.1), N is a contraction, and hence N has a unique fixed point by Banach’s

Hy(N(07); N(wy)) < Hy (vf; wy).
contraction principle.

We now transform the problem (3.3) into fixed a point problem; consider the

operator N such that

N(3)(@,y) = p3 (2, y) + 10 9(x, y)
with
pa (. y) = @5 (x) + ¥5 (y) — v2(0).

The fixed point of the operator N is a solution of the problem (3.3). So in this

case there is a unique solution to the problem (1.1)—(1.2).

Case “[ii — q| H-differentiability: The problem (1.1)—(1.2) is equivalent to the

fractional differential system

{ (“Dgu?)(,9) = gal,y, 48 (@, ), w5 (w,9), i (2,9) €7, 55
uf (2, 0) = ¢i(2), u§(0,9) = ¥ (), if zel0.a, yelt,
and
{ (‘D§us)(e,y) = fule,y, ui(x,y), ug(w,y)), i (2,y) € 7 36)
ug(x,0) = g5 (@), u5(0,9) = ¥5(v), if #€[0,0], ye[0,0]

To transform the problem (3.5) into fixed point problem, consider the operator

N (@, y) = 1§ (0, ) © I8 0 ga(5, )
with
pi (2, y) = ¢t (@) + 97 (y).
By the same technique, we can prove that there exists at least one solution for

the problem (1.1)—(1.2). This completes the proof of the theorem. O

Our second result in this section is based on a fixed point theorem for absolute

retract spaces.
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Theorem 3.4. Assume that (Hy) and the following conditions hold:
(H3) There exist A, B,C € C(J,Ry) with ||C|ls < 1, such that
D(f(x,y, u(z,y),v(z,y));0) < A(z,y) + B(z,y)D(u(,y); 0) + C(z,y) D(v(x,y); 0);
(Hy) For all (x,y) € J, the set
{u(ﬂf,y) + 10 9(@,y), ue @}
is a totally bounded subset of E™, where
©={ueC(J,E"): D(u(z,y),0) <M, (z,y) € J},
with M a suitable positive constant,

g(z,y) = f(z,y,u(x,y),9(z,y)),

and
w(z,y) = o) +¥(y) — ¢(0).

If
||BHooCLQ1bq2

(1= [[Clloc))T(q1)T (g2)
then the IV P (1.1)~(1.2) has at least one solution on J.

<1,

Proof. 1t is clear that the solutions of the problem (1.1)—(1.2) are fixed points of the
operator
N:C(J,E") — C(J,E")
defined by:
N(u)(z,y) = pz,y) + {0 9(z,y)
We make
O = {u € C(J, E") and D(u(z,y),0) < M, (z,y) € J}.

We see that O is a convex subset of the Banach space C'(J, E™), so in particular © is
an absolute retract.

Case °[i — q] H-differentiability: The problem (1.1)—(1.2) is equivalent to the

fractional differential system

{ (“Dgut)(,9) = gal,y, 48 (@, ), w5 (w,9), i (2,9) €7, 57
utlx<x70) = Qotlx(x% u(ll(oay) = ¢(11<y)7 if ze€ [Ova]v Yy < [07 b]? .
and
{ (*Dug)(x,y) = fale,y,us(z,y),u(x,y)), if (z,y) € J, 59
ug(z,0) = §(x), ug(0,y) = vg(y), if ze[0,d], yelob. ’

We want to transform the problem (3.7) into a fixed point problem. Consider the
operator N : C(J, E™) — C(J, E™) defined by

N(ui)(w,y) = pi (2, y) + Lo 0 fa (2, )
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with

pi (@, y) = @5 (2) + 97 (y) — ¢1(0).
Clearly the fixed points of the operator N : C(J, E") — C(J, E™) are solutions of
the problem (1.2). We shall show that N : C(J, E") — C(J, E™) is continuous and

completely continuous. The proof will be given in several steps.
Step 1. N(©) C ©.
Let u € © and (x,y) € J. By (Hj3), we have

D(g(z,y),0) < A(z,y) + B(z,y)D(u; @)+C(x ¥)D(g(z,y);0)
< [ Alloo + [1Blloe D (ul, y); 0) + | Cllo D(g(2, y); 0).
Then
Dlg(e.y).0) < A=t et
Thus, N

~

D(Nug((x,9)),0) < D(pf (x,y

),0)
(r / / )"y t)qz_lfa(S,t)dtds,C))

LD
< D(uf (x Y),
e ([ Lo o nsianons)

S Alloo + M| Bl
< D(us (), 0) + — 4 el

0 1CT) (@)™ =M

Step 2: N s continuous.

Let the sequence [Uy(z;y)|* = [U1(z;y), USo(z; y)] in © be such that Uyy — UP
is an element of © in C(J, ") and U, — Us' is an element of © in C'(J, ™). Let {u,}
be a sequence such that u, — u in C(.J, E"). Let n > 0 be such that Hj(u,;0) < 7.

Then,

D(N(uﬁl)(ff,y uf)(z,y)) <
[(q1)T(q2) / / =) (y = )P D(f (st ups(s,1)); f(s,t,ui(s, 1)))dt ds
< | Alloo + M||B||o aqlquHl(f(-v-auil(-,-));f(.,.,u‘f(,,,)))_

~ (1= Cllso) 1421 (q1)T'(g2)

Since f is a continuous function, we have

1Al + M| Bl
H{(Nu,); Nuy)) <
1( ( n,l) ( 1)) F(ql+1)P(QQ+1)

— 0 asn — oo.

at O Hy (f (s un ) ()5 £ ui(s )

Thus, N is a continuous.

Step 3: The operator N is equicontinuous.
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Let (z1,91), (v2,92) € (0,a] x (0,0], z1 < 22, y1 < yo, u € O©. Then,

D(N(U1)(932,y2 931,?/1)) < D@, 1); (2, y2))

1 2

le@Jxoynds+f@£ﬁzgjl;uéfub-swr*@Q-twrl
D(f(s,t);6> dt ds

1 1 Y2 ~
%u————/ /<m—@wwm—wrmu&mmﬁw
C_I2 "

1 N
/’/ )8 (yy — 1= D(f(s,1); 0)dt ds
Q2

- [Alloo + 1Bl M
< D(p(zr, y1); (2, y2)) + (1 —[|Cloe)T(q1)T(g2)

o A A e

Allso + || Blloo M _
TSI L / (@2 = )" e — 9" dt ds
- OO 2 1

VAl VI (™ [, oty otatas
(1 = [|Clloc)T(q1)T (2)
- 0o 2

+aLkHHH qu / (a2 = &) (e — )7 de ds
D( (x17y1)§/~b(3527y2))
[ Alloo + [| Bl oo M

(1 =Clloo)T(q1)T(g2)

q1, .92 q1, .92

+ 'y — 23'y5” — 2(xe — 1) (y2 — y1)®].

2957 (w2 — 21)™ 4 225 (y2 — y1)®

As ©1 — w9, y1 — ¥ the right-hand side of the above inequality tends to zero.
As a consequence of Steps 1 to 3, together with the Arzela-Ascoli theorem, we can
conclude that N is continuous and completely continuous. As above, can show that

the operator N is a contraction, and so it has a unique fixed point. O

Case °[ii — q] H-differentiability: The problem (1.1)—(1.2) is equivalent to the

fractional differential system

{(Dw0@w> galt,y, ()0 w3 (,9), 3 () €, 39)
uf (2, 0) = ¢ (@), uf(0,9) = U7 (v), it #€[0,a], y€[0,1),
and
{@QMX%M ol 08 (@), 1F () € (3.10)
U ([L’,O) - 903{( )a u2(0 y) ¢2(y), it € [O>a]> Yy € [O’b]
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To transform the problem (3.9) into fixed point problem, consider the operator

N(ug) e )
T L yx—sql_l — )2 g (s, t,ul(s, ), us(s s
~ i (e9) & s [ @ = 9 = 0 gt (5,0, s, D) s

By the same technique we can prove that there exists at least one solution to the
problem (3.9) and finally the IVP(1.1)—(1.2) has at least one solution.

4. AN EXAMPLE

As an application of our results we consider the following fuzzy partial hyperbolic
functional differential equations of the form

(-Diu)(x,y) = !

(e 2)(1 1 D(ula, ),0) + D Diu(e, ), 0y ¥ € A0

u(z,0) =z, v €[0,1], u(0,y) =y* y €[0,1].
For (z,y) € [0,1] x [0, 1], set
1
(5e7+v+2)(1 + D(u(z,y),0) + D(<Dgu(,y),0))
For each u,u,v,v € E' and (z,y) € [0,1] x [0,1], we have

f(@,y,u(z, y),” Dju(w,y)) =

D(f(z,y, u(z,y),v(z,y)); f(z,y,0(z,y), 0(z,y)))
1 _ _
< g3 (Dlulz,y)iu(z,y)) + D(v(z, y);v(z, y)))-
Hence, condition (H,) is satisfied with k = 1 = ;. We shall show that condition
(3.1) holds with a = b = 1. Indeed

kath bq2 B 1 _ 1
(I=0T(q +)0(g2+1) (32 = 0(q + D¢z +1) 7

which is satisfied for each (g1, ¢2) € (0,1] x (0,1]. Consequently Theorem 3.3 implies
that problem (4.1)—(4.2) has a unique solution defined on [0, 1] x [0, 1].
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