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ABSTRACT. In this paper, we study the oscillation of second-order nonlinear perturbed delay
dynamic equations on time scales. By using employing the Riccati substitution, we establish some
sufficient conditions for oscillation. We also follow the technique that has been used in [20] and
establish some different sufficient conditions for oscillation which can be considered as the extension
of oscillation criteria established by Hille and Nehari for second-order differential equations and
can be applied on the sublinear and superlinear cases. As a special case the results improve some
oscillation criteria in the literature for perturbed dynamic equations without delay. Some examples

are considered to illustrate the main results.
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1. INTRODUCTION

The study of dynamic equations on time scales, which goes back to Stefan Hilger
[11] is an area of mathematics that has recently received a lot of attention. It has
been created to unify the study of differential and difference equations. Many results
concerning differential equations carry over quite easily to corresponding results for
difference equations, while other results seem to be completely different from their
continuous counterparts. There are applications of dynamic equations on time scales
to quantum mechanics, electrical engineering, neural networks, heat transfer, and
combinatorics. A recent cover story article in New Scientist [21] discusses several
possible applications. We suppose that the reader is familiar with the basic theory
of the time scale calculus and for details we refer the reader to the books by Bohner

and Peterson [4, 5] which summarize and organize much of time scale calculus.

Recently there has been much research activity concerning the qualitative theory
of dynamic equations on time scales. One of the main subject of the qualitative
analysis of the dynamic equations is studying oscillation and nonoscillation which
seeks to harmonize the oscillation of the continuous and the discrete, to include
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them in one comprehensive mathematics and to eliminate obscurity from both. For
convenience, we refer the reader to the results in [1, 2, 3, 6, 7, 8, 9, 10, 15, 16, 17, 18,
19, 20, 22] and the references cited therein.

For oscillation of perturbed dynamic equations on time scales, Bohner and Saker

[6] considered the equation
(r() (%)) + F(t,27) = G(t, 27, 2°), (1.1)

on a time scale T, where 7 = x(o(t)), and o(t) is the forward jump operator defined
on T, v is a quotient of odd positive integers and r is a positive real-valued rd-
continuous function defined on the time scales interval [a,b] (throughout a, b € T
with a < b), and assumed that there exist two positive rd-continuous functions p and
g such that:

(H) F:TxR—Rand G:T x R* - R such that
uF(t,u) >0 and uG(t,u,v) >0 for allu € R\{0}, v e R, t € T; (1.2)

(Hy) S8k > q(t), Eemtl < p(t) for all u, v € R\{0}, € T;

(H3) f: R — R is continuously differentiable and nondecreasing, and uf(u) > 0 for
all u € R\{0},

(Hy) ftz B8 = 00

r7(s)

By using elementary calculus on time scales and the Riccati transformation tech-

niques the authors in [6] established some sufficient conditions, in terms of the coef-
ficients and the graininess function, which guarantee that every solution of (1.1) is

oscillatory or converges to zero.

In 2005 Sun and Li [22] considered (1.1) when the conditions (H;)—(Hj) hold and
(1) [ vt = g =
to
and established some sufficient conditions which ensure that every solution of (1.1) is
oscillatory or weakly oscillatory. One can easily note that the condition (h) that has
been established Sun and Li [22] cannot be applied in the case when p(t) —q(t) = a/t?
for a > 0.

In this paper, we are inspired to study the oscillation of second-order nonlinear
delay perturbed dynamic equation
(r() (%)) + F(t,x(r(1))) = G(t, (7)), 2> (¢)), (1.3)
on a time scale T, when (H;)—(Hj3) hold and the delay function satisfies the following
condition:
(H;) 7(t) : T — T 7(t) < t and lim;_, 7(t) = o0.
One reason for this upsurge of interest in this types of equations is that the dif-

ferential forms of these equations have important applications and are a powerful tool
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in the study of many problems in the natural sciences and in technology. In fact they
are extensively employed in mechanics, astronomy, physics, and in many problems
of chemistry and biology. The reason for it is the fact that objective laws govern-
ing certain phenomena (processes) can be written as differential equations, difference
equations, so that the equations themselves are a quantitative expression of these
laws. For instance, Newton’s laws of mechanics make it possible to reduce the de-
scription of the motion of mass points or solid bodies to solving differential equations
and to use computer simulations, these equations should be translated to difference
equations. The computation of radiotechnical circuits or satellite trajectories, studies
of the stability of a plane in flight, and explaining the course of chemical reactions
are all carried out by studying and solving such equations. The most interesting and
most important applications of these equations are in the theory of oscillations and
in automatic control theory. Applied problems in turn produce new formulations
of problems in the theory of differential and difference equations; the mathematical

theory of optimal control in fact arose in this manner.

Since, we are interested in the oscillatory and asymptotic behavior of solutions
near infinity, we assume that supT = oo, and define the time scale interval [ty, co)
by [to, 00)T := [to, 00) NT. Our attention is restricted to those solutions of (1.3) which
exist on some half line [t,, 00) and satisfy sup{|z(¢)| : t > ¢t;} > 0 for any ¢; > t,. A
solution z(t) of (1.3) is said to be oscillatory if it is neither eventually positive nor
eventually negative. Otherwise it is called nonoscillatory. The equation itself is called

oscillatory if all its solutions are oscillatory.

We note that (1.3) involves some different types of differential and difference
equations depend on the type of the time scale. For example in the case when T = R,
we have o(t) = t, u(t) = 0, f2(t) = f(t) and (1.3) becomes the second-order

nonlinear perturbed delay differential equation

(r@®) (' (0))") + F(t,2(r(t)) = Gt, 2(r(t)), #'(1))- (1.4)

When T = N, we have o(t) =t + 1, u(t) = 1, y>(t) = Ay(t) = y(t + 1) — y(t), and

(1.3) becomes the second-order nonlinear perturbed delay difference equation
A(r()(Az())) + F(t,2(r(1)) = G(t, 2(7(2)), Ax(t)). (1.5)
When T = AN, h > 0, we have o(t) = t + h, u(t) = h, 22(t) = Apx(t) =

(x(t 4+ h) — x(t)) /h, and (1.3) becomes the second-order nonlinear perturbed delay

difference equation

An(r(t) (Ane(t))") + F(t, 2(7(t)) = G(t, 2(7(t)), Ana(t)). (1.6)
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When T = ¢ = {t : t = ¢*, k € N, ¢ > 1}, we have o(t) = qt, pu(t) = (¢ — 1)t,
22(t) = Aya(t) = (z(qt) — x(t)) /(¢ — 1) ¢, and (1.3) becomes the second-order g¢-

perturbed delay difference equation
Aq(r(t) (Agz(t))") + F(t, x(7(t)) = G(t, x(7(t)), Agx(t)). (L.7)

which has applications in quantum physics, see [13].

The main oscillation results will be proved in the next section which is organized
as follows: First, we use the simple consequence of Keller’s chain rule ([4], Theo-
rem 1.90] and give some information about the properties of the solutions. Second,
by using the Riccati transformation technique, we establish some oscillation criteria
for (1.3). Third, we consider r(t) = 1, and follows the technique that has been used
in [20] establish some sharp oscillation criteria of Hille [12] and Nehari [14] types for
(1.3) and prove that the oscillation condition is given by # which as a special
case when v = 1 becomes the oscillation condition of second order differential equa-
tions. The results can be applied on the sublinear and superlinear cases and improve
the results established in [22] since our results does not require the condition (hy).

Some examples are considered to illustrate the main results.

2. MAIN RESULTS

In what follows, it will be assumed that
|7 b)) s = o, 2.)
to

is fulfilled and 72 (t) > 0. Before stating our main results, we begin with the following
lemma which plays an important rule on the proof of our main oscillation results and

gives us some information about the properties of the solutions.

Lemma 2.1. Assume that (Hy)—(H;), (2.1) hold and (1.3) has a positive solution x
on [tg,00)r. Then there exists a T € [ty, 00)r, sufficiently large, so that
(i) z2(t) > 0, z22(t) < 0, z(t) > ta™(t) fort € [T,00)r;

(i) x is strictly increasing and x(t)/t is strictly decreasing on [T, 00)r.

Proof. Since x(t) is a positive solution of (1.3) on [tg, c0)T, we can pick t; € [tg, 00)T
so that ¢; > ¢y and so that z(¢) > 0 and x(7(¢)) > 0 on [t;,00)r. (Note that in the
case when z(t) is negative the proof is similar, since the transformation y(t) = —x(t)
transforms the (1.3) into the same form). Since z(7(¢)) > 0, we have from (1.3) and
(Hj3) that

(r(t) (z2() ) < =(p(t) — ()27 (7(t)) < 0, for t € [t1, 00)r. (2.2)



PERTURBED DELAY DYNAMIC EQUATIONS 213

Then r(t) (z*(t))” is strictly decreasing on [t;, 00)y. We claim that r(t) (z2(t))” >0
on [t;,00)r. Assume not, then there is a ty € [t1, 00)r such that r(t3) (:ltA(tg))V =:
¢ < 0. Then r(t) (z2(t))” < r(t2) (z2(t2))” = ¢, for t € [ty, 00)7, and therefore

22 (t) < S, for t € [ty 00)r.
7 (t)
Integrating the last inequality form ¢, to ¢, we find by (H,) that
t t AS
x(t) = x(tz) + / 22 (s)As < x(ty) + c/ — — —00 ast — 00, (2.3)
to ta 77 (s)

which implies that x(¢) is eventually negative. This is a contradiction. Hence
r(t) (z2(t))” > 0 on [t;,00)r and so 22(t) > 0 on [t;,00)y. We now show that
222 (t) < 0. Since (r(t) (z*(t))”)® < 0 on [t1, 00)r, we have after differentiation that

P2 () (22(1) + 7 ((22(1)") < 0. (2.4)

Using the Keller’s chain rule

(1) =+ / (ha” + (1 — By~ dha (1),

we have

AA !
(2 (0))* = 22— [ @) + o0 -n o) " an @

Using the fact that r(t) (:EA(t))'y is nonincreasing and r? > r(t) we have

() > (T—J)) (22(6)" > (#5(1)°.

r(t
This and (2.5) imply that

(1)) / w21)7 +r7(1 = h) (#2(6)7]" " dh

- 7(( A1)7) T B2 (1) (2.6)

since r2(t) > 0. From the last inequality and (2.4), we have

P2 (22 )T+ (22 (1)7) T 222 () < 0, (2.7)

T’A A
which implies that z24(t) < —%, for t € [t;,00)r. Then z22(t) < 0 since

r2(t) > 0 and 2(t) > 0. Next, we show that z(t)/t is strictly decreasing. To do
this, let U(t) := z(t) — tz(t), so that UA(t) = —o(t)z?2(t) > 0 for t € [t;,00)r.
This implies that U(t) is strictly increasing on [t;,00)r. We claim that there is a
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ty € [t1,00)r such that U(t) > 0 on [t2, 00). Assume not, then U(t) < 0 on [t;,00)r.

Therefore,

t

- > Oa le [t2a OO)']T? (28)

(:B(t))A () —a(t) U
to(t) to(t)

which implies that x(t)/t is strictly increasing on [ta,00)r. Pick t3 € [t2,00)1 so
that 7(t) > 7(t2), for t > t3. Then x(7(t))/7(t) > z(7(t2))/7(t2) =: d > 0, so that
x(7(t)) > dr(t) for t > t3. Now by integrating both sides of (2.2) from t3 to t, we

have
t

rl0) (£(0)" = rlts) (52(0))" + [ ) — a9 (r()2s < 0.

t3
This implies that

t

r(ts) (2°(ts))” 2/ [p(s) — q(s)]27(7(s))As = d”/ [p(s) = q(s)] 77 (s)As, (2.9)

t3 t3
which contradicts (2.1). Hence there is a t5 € [t1, 00)r such that U(t) > 0 on [tg, 00)T.
Consequently,

s()\® D) — z(t) U(t)
(T) R R O L€ lt2,00)r,

z(t)

and we have that .

is strictly decreasing on [t2,00)r. The proof is complete.

In following, we obtain new oscillation criteria which can be considered as the
extension of Kamenev-type oscillation criteria. First, we define & by H € R provided

H : [tg, 00)T X [tg, 00)T — R satisfies
H(tt) >0, t>ty, H(ts) >0, t>s>t,

H?s(t,s) <0, for t > s > tgy, and for each fixed ¢, H(t,s) is right-dense continuous
with respect to s. As a simple and important example, note that if T = R, then
H(t,s) :=(t—s)"isin R,

Theorem 2.1. Assume that (Hy)—(Hs) and (2.1) hold. Furthermore assume that
there exists a positive rd-continuous A-differentiable function o(t) and let H : D — R

be rd-continuous function belonging to the class R such that

t—o0

t
1
lim sup m /K(t, s) As = 00, (2.10)
to

where

(a®) i (s) [H(t, )5 = H™ (1, 5)
av(s)(y+ 1) H(t, s)

i|“/+1

K(t,s) = H(t,s)a(s)P(s) — (2.11)

Then every solution of (1.3) is oscillatory on [ty, 00)r.
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Proof. Suppose to the contrary that z(t) is a nonoscillatory solution of (1.3), and
let t; > to be such that z(t) # 0 for all ¢ > t;. Without loss of generality, we may
assume that x(t) > 0 and z(7(t)) > 0 for ¢ > ¢;. Therefore from Lemma 2.1, we have

z(t) >0, 22(t) >0, (r(t) (z2(1))")* <0, t > . (2.12)
Define w(t) by
A Y
w(t) == a(t)w, for t > ty. (2.13)

Then w(t) > 0, and satisfies

g _ D@ (0 @O [£0030) - a0 @)
D="wm  eem U T R eeen)
(2.14)
In view of Lemma 2.1, since z(t)/t is strictly decreasing, we see that x;(f(g)) > Tvt(f))
This, (2.2) and (2.14) imply that
WA (1) < —a(t)P(t) + oW o 2 ( (@2)")” @) (2.15)

- a’ 2 (t)x7(o(t))

s

where P(t) = (ﬁ)ﬁ/ [p(s) — q(s)]. Using the Keller’s chain rule and the fact that

x? > z(t), we obtain

fy/ [ha + (1 — h)z]" " dha®(t) = y(z(t) 22 (1), (2.16)
which implies that
@) 2 7077 (0) (551). (217)
From (2.12) since <r(t) (:c“*(t))A>A < 0, we have for ¢t > ¢; that
r(t) (z2(1)" > (r (:L’A)V)U. (2.18)
It follows from (2.15), (2.17) and (2.18) that

w?(t) < —a(t)P(t) L’ — — : (2.19)
“ r (et (o(t))
since x(t) is nondecreasing. From (2.13) and (2.19), we obtain
wA(0) < —a(P(t) + Dy - 0oy (2.20)
o P en™

The remainder of the proof is similar to that of the proof of Theorem 2.2 in [2] by
using the inequality (2.20) and hence is omitted.
As an immediate consequence of Theorem 2.1 we can establish some different

sufficient conditions for oscillation by choosing different form of the function H(t, s).

For example by using H(t, s) := 1, we have the following oscillation criteria.
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Corollary 2.1. Assume that (Hy)—(Hs) and (2.1) hold. Let «(t) be as defined in
Theorem 2.1 and

limsup / 26) (12) )~ - A2 as— e, 22

=00 s (v + 1)+t (s)

then every solution of (1.3) is oscillatory on [ty, 00)T.

From Corollary 2.1, we can obtain different conditions for oscillation of all solu-
tions of (1.3) by different choices of a(t). For instance, if a(t) =t for t > t,, we have

the following result.

Corollary 2.2. Assume that (Hy)—(Hs) and (2.1) hold. Furthermore, assume that

sy [ [ (2) b -aon- o as=e 2

t—o0 S (’y _I_ 1)PY+1S’Y

then, every solution of (1.3) is oscillatory on [ty, 00)r.

To illustrate the above results we consider the following example.

Example 2.1. Consider the following second-order perturbed delay dynamic equa-

tion
=1 (AT AT ) ~ _ B2 (7(1))
O 0P+ (S5 + 200 700 = e
(2.23)
for t € [to,00)T = [1,00) N T where T is a time scale, v > 1, a and [ are positive
constants, 7(t) = 71 and 7(t) < t and lim; ., 7(¢t) = co. We consider
oA _p?

It is clear that the conditions (H;)—(Hs) and (2.1) hold. To apply Corollary 2.2, it
remains to prove that the condition (2.22) holds. For (2.23), the condition (2.22)

reads
s | [t - ot () - ] s

FT(N— )+ —1
:limsup/ l(A Hlr+1) }As: 00, (2.25)
t—o0 to S
if (A —0) > W Then by Corollary 2.2, every solution of (2.23) is oscillatory
when
1
A— —_—. 2.26
(=8)> i (2.20

Remark 1. Note that the results that has been established in [3, 6, 22] cannot be
applied on (2.23).
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In the following, we consider (1.3), when r(¢) = 1, i.e., we consider the perturbed

delay equation
(%)) + F(t,2(7(t)) = G(t, (7 (2)), 22(1)), (2.27)

and establish some oscillation criteria of Hille [12] and Nehari [14] types. Note that
when r(t) = 1, the condition (H,) already satisfied, and then the conclusions of

Lemma 2.1 still true for (2.27). We introduce the following notations

o] 1 t
ps = lim inft”’/ P(s)As and ¢, := lim inf;/ sTTIP(s)As, (2.28)

t—o00 (t) t—o0 to

where P(s) = [p(s) — g(s)] (%) .

Theorem 2.2. Assume that (Hy)—(Hs), (Hs) and (2.1) hold. Let z(t) be a nonoscil-
latory solution of (2.27) such that x(t) and z(7(t)) > 0 for t > t; > to. Let

u(t) = (xj(g)y and

r = lim inf "u?, and R := tlim sup t7u’. (2.29)

t—o0

Then

gy, 14t -
pe <7 =1y and p*_l_q*glw(wrl)'

(2.30)

where | := liminf,_ ., ﬁ < 1.

Proof. From the definition of u(¢) and using Lemma 2.1, we see that u(t) is
positive. Follows the proof of Theorem 2.1, we get
A WO ((=2))7 (=" (1)*
)y < — [ —= t)—q(t) — . 2.31
w0 <= (U)o - gt - L0 (231
Using the chain rule, and the fact that z2(¢) > 0, we see that (27 (¢))* > y(z(£))" 122 (¢).
Using this in the inequality (2.34), we get

w20 <= (12) o - gty - L0700

t (1))

__ <@)V p(t) = yuu (1), (2.32)

Thus u(t) satisfies the dynamic inequality
WA (t) + P(t) + yu’ur (t) <0, for ¢ > ts. (2.33)
Since P(t) > 0 and u(t) > 0 for t > t,, we have from (2.35) that u”(t) < 0 and

- (uA(t)/vu”u%(t)) > 1, for t>ts. (2.34)

Since (1/u%(t))A =1 (u%_l(n)uA(t)/u%(t)(u”)%), where n € [t,0(t)], we have
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This and (2.34) imply (since u(t) is nonincreasing), that

L \A
(1/u?(ﬂ> > 1. (2.35)
Integrating (2.35) from ¢, to t, we obtain
1
(t—to)’
which implies that lim; . u(t) = 0. By (2.29) and (2.36), we have

ult) < t>t, (2.36)

0<r<1, and 0<R<1.

First, we prove that (2.30) holds. Integrating (2.33) from o(t) to co (o(t) > t) and

using lim;_, ., u(t) = 0, we have

u’ > / P(s)As +7/ u%(s)u"As for t > t,.
o(t) o(t)

The remainder of the proof is similar to the proof of Theorem 2.1 in [20] and hence

is omitted.

Theorem 2.3. Assume that (Hy)—(Hs), (Hs) and (2.1) hold. If

po=timint e [ o] (M) as s Ik ean

t—o0 ® (7 + 1)“/+1 U_Q’

then every solution of (2.27) is oscillatory on [ty, 00)r.

Proof. Let x(t) be a nonoscillatory solution of (2.37) such that z(t) and x(7(t)) > 0
for t > t; > to. Let u(t) be as defined in Theorem 2.2 and let r = liminf, ., t7u.
Then from Theorem 2.2, we see that p, and r satisfy the inequality p, <r — Pty

Using the fact that Bu — AuT < #%, for A > 0, we see that

7! 1
(v + 1)+t i
which contradicts (2.37). Thus every solution of (2.27) oscillates. The proof is com-

Dy <

plete.
Theorem 2.4. Assume that (Hy)—(Hy) and (2.1) hold. If

p*+Q*>W7

then (2.7) is oscillatory on [ty, o0)r.

As a consequence of Theorem 2.3, we have the following result.

Corollary 2.3. Assume that (Hy)—(Hs), (Hs) and (2.1) hold. If

1 1

W, oT (g« > W, (238)

Px >

then (2.27) is oscillatory on [ty, 00)T.
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Remark 2. It is clear that the inequality (2.35) is similar to the inequality (2.10) in
Theorem 2.1 in [20]. So as a consequence of Theorem 2.2 and as proved in Theorem 2.2
and Theorem 2.3 in [20], we can prove the similar results for equation (2.27) in the
case when 0 < v < 1. So the results in Theorem 2.3 and Theorem 2.4 can be applied

in the case when 0 < v < 1 as well as in the case when v > 1.

Example 2.2. Consider the delay perturbed dynamic equation

o . - i B (1(t))
(=) + (tﬂ(t) + t2x (T(t))) 2 (7(t)) = P— )(1+x2( ) (1 + (x (()2)23>9’>

for t € [ty,00)r. We consider p(t) = m and q(t) = W such that 7(¢) < ¢ and
lim; o 7(t) = 00, v > 1 is a ratio of odd positive integers and « and (3 are positive
constants such that (o — 3) > 0. It is clear that the conditions (H;)—(Hs), (Hs) and
(2.1) hold. To apply Corollary 2.4, it remains to prove that (2.38) holds. For (2.39),
the condition (2.38) reads

t t 0l
¢ = lim inf%/ 7T P(5)As = lim inf%/ s7H <®) [p(s) — q(s)]As
t t

t—o0 o t—oo o S

t—o0

— (a—ﬂ)hmlnfift:ASI(O‘_ﬂ)’

Then by Corollary 2.4, every solution of (2.39) is oscillatory if (o — ) > —-

A -

Remark 3. Note the results that has been established in [3, 6, 22] cannot be applied
n (2.39).
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