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1. INTRODUCTION

The purpose of this paper is to obtain the existence of positive solutions to

discrete boundary value problems. We consider the second order problem

A’y(k—1) + f(k,y(k)) =0, k € N, (1.1)
y(0) =0, y(T+1)=0, ’
and the one-dimensional p-Laplacian problem
A(p(Ay(k —1))) + f(k,y(k)) =0, k € N, (1.2)
y(0) =0, y(T+1)=0, '

where T is a positive integer, N is the discrete interval {1,2,..., T}, ¢(s) = |s|P~2s, p >
1 and Ay(k) = y(k + 1) — y(k) is the forward difference operator. Also we consider

the second order system

A%y (k= 1)+ fi(k,y(k)) =0, k€N, (1.3)
y(0)=0, y(T+1)=0, i=1,2,...,n, '
and the p-Laplacian system
Ayl = 1)) + fi(ky(1) =0, k€N, "
y(0)=0, y(T+1)=0, i=1,2,...,n, '

where y = (yl,y2, e 7Z/n)-
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Recently, discrete boundary value problems have been studied by many authors
[1, 4, 10, 15]. In [4], positive solutions for nonpositone second order discrete problems
were considered using a conical shell fixed point theorem. Multiple positive solutions
of singular discrete problems were also studied in [6, 7] using variational methods.
Moreover, discrete p—Laplacian problems have been considered in [9, 10, 15]. We

refer the reader to [2] for a broad introduction to difference equations.

The main results in this paper are proved by employing a fixed point theorem
(see Theorem 2.6) for compact maps on conical shells. To do this, we extend the ideas
introduced by Lan in [18] to the discrete case. In the continuous case, this approach
was also used to prove the existence of positive periodic solutions for systems of
second order differential equations in [12]. The same problems for scalar functional
differential equation were studied in [13]. The results obtained in [13] improve some
results in [21]. Here we mention that the systems of integral equations or differential
equations have been studied in [8, 14, 19, 20] by employing another fixed point theorem

in cones (see Theorem 1.1 in [10]).

As applications, we characterize the eigenvalue intervals for problems

A%y(k —1) + Ah(k)g(y(k)) =0, k € N, (1.5)
y(0) =0, y(T+1)=0, |
A(p(Ay(k —1))) + Ah(k)g(y(k)) =0, k € N, (1.6)
y(0)=0, y(T'+1)=0, ’
and the n—dimensional systems
y(0)=0, y(T+1)=0, i=1,2,...,n, '
A(p(Ay;(k — 1)) + A (k)g'(y(k)) =0, k€ N, (18)
y(0)=0, y(T'+1)=0, i=1,2,...,n '

Here A > 0 is a positive parameter. We prove that the above eigenvalue problems have
at least one positive solution for each A in an explicit eigenvalue interval. Recently,
several eigenvalue characterizations for different kinds of boundary value problems
have appeared and we refer the reader to [3, 5, 10, 11, 20].

The notation used is as follows. Ry = [0,00), R? =[" Ry, Nt ={0,1,..., T+
1}. Recall that a map f: Nt x Ry — R, is continuous if it is continuous as a map
of the topological space NT x R, into the topological space R,. In this paper, the
topology on N will be the discrete topology. Let C'(N*,R) denote the class of map
y continuous on N T (discrete topology), with norm |y|o = Inax ly(k)|, then C(N*,R)

is a Banach space. For any y = (y1,y2,...,yn) € RY, |ly|| = _max lyi-

.....

The remaining part of the paper is organized as follows. In Section 2 some prelim-

inary results will be given. In Section 3, we study the existence of positive solutions
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for problem (1.1) and characterize the eigenvalue intervals for (1.5). Positive solu-
tions of the second order system (1.3) and eigenvalue intervals for (1.7) are considered
in section 4. In section 5, we study the existence of positive solutions for problem
(1.2) and characterize the eigenvalue intervals for (1.6). Finally, section 6 studies the
p-Laplacian system (1.4) and (1.8). It is worth remarking here that, Lemma 3.2 and

Lemma 4.2 play a fundamental role in the proof of our main results.

2. PRELIMINARIES

In this section, we present some results, which will be needed in the following

four sections. First we state some well-known results.

Lemma 2.1 ([4]). Let u € C(NT,R) satisfy u(k) > 0 for k€ N*. Ify € C(NT,R)

satisfies

A?y(k—1)4+u(k) =0, k € N,

{ y(0)=0, y(T+1)=0,

then

y(k) = q(k)llyll for k € N
here Telok k

q%)znmﬂ—%%?%—,f} (2.1)
Remark 2.2. From the definition of ¢(k), we have q(k) > T%rl for k € N.

Lemma 2.3 ([15]). Ify € C(NT,R) satisfies

A(p(Ay(k = 1)) <0, k€N,
y(0)=0, y(T'+1)=0,

then y(k) > q(k)||ly|| for k € N*t; here q(k) is defined in Lemma 2.1.
Lemma 2.4 ([15]). Ifu, v € C(NT,R) satisfies

A(p(Au(k —1))) < A(¢(Av(k —1))), k € N,
u(0) > v(0), w(T+1)>v(T+1),

then u(k) > v(k) for k€ NT.

As indicated in the introduction, the proof of our main results is based on a fixed
point theorem for compact maps on conical shells. We recall the statement of this

result below, after introducing the definition of a cone.

Definition 2.5. Let X be a Banach space and K be a closed, nonempty subset of
X. K is a cone if

(i) au+ pv € K for all u,v € K and all «, 5 > 0.
(ii) u, —u € K implies u = 0.



248 J. CHU AND D. O'REGAN

We also recall that a completely continuous operator means a continuous operator

which transforms every bounded set into a relatively compact set. If D is a subset
X, we write Dg = DN K and 0k D = (0D) N K.

Theorem 2.6 ([17]). Let X be a Banach space and K a cone in X. Assume Q', Q2
are open bounded subsets of X with Qk # 0, Qg C Q2. Let

T:02 > K
be a continuous and compact operator such that

() |Tz|| < ||| for x € O, and
(i) there exists e € K\{0} such that x # Tx + Xe for all x € OxQ? and all X > 0.

Then T has a fived point in Q2 \ Qk. The same conclusion remains valid if (i) holds
on O Q? and (ii) holds on 0.

3. SECOND ORDER PROBLEMS

In this section we study the existence of positive solutions to second order discrete

boundary value problem (1.1) and characterize the eigenvalue intervals for (1.5).

Define the operator

T
Ty(k) = Gk, ) f(v());
j=1
here G(k, j) is defined by
| ﬂﬁ# 0<j<k-1,
Gl = —k(TT++11_j), E<j<T+1. &y

In order to apply Theorem 2.6, we take X; = C(N1,R) with norm |yl =

max |y(k)|. Define a cone K; in X; by
keN+

Ky ={y e Xi: y(k) > q(k)|ly| for k € NT}. (3-2)

Lemma 3.1 ([1]). Assume that f : NT x Ry — Ry is continuous. Then T is well

defined and maps Ky into K. Moreover, T is continuous and completely continuous.

Following the ideas in [13, 18], we define the open sets
T
T+1
Lemma 3.2. Q", B" defined above have the following properties:

M={yeX: gélj{fly(k‘) < }and B"={y € X1 : |ylo <7}

(a) Q%, and By, are open relative to K.

(b) B ¢ Qp, < By,
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r

T+1
(d) If y € 0, 2", then 7= < y(k )§rfork€ N and |ylo <.

(c) y € O, Q)" if and only if y € Ky and mln y(k) =

Proof. (a) holds since inin y(k) is continuous (discrete topology). (c) is clear. Let

y € Ok, §Y", so by (c), we have Iknmy(k) and y(k) > q(k)lylo > 75lylo for

(k) <rforkeN,

r
T+1

1 _
k€ N. Thus 7=lylo < ilél]{fly(k) =

80 |ylo < 7 an

r
T+1

T <
i.e., (d) holds.
. r/T—i—l . r
Finally we prove (b). Let y € By ", then [y|o < 747, so gél]l\}y(k‘) <7 1 and
T T 1 r
y € Q. If y € Q. Then :gél]:\r}y(k) < Tl and y(k) > q(k)lylo > 75 lylo for

k € N. This implies |y|o <, i. e., Qf, C Bj,. Hence (b) holds. [J
It is clear that the sets 2" are unbounded sets for each » > 0, so we cannot use

Theorem 2.6 with 2". However we will be able to apply Theorem 2.6 taking into

account that, for each § > r, the following relations hold:
QrKl = (QT N B6)K1 and WKl = (QT N Bé)Kl.
The first equality follows immediately from Lemma 3.2 (b). For the second let y €

Ok, then from Lemma 3.2 (c), we have that
r )
T+1 T+1 T+1
soy € (I NB°)NK,. Now, since 0" and B° are open sets we have Q"N B’ C QN Bo.
Thus y € ("N B%)g,, and therefore Q7 g, C (7 N BY),. The reverse inclusion is

trivial.

= ylo < mmy(k)

Theorem 3.3. Assume that [ : NT x R, — R, is continuous. Furthermore, it is

assumed that the following two hypotheses hold:

(D) there exist a constant o > 0 and a continuous function 1 : N — (0,00) such

that
] > ] — <
f(d,y) > T+1@¢(J), forall j € N, T+1 <y<a
and
T
%él]{fl] 1 Gk, j)v(5) > 1;

(Dg) there exist a constant 3 > 0 and a continuous function x : N — (0,00) such
that

fUy) <Bx(G)  foralljeN, 0<y<p

and
T

max 1G(/w) X(j) < 1.
Jj=
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Then, the following results hold:

(a) if B < 755, then problem (1.1) has at least one positive solution y satisfying
B<lylo <o

() if a < B3, then problem (1.1) has at least one positive solution y satisfying

< < 0.
T+1a_|?/|0_/5

Proof. Since y = y(k) is a solution of (1.1) whenever y is a fixed point of T', we
only need to prove that T has at least one positive fixed point. To do this, we show
that :

() |Tylo < [ylo for y € Ok, B”, and
(ii) there exists e € K1\{0} such that y # Ty + Xe, for all y € 0k, 2% and all A > 0.

We start with (i). Now for any y € 9, B®, we have |yl = 8. Then from (Dy) we
obtain, for each k£ € NV,

T

Ty(k) =_ZG<k=,j>f(j,y(j>> < ﬁZG(k‘,j)x(j)

T

<fmaxd | Gk, j)x(j) < B,
j=1

Hence, |Ty|o < |y|o for each y € dx, B® and so (i) holds.
Next we consider part (ii). Let e(t) = 1, so e € K; \ {0}. Next, suppose that

there exists y € O, 2* and A > 0 such that y = Ty + Ae. Since y € Ok, 2, then from

Lemma 3.2 (d), we have T+r10‘ <y(k)<a, ke N.

From (D;) we have, for k € N, that

y(k)=Ty(k) + X = ZG(k,ﬁf(j,y(j)) +A

T
> k.7 )+ A
2 e S GG+
T
> 1 ] ) > .
> lagél]l\}j:1 Gk, )v(G)+ A > 71 + A
1
Hence gél]{[l y(k) > T T +A> T 7% contradicting the statement of Lemma 3.2

(c). This contradiction proves part (ii) above.

Now suppose that § < T%rla. Then one has from Lemma 3.2 that By, C

B'I)‘{/1 ™ c Q%, and therefore it follows from Theorem 2.6 that T" has at least one fixed



POSITIVE SOLUTIONS AND EIGENVALUE INTERVALS 251

«. On the other

point y € Qg \Bf(l. Hence |ylo > f and == < miny(k) <

_1
T+l kEN T+1

1 . . . .
hand, 7= [ylo < irél]{fly(k‘) < a. This implies that |y|o < a.

T+1
Finally, if & < 8 one has Qo C Bf{l, and then Theorem 2.6 guarantees the
existence of at least one fixed point y € ﬁKl \ Q%, of T. Hence we obtain the
inequality T+r10‘ <l|ylo < pB. O
Next we employ Theorem 3.3 to establish the existence of positive solutions to

the following discrete boundary value problem

A?y(k —1) + h(k)g(y(k)) =0, k € N, (3.3)
y(0) =0, y(T+1)=0. |

We assume that

(Hy) ¢g: Ry — Ry is continuous with g(y) > 0 for y > 0.

T
(Hg) h(j): N — R, is continuous and ZG(k,j)h(j) > 0.

Jj=1

Theorem 3.4. Suppose that conditions (Hy)-(Hy) hold. Then problem (3.3) has at least

one positive solution y with y(k) Z 0 for k € N if one of the following conditions
holds.

(h1) 0<go< A7 and B~ < gy < 00;

(hy) 0 < goo < A7' and B™! < gy < 00;

here go = lim M, Joo = lim M, and
y—0t Y y—oo Y
T T
A = max 2. G(k, ))h(j), B =min 2 G(k, j)h(5).

Proof. To see this, we will apply Theorem 3.3 with f(k,y) = h(k)g(y). We assume
that (hy) holds. The case when (hy) holds is similar.

From the first part of (hy), there exists 3 > 0 such that g(y) < A™'3 for 0 < y <
B. Choose x(k) = A= h(k). Then

f(k,y) = h(k)g(y) < A7'Bh(k) = Bx(k) if ke N, 0<y<p,

and

T T T

; Gk, j)x(j) = A~ ; Gl D) <A™ ypaee 3 Gk () = 1.

Thus hypothesis (Dy) holds.
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From the second part of (hi), there exists @ > 0 such that =~a > 3 and

T+1
9(y) > B~ 'zi5a for y > #5a. Choose ¢(k) = B~'h(k), then

f(k,y) = h(k)g(y) > B~

1 1
= if N, y>—
Tk = g evk), ke N, y 2 7=
(so in particular for T+1a <y <a)and

T T

> Gk g)e() = B™ 3Gk, h() = B~'min } Gk, j)h(j) = 1.

j=1 j=1
This implies that hypothesis (D;) holds. The result now follows from Theorem 3.3. [J

By employing Theorem 3.4, we can easily characterize the eigenvalue intervals

for problem (1.5). Since the proof is easy, we only state the results here.

Theorem 3.5. Suppose that conditions (Hy)-(Hzy) hold. Then problem (1.5) has at

least one positive solution for each

1 1
ANE(=—,— 3.4
(Bgoo Ago) (3.4)
1
1 < ——. The same result remains valid for each
Bgoo AgO
1 1
ANE(=—,— 3.5
1
if — < Here we write 1/g, = 0 if g, = o0 and 1/g, = o0 if go = 0, where
if B%o Are /9 fa /9 fg
a=0,00.

4. SECOND ORDER SYSTEMS

In this section we establish the existence of positive solutions to the discrete

system (1.3) and characterize the eigenvalue intervals for (1.7).
We take Xy = C(NT,R) x C(NT,R) x ... x C(NT,R) (n times) with the norm
|yl = Jmax lyilo for y = (y1, 92, .-+, Yn) € X2, here |yl = max|y( )| Then X, is a

-----

Banach space. Define
K2 = {y = (y17y27 s 7yn) S X2 mlnyl(k> Z q(k)|yl‘0 for all i = 17 27 st 7n}’ (41)

One can easily verify that K5 is a cone in X,. Moreover, let T : Ky — X5 be a map
with components (T%,...,T™), where T%,i = 1,2,...,n, is defined by

T
=Y Gk GuG), i=12
j=1

here G(k, j) is given as (3.1).
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Lemma 4.1. Assume that f': Nt x R} — Ry is continuous, i =1,2,...,n. Then
T is well defined and maps Ky into K. Moreover, T is continuous and completely

continuous.

Following the ideas in [12, 14], we define the open sets

ro__ . : ) r
V"={yeXy: gélzrvly’(k)<T+1

foralli=1,2,...,n}

and
B"={ye Xy |yl <r}

Lemma 4.2. Q" B" defined above have the following properties:
(a) Qf, and By, are open relative to K.
(b) B c , © By,

. . LT .
(¢) y € 0, if and only if y € Ky and Ikrélj{[ly](k) = 71 for some j €

r
{1,2,...,n} and Ikréljrvlyl(k) < T for each i € {1,2,...,n}

(d) If y € 0k, 2", then Til <wy(k) <r, ke N for someje{1,2,...,n} and
0<wy;(k)<r, k€N foreachie€{1,2,...,n}. Moreover, |y;o <.

Proof. (a) is true since Ikrél]{[l y;(k) is continuous (discrete topology) for each i € {1,2,...,n}.
(c) is clear. Let y € 0k,2", so we have from (c) that there exists j € {1,2,...,n}
such that .

w7 lwilo < a(R)lyslo < miny; (k)

T+1 kEN S
Thus |y;lo < r and TLH < y;(k) < r, k € N. In addition notice for each
1 T
) — il < ilo < minvy; < 1o <
i €{1,2,...,n} that T 1\y2|0 < q(k)|yilo < %él]{flyl(l{}) S so |yilo < r and
0 <wyi(k) <rfor ke N,i. e, (d) holds.

Finally we prove (b). Let y € B%QTH, then for each i € {1,2,...,n}, we have

[yilo < 757, SO gél]{flyz(k‘) < and y € O,. If y € Qf,, then for each i €

-
T+1
{1,2,...,n}, we have %él]{[ly,(k‘) <

r
T and y;(k) > q(k)|yilo > T%rl|y,~|o for k € N.
This implies |y;|o < 7, i. e., Qf, C Bj,. Hence (b) holds. [J
Moreover, it is easy to verify that, for each d > r, the following relations hold:
Oy, = (' NB)g, and Qg, = (2 NDB)g,.

Theorem 4.3. Assume that f* : NT x R? — Ry is continuous, i = 1,2,...,n.

Furthermore, it is assumed that the following two hypotheses hold:

(D3) For eachi=1,2,...,n, there exist a constant o > 0 and a continuous function
Y : N — (0,00) such that
» 1 . . .
fGy) > ayi(j), forall j€ N, 0<y <a (l€{l,2,...,n}\{i})

T+1
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and 2= < y; < « and

T+1
T
min 2. G(k, ))¥i(j) = 1;
(Dy) For eachi=1,2,...,n, there exist a constant 3 > 0 and a continuous function

Xi: N — (0,00) such that

fiGy) <Bxi(§)  forallj €N, 0<yy<pB, keN

and
T
max G(k,7)x:(j) < 1.

keN 4
Jj=1

Then, the following results hold:

(a) if B < 755, then problem (1.3) has at least one positive solution y satisfying

B <llyll = max  max[yi(k)] < o

() if a < 3, then problem (1.3) has at least one positive solution y satisfying

< < B.
——a <yl <5

Proof. We show that:

) 1Tyl < [lyll for y € O, B”, and
(ii) there exists e € K3\{0} such that y # Ty + Ae, for all y € 0, 2% and all A > 0.

We start with (i). Now for any y € Ok, B°, we have |y;|o < 3 for each i € {1,...,n}.
Fix 7 € {1,...,n}. Then from (D4) we obtain, for each k € N,

(Tiy)(k) =D Gk, )G y() < B Gk, j)xil)

Hence, |Tiylo < ||y|| for each i € {1,...,n}. This implies that (i) holds.

Next we consider part (ii). Let e(t) = 1, so e € K3 \ {0}. Next, suppose that
there exists y € 0k, 2% and A > 0 such that y = Ty + Ae. Since y € 0k, 2%, then
from Lemma 4.2 (d) there exists ¢ € {1,2,...,n} with 755 <wy;(k) < a, k € N, and
0<yjk) <aforke Nandje{l,2,...,n}\{i}.
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From (D3) we have, for k € N, that

yi(k) = (Tiy) (k) + A = Z Gk, ) (G, y(5)) +

T
1
> k,3)¢i(j) + A
> 7o X Gl )) +
T
> i i (j > .
2T la%él]{[l;G(k,])@D,(]) +A> T 1a+)\
1
Hence Ikréljrvl yi(k) > T 7@ +A> T 7% contradicting the statement of Lemma 4.2

(c). This contradiction proves part (ii) above.

Now suppose that 3 < 755. Then one has from Lemma 4.2 that WKQ C Bl? C

%, and therefore it follows from Theorem 2.6 that 7" has at least one fixed point

_ . o
y € O%, \Bf(Q. Hence [ly|| > § and 750 < %él]{flyl(l{}) < o1 On the other hand,

| and therefore |y;|o < « for each i € {1,2,...,n}. This

7ilyilo < géljfvlyz(k) < Ta
implies that |ly|| < a.
Finally, if & < 8 one has Qg, C Bf{z, and then Theorem 2.6 guarantees the
existence of at least one fixed point y € ﬁKZ \ Q%, of T. Hence we obtain the
inequality 725 < [yl < 8. O
Next we employ Theorem 4.3 to establish the existence of positive solutions to

the following second order discrete system

{ A2y,(k — 1) + hi(k)gi (y(k)) =0, k€ N,
07

y(0) =0, y(T+1)= 1=1,2,...,n. (42)

We assume that

(H;) ¢": R — R, is continuous with ¢*(y) > 0 for |ly|| >0, i=1,2,...,n

T
(Hy) Rhi(y) : N — R, is continuous and ZG(k,j)hi(j) >0,i=12,...,n

j=1
Theorem 4.4. Suppose that conditions (H3)—(Hy) hold. Then problem (4.2) has at
least one positive solution y with y(k) Z 0 for k € N if one of the following conditions
holds.

(hs) 0< g < A7  and By' < g'. < o0, i =1,2,...,n;
(hy) 0< g, < A7  and Bj' < gy < o0, i=1,2,...,n;

here gi = lim _g(y) i = lim _g(y)’
y—oo ||yl

=1.2....
S Tl 120, and

T T
A = r&%(; G(k, j)hi(j), Bi= gﬁgijgéﬂhj)@(j)
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Proof. To see this, we will apply Theorem 4.3 with f'(k,y) = hi(k)g¢'(y), i =
1,2,...,n. We assume that (h3) holds. The case when (h4) holds is similar.

From the first part of (hs), there exists 3 > 0 such that g¢'(y) < A;'3 for
0 < |ly|l < B. Choose x;(k) = A7 hi(k) fori=1,2,...,n. Fixi € {1,...,n}. Then

Filk,y) = hi(k)g'(y) < A7'Bhi(k) = Bxs(k)  if ke Nand 0<y; <0,

for j € {1,...,n} and

T

> Gl () = A7 30 Gk () € A7 max D Gk () = 1.

Thus hypothesis (D4) holds.

From the second part of (hs), there exists @ > 0 such that =~a > 3 and

T+1
g'(y) > B; lT—Hafor ||y||>T—+1a 1=1,2,...,n

Thus ¢'(y) > B; 1T—+1a for y; > T%rla, i=1,2,...,n. Choose v;(k) = B; *h;(k),
then
. . 1
“k,y) = hi(k)g'(y) > B ' ——
Fh) = (B (0) 2 B s

1 1

(so in particular for 7a <y; < a) and

T

T
Gk, )i Z ) > B min 1G(7fj) () =1
j=1 j=

IIMH

This implies that hypothesis (D) holds. The result now follows from Theorem 4.3. [

Now we characterize the eigenvalue intervals for the systems (1.7). Let
A=max{A;,;i=1,2,...,n}, B=min{B;,i=1,2,...,n}.

Theorem 4.5. Suppose that conditions (Hz)-(Hs) hold. Then problem (1.7) has at

least one positive solution for each

1 1
B i ) A e () “3)

777777777

1 1
if The same result remains valid for each

B _min ) = A max {g}

...........

re(— 1t L ) (4.4)

B min {g} A_max {4}

..........

1 1 ) ) )
) . Here we write 1/ =0 if g = o0 and 1/q", = o0

..........

zfga = 0, where o= O, 00.
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Proof. We consider the case (4.3). The case (4.4) is similar. If \ satisfies (4.3),
then

. . 1 1
(a < (a . < . —
>\g(] — Azzllr}%x’n{g(]} < A — 27 ? 1727 y T,
and
Agl. > A mi {i}>1>1 =1,2
goo z:{r,l2l,n,n goo B - z’ =1, ) >n

So Theorem 4.4 applies directly. [

5. ONE-DIMENSIONAL p-LAPLACIAN

In this section we establish the existence of positive solutions to the one-dimensional
discrete p—Laplacian problem (1.2) and characterize the eigenvalue intervals for sys-
tems (1.6).

Define the operator

0, k=0orT+1,

T =0 S 61 4 3 ), ke N,

where 7 is a solution of the equation

T k

o7 T+ o T+ Y fru(r) =0.

k=1

Lemma 5.1 ([10]). Assume that f: NT x Ry — R, is continuous. Then T is well
defined and maps Ky into K. Moreover, T is continuous and completely continuous;
here K is defined by (3.2).

Theorem 5.2. Assume that f : NT x Ry — Ry is continuous. Furthermore, it is

assumed that the following two hypotheses hold:

(Fy) there ezist a constant o > 0 and a continuous function v : N — (0,00) such

that
«
NS . . e
fGy) > ¢(T+ 1a)w(3), forall j € N, TriSys<e
and
min P(k) > 1;
keN

here we assume P(k) is the unique solution of

A(p(AP(k—1)))+ (k) =0, k€N,
P(0)=0, P(T+1)=0;
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(Fy) there ezist a constant > 0 and a continuous function x : N — (0,00) such

that
fGy) <o(B)x(j)  foralljeN, 0<y<p
and
max Q(k) < 1;

here we assume Q(k) is the unique solution of

A(p(AQ(k —1))) + x(k) =0, k€ N,
Q0)=0, QT +1)=0.

Then, the following results hold:

(a) if B < 755, then problem (1.2) has at least one positive solution y satisfying

B < |ylo <

() if a < B, then problem (1.2) has at least one positive solution y satisfying

< < 0.
T+1a_|?/|0_/5

Remark 5.3 ([7, 16]). For each continuous function o : N — (0,00), the linear
problem

A(p(Ay(k —1))) + a(k) =0, k€ N,

y(0)=0, y(T+1)=0,
has exactly one positive solution. This guarantees the existence and uniqueness of
P(k) and Q(k).

Proof of Theorem 5.2. We show that :

(i) |Tylo < lylo for y € Ik, BY, and
(ii) there exists e € K1\{0} such that y # Ty + Ae, for all y € 0k, Q2% and all A > 0.

We start with (i). Now for any y € Ok, B?, we have |ylop = §. Then from (Fs),
f(k,y) < ¢(B)x(k)for each k € N. By Lemma 2.4, we obtain
Ty(k) < BQ(k) < BmaxQ(k) < .

keN

Hence, |Ty|o < |ylo for each y € Ok, B® and so (i) holds.

Next we consider part (ii). Let e(t) = 1, so e € K; \ {0}. Next, suppose that
there exists y € Ok, 2* and A > 0 such that y = Ty + Ae. Since y € 0k, 2, then from

Lemma 3.2 (d), we have z5a <y(k) <a, k€ N.
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From (Fy), f(k,y(k)) > ¢(T+1 a)(k) for k € N. By Lemma 2.4, for each k € N,
we have

1
y(k)=Ty(k)+ X\ > 1aP(/€) + A
1
> .
_T+1ozm1]{71P(k)+>\ > T+10z—|—>\
1
Hence gél]{fl y(k) > T 1a + A > T 1a, contradicting the statement of Lemma 3.2

(c). This contradiction proves part (ii) of our claim.

The rest of the proof is similar to that in the proof of Theorem 3.3, so we omit
the details. [J

Next we employ Theorem 5.2 to establish the existence of positive solutions to

the following discrete problem

A((Ay(k — 1)) + hk
y(0)=0, y(T+1)=

k))=0, ke N
(1) 0. €., o
We assume (H;) holds. Moreover, it is assumed that
(Hs) H(k) > 0 for k € N; here we assume H (k) is the unique solution of
A(p(Ay(k = 1)) + h(k) =0, k € N,
y(0)=0, y(T+1)=0.

Theorem 5.4. Suppose that conditions (Hy) and (Hs) hold. Then problem (5.1) has at
least one positive solution y with y(k) #Z 0 for k € N if one of the following conditions
holds.

(1) 0< go < (57)P7F and ()P < goo < 005

(f2) 0 < goo < (37)P7" and (L)P~1 < go < oo;
. g\y
here gy = yhl%l+ 52() 2, Joo = g}erolo %, and
M =max H(k), m = min H (k)
keN keN

Proof. To see this, we will apply Theorem 5.2 with f(k,y) = h(k)g(y). We assume
that (f1) holds. The case when (f2) holds is similar.

From the first part of (f;), there exists § > 0 such that g(y) < (5;)P~'6P"! for
0 <y < 3. Choose x(k) = (3;)P"'h(k). Then

Flky) = h(k)g(y) < (—

27 (k) = B (R) i ke N and 0<y <P,

and
Qk)=M"H(k) < M 'max H(k) = 1.

keN
Thus hypothesis (F3) holds.
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From the second part of (f;), there exists a > 0 such that =—~a > 3 and

T+1
9(y) > ()P (75?7 for y > 7i7a. Choose (k) = ()P~ 'h(k), then
1 1 1
= > (— p—l/__~ _\p—1 Y p—1
(k. 9) = h(R)9(y) > (P ez hiR) = (o) (h),
ke N, y> ﬁa’ (so in particular for T%rla <y <a)and

=m! > m ! mi =
P(k)y=m~—"H(k) >m I&l}{}H(l{:) 1.

This implies that hypothesis (F;) holds. The result now follows from Theorem 5.2. (]
By employing Theorem 5.4, we can easily characterize the eigenvalue intervals

for (1.6).

Theorem 5.5. Suppose that conditions (Hy) and (Hs) hold. Then problem (1.6) has

at least one positive solution for each

1 1
A
© (mp_lgoo7 M”_lgo)
, 1 1 . :
if < . The same result remains valid for each
mPlge  MP7lgg
1 1
re( )

mp_lg() ’ Mp_lgoo
1 1
< .
/ mP=lgy  MPlge

6. p-LAPLACIAN SYSTEMS

In this section we consider the discrete p-Laplacian system (1.4) and (1.8). Define
the operator T': Xy — X5 by

Ty = (Thy, Toy, ..., Twy);
here
0, k=0orT+1,

(Tiy) (k) = S o7 m+ Y Filr (), ke N,
s=k r=1

and 7; is a solution of the equation
k

o7 )+ Y o7 T+ firu() =0, i=1,2,...n.

r=1

Lemma 6.1. Assume that ' : NT x Rt — Ry is continuous, i = 1,2,...,n. Then
T is well defined and maps Ko into Ky. Moreover, T is continuous and completely
continuous; here Ky is defined by (4.1).

Theorem 6.2. Assume that f* : NT x R? — Ry is continuous, i = 1,2,...,n.

Furthermore, it is assumed that the following two hypotheses hold:
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(F3) For eachi=1,2,...,n, there exist a constant o > 0 and a continuous function
; : N — (0, 00) such that

F.0) 2 o @)id), for all jEN, 0 <y < a (L€ {12, nh\{i})

(md%ﬂgyigaand

min P;(k) > 1;
keN

here we assume P;(k) is the unique solution of
A((AP(k —1))) + ¢i(k) =0, k € N,
P0)=0, P(T+1)=0;
(F4) For eachi=1,2,...,n, there exist a constant 3 > 0 and a continuous function

Xi: N — (0,00) such that

Gy < oB)xilj)  forallj €N, 0<y, < B, ke N

and

) <1
r&%@(k) <1

here we assume Q;(k) is the unique solution of
A(@(AQ(k —1))) + xi(k) =0, k € N,
Q) =0, Q(T+1)=0.

Then, the following results hold:

(a) if B < 735, then problem (1.4) has at least one positive solution y satisfying

Byl = max | max Jy;(k)] < o

() if a < B, then problem (1.4) has at least one positive solution y satisfying

< < pB.
——a <yl <5

Proof. We show that :

) 1Tyl < [lyll for y € O, B”, and
(ii) there exists e € K3\{0} such that y # Ty + Ae, for all y € 0, 2% and all A > 0.

We start with (i). Now for any y € dx, B”, we have |y < 3 for eachi € {1,2,...,n}.
Fixi € {1,2,...,n}. Then from (Fy), f'(k,y) < ¢(8)x:(k)for each k € N. By Lemma
2.4, we obtain

(Tiy)(k) < FQi(k) < BmaxQi(k) < 5.
Hence, |Tiylo < ||y|| for each ¢ € {1,2,...,n}. This implies that (i) holds.

Next we consider inequality (ii). Let e(t) = 1, so e € K5 \ {0}. Next, suppose
that there exists y € 0k, Q2% and A > 0 such that y = Ty + e. Since y € 0,2, then
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from Lemma 4.2 (d), there exists i € {1,2,...,n} with T+1a <wy(k) <a keN
and 0 < y,(k) <afor je{l,2,...,n}\{i}.

From (F3), fi(k,y(k)) > qb(TH a)i;(k) for k € N. By Lemma 2.4, for each
k € N, we have

yi(k) = (Tiy)(k) + X > aPi(k) + A

T+1

ammP(k‘) +A>

A
71"

_T+1

1
T 7o +A> T—Ha’ contradicting the statement of Lemma 4.2

(c). This contradiction proves part (ii) above.

H iny;(k) >
enceiréljrvly( ) >

The rest of the proof is similar to that in the proof of Theorem 4.3, so we omit
the details. [

Next we employ Theorem 5.2 to establish the existence of positive solutions to
the following discrete system

{ A(G(Ay(k — 1)) + hy(k)gi(y(k) = 0, k € N,

y(0) =0, y(T+1)=0. (6.1)

We assume that (Hsz) holds. Moreover, it is assumed that

(Hg) Hi(k) > 0fork € N, i =1,2,...,n; here we assume H;(k) is the unique solution
of
A(p(Ay(k —1))) + hi(k) =0, k € N,
{ y(0)=0, y(T+1)=0.

Theorem 6.3. Suppose that conditions (Hz) and (Hg) hold. Then problem (6.1) has at
least one positive solution y with y(k) # 0 for k € N if one of the following conditions
holds.

(f3) 0<gh < (3p)P " and ()P < ghy <00, i=1,2,...,n;

(f1) 0= gie < (Gt and ()P < gy <00, i=1,2,..m;
here gi = lim 9y 1), g', = lim J (yl), and
y—0T yp Y—00 yp—
M; = max H; (k), m; =min E(k)
keN keN

Proof. To see this, we will apply Theorem 6.2 with f'(k,y) = hi(k)g'(y), i =
1,2,...,n. We assume that (f3) holds. The case when (f4) holds is similar.

From the first part of (f3), there exists 8 > 0 such that ¢'(y) < (J\/[%_)p_lﬂl’)_1 for

0 < flyll < 8. Choose x;(k) = (37)*"hi(k) for i = 1,2,...,n. Fix i € {1,...,n}.
Choose x;(k) = (Mii)p‘l. Then

1

fiky) = hi(k)g'(y) < (—

S (k) = 7 (k)i ke N
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and 0 <y; <f, je{l,...,n} and
Qi(k) = M;VHy(k) < M; " max Hy(k) = 1.

keN
Thus hypothesis (F4) holds.

From the second part of ( f3) there exists o > 0 such that 77a > 3 and g'(y) >

(mii)p_l(T-li-l a)P~t for ||y > T+1 , 1 =1,2,...,n. Thus ¢'(y) > (mii)l? l(ﬁa)p 1

fory; > =a, i=1,2,...,n. Fix i € {1,...,n}. Choose 1;(k) = (&)?~'h,(k), then
T—l—l m;
1 1 1
Q)" thi(k) = (=

i = h. i > (— p—1 p—1
F'(kyy) = hi(k)g'(y) = (—)"( 7o) vilk), keEN,
Yi = T+r10‘7 (so in particular for T+1a <y; <) and

Pi(k) = mi_lH,-(k:) >m; "min H;(k) = 1.
keN

This implies that hypothesis (F3) holds. The result now follows from Theorem 6.2. [J

Finally we employ Theorem 6.3 we characterize the eigenvalue intervals for system
(1.8). Here we only state the results and omit the proof since it is similar to that of
Theorem 4.5.

Let
M =max{M;,i=1,2,....,n}, m=min{m;i=1,2,...,n}.

Theorem 6.4. Suppose that conditions (Hs) and (Hg) hold. Then problem (1.8) has

at least one positive solution for each

1 1
Ae( )
mP~1  min {g 3 Mp-1 . max {go}
i= 1,2, N 1727 g
1 1
if The same result remains valid for each
mp~l min fgit = M- ' omax {gi}
1 1
Ae( )
mr=! min {gi}" MP=! max {gl}
7 1 1
i
m T i (g5}~ Pl max {g)
i=1,2,...,n i=1,2,...,n
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