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ABSTRACT. We consider the following Volterra intergral equation

u(t) = M/o g(t,s)f(s,u(s))ds, t €[0,T)

where p > 0. Here, the function f may take ‘negative’ values, i.e., the ‘semipositone’ case. Criteria
are offered for the existence of one and more fized-sign solutions u of the equation in C[0,T]. We
say u is of fized sign if u(t) > 0 or u(t) <0 for all ¢ € [0, T7.

AMS (MOS) Subject Classification. 45B05, 45G15, 45M20

1. INTRODUCTION

In this paper we shall consider the Volterra integral equation

t
u(t) =p [ glt9)f(s,u(s)ds, t€ 0.7), (L)
0
where (1 is a positive constant. The nonlinearity f need not be ‘positive’in the sense
that 0f can take negative values, where 6 € {1, —1} is fixed.

The Volterra integral equation (1.1) has received a lot of attention in the literature
[9-12, 17, 18, 22, 24], since it arises in real-world problems. For example, astrophysical
problems (e.g., the study of the density of stars) give rise to the Thomas-Fermi

equation
u' —tPu? =0, t €[0,7], u(0) =u'(0) =0 where p>0and0<qg<1

which reduces to (1.1) when g(t,s) = (t — s)s? and f(t,u) = u9. Other examples
occur in nonlinear diffusion and percolation problems (see [10, 11] and the references

cited therein) such as

u(t) = /0 (t —8)" f(u(s))ds, t €[0,T],

where v > 1.
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For the special case § = 1, the fact that in (1.1) we allow §f = f to take negative
values is referred to as the semipositone case, which arises naturally in chemical reactor
theory [13]. The constant p in (1.1) is called the Thiele modulus. It is of physical
interest to examine the existence of positive solutions when p is small. Most results in
the literature are devoted to positone problems, i.e., when f is nonnegative, see [14-16,
19, 21, 23] and the references cited therein. Only a few results (see [1, Chapter 4] and
[5, 6, 8]) are available for semipositone Fredholm integral equations, but as far as we
know no results are available for semipositone Volterra integral equations. Therefore,
in the present work we shall establish the existence of one and more solutions u of the
semipositone problem (1.1) in C[0,7]. Moreover, we are concerned with fized-sign
solutions u, by which we mean Ou(t) > 0 for all t € [0,T], where § € {1,—1} is
fixed. Note that positive solution is a special case of fixed-sign solution when 6 = 1.
Recently, Agarwal, O'Regan and Wong [2-8| have been interested in the existence of
fixed-sign solutions of Fredholm integral equations. We shall tackle the existence of

fixed-sign solutions of the semipositone Volterra integral equation (1.1) in Section 2.

2. EXISTENCE RESULTS

Our main tool is Krasnosel’skii’s fixed point theorem which we state as follows.

Theorem A. [20] Let B = (B, || - ||) be a Banach space, and let C C B be a cone
in B. Assume 4,8y are bounded open subsets of B with 0 € Qy, Qi C Qy, and let
S CN(Q\Q) — C be a continuous and completely continuous operator such that,
either

(a) ||Su|| < ||ul|, v € C NI, and ||Su|| > ||ul|, w € C NIy, or
(b) ||Su|| > ||ul|, w € C N O, and ||Sul| < ||ul|, w € C N INs.

Then, S has a fived point in C' N (Q\Qy).

Let the Banach space B = C[0, T be equipped with the norm ||u|| = sup,¢(o 7y [u(t)].

Theorem 2.1. Let 1 < p < oo be a constant and q be such that % +% = 1. Let
0 € {1,—1} be fired. Assume

(C1)
g(t,s) >0, t€[0,7], ae. s €|0,t],

g(t,s) >0, t € (0,7, a.e. sel0,1,

g'(s) = g(t, s) € LP[0,t] for each t € [0,T],

t
sup / lg%(s)Pds < oo
1J0

te[0,T
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(C2) for any t,t’' €10,T],

t*
/ lg(t,s) —g(t',s)[Pds — 0 ast — t
0

where t* = min{t, '};

(C3) for any ty,ty satisfying 0 < t; <ty <T,
g(ta, s) — g(t1,8) >0, a.e. s € [0,t];

(C4) f:]0,T] x [0,00)* — R is a Carathéodory function, and there exists constant
M > 0 such that

Of(t,2) + M >0, (t,x) € [0,T] x [0, 00)*

. ) [0,00), 0=1,
0, c0)" = { (—00,0], =1,

(note that (0,00)* is similarly defined);

where

C5
o b(t,x) < Of(t,z) + M < c(t,z), (t,z) €[0,T] x [0,00)"
where b, ¢:[0,T] x [0,00)* — [0,00) are continuous, and
b(t,z) >0, (t,x) € (0,7] x (0,00)" ;
moreover, b and ¢ are ‘nondecreasing’ in the sense that if Ox <y, then
b(t,x) < b(t,0y), t €[0,T]

c(t,x) < c(t,0y), t €[0,T7;
(C6) there exists a constant L > 0, and a function a € C[0,T] with a(0) = 0 and
0<a(t) <1, te(0,T] such that

/tg(t, s)ds < La(t), t € [0,T];
(C7) for any R > pML > O,0
/tg(t s)b(s,0(R — pML)a(s)) ds > a(t) - /TQ(T7 s)c(s, 0R)ds, t € [0, T];
(C8) er any R >0, if p > 1 then O
[ 1ets.omyas < o
if p=1, then 0

ess sup |c(t,0R)| < oo;
te[0,7)

(C9) there exists a > ML > 0 such that

T
u/ g(T, s)c(s,0a)ds < a;
0
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(C10) there exists f > uML > 0, 3 # «, such that

[ T80 ~ b Eya(s) s 2 5,
Then, (1.1) has at least one fized-sign solution w € C[0,T] such that
Bu(t) >0, t € (0,7 and  Bu(t) >0, t € (0,T]. (2.1)
Moreover, we have

(a) 0 < a—|¢| < lu|l <5 and Ou(t) > a(t)a — ,LLMfO t,s)ds, t € [0,T] if o < 3
(b) 0 < B—|o|l < |lu|| < a and Ou(t) > a(t)3 — ,quO s)ds, t € [0,T) if f < a;

where ||¢|| = ,quO (T, s)ds.

Proof. To show that (1.1) has a fixed-sign solution, we consider the system

mwzuélmﬁﬁ@w@—¢@MateMﬂ, (2.2
where .
(1) = OuM /0 g(t,5)ds, t € [0,T] (2.3)
and
f(t,x) = f(t,x) + 0M, (t,z) € [0,T] x [0,00)". (2.4)

We shall show that (2.2) has a fixed-sign solution y* satisfying
Oy*(t) > 0o(t), t € [0,T] and Oy*(t) > 09(t), t € (0,T]. (2.5)
Then, it is easy to see that u = y* — ¢ is a fixed-sign solution of (1.1) satisfying (2.1).
We shall employ Theorem A. Without any loss of generality, let 3 < a. To

proceed, we define a cone C, and open subsets 2,, 23 in B as

C, = {y € B | 0y is nondecreasing on [0, 7], and 0y(t) > a(t)||y|| for ¢t € [0, T]},
(2.6)
Qo={ye Byl <a} and  Qs={yeB]lyll<ps} (2.7)
Note that for y € C,, we have
lyll = Oy(T). (2.8)
Let the operator S : C, N (2,\Q3) — B be defined by
S0 = [ 9(t.9)7"(s.0(6) — 606D, € 0.7 (29)

Clearly, a fixed point of the operator S is a solution of (2.2). Indeed, a fixed point
of S obtained in C, will be a fized-sign solution of (2.2). Since a solution y* of (2.2)
satisfies y*(0) = 0, from (2.6) we must have a(0) = 0 if we require y* to be in C,.
Moreover, from the definition of C,, we should have a(t) € [0,1] for ¢t € [0,T]. All
these are fulfilled noting (C6).
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We shall show that the operator S : C, N (Q,\Qs3) — C, is continuous and

completely continuous. First, we shall prove that
S Cu N (Q\Q5) — C[0,T) is well defined. (2.10)
Let y € Cy N (Q4\Q5). Then, |ly|| = R € [3,a] and so
0<a(t)f<at)R<Oy(t)<R<a,tel0,T]

and
Oy(t) > a(t)R > a(t)8 >0, t € (0,T].
Thus, together with (C6), we obtain for ¢t € (0,77,

Oly(t) — o(t)] = Oy(t) — uM /Otg(t, s)ds > a(t)R — pMLa(t) = (5 — pML)a(t) > 0.

(2.11)

Moreover, it is obvious that
0<0ly(t) —o(t)] <Oy(t) < |yl = R <a, t €0, T]. (2.12)
It follows from (C4) and (C5) that for ¢ € (0,77,
0 <[f*(t y(t) — o) = 0F (&, y(t) — (1)) + M < c(t, y(t) — (1)) < c(t,0R) (2.13)

and

[ y(t) — o) = 0f(Lylt) —ot) + M
> b(t,y(t) — (1)) (2.14)
> b(t,0(R — pML)a(t)).

Now, for ¢,¢' € [0,7] and t' < t, we employ Holder’s inequality and (2.13) to
obtain

1Sy (t) — Sy(t)]

< u/ l9(t,s) — g(t',s)| - 1f*(s,9(s) —¢(8))\d8+u/ lg(t, 5)] - [f7(s,y(s) — &(s))lds

<y (/’wts tsww> + ([ latsras)’
<y </’Mts tsvw) # ([ latspas)

Then, in view of (C1), (C2) and (C8), it follows that

([t QRW)% |

|Sy(t) — Sy(t')| — 0 ast — t'. (2.15)

This proves (2.10).

(ATu%ay@>—¢@»wn)l

q
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Next, we shall check that
S Cun (Q\Q5) — Co. (2.16)

Once again let y € C, N (Q,\Qp). Noting (C1) and (C4), we obtain

“/o ot $)[0F (5, y(s) — 6(s)) + Mds > 0, t € [0,T). (2.17)

Now, let t1,ty € [0, T] with t; < t5. Then,

0(Sy)(t2) — 0(Sy)(t) = /Otl [9(t2,8) — gt s)] - [0f (s, y(s) — &(s)) + M]ds

+ / gt $)[BF (5, 4(s) — 6(s)) + M]ds

t1
> 0

where we have used (C3), (C1) and (C4) in the last inequality. Hence, 6(Sy) is
nondecreasing on [0,7]. It remains to show that 6(Sy)(t) > a(t)||Sy|| for ¢ € [0,T].
Noting (2.14), it is clear that for ¢ € [0, 77,

0(50)(1) 2 [ 9t b(s.0(R — pML)a(s)s (218)
where R = [[y]l. On the other hand, using (2.13) we get
(S0 (T) < [ ol 5)es ORI, (219)
Since 6(Sy) is nondecreasing, we obtain
Il = 050)T) < [ o(T. (s, 0m)is = 4 (220)
Applying (2.20) in (2.18), we get for ¢ € [0, 7],
005002 n [ gttt 008~ uninatsnas - L5 > agosu)

where we have used (C7) in the last inequality. This completes the proof of (2.16).
Next, we shall show that

S Cun (Q\Qs) — C, is compact. (2.21)

Once again let y € C, N (Q,\Q3). Using the monotonicity of 8(Sy), (2.19), Holder’s
inequality, (C1) and (C8), we obtain for ¢ € [0, T7,

0(Sy)(t) < 0(Sy)(T) < ,u/o g(T, s)c(s,0R)ds

IN

ullg™l, ( / T[c(s,em]quf = 4y < oo
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Thus, S(C, N (2,\2p)) is uniformly bounded. Moreover, (2.15) guarantees the con-
tinuity of Sy. Hence, the compactness of S : C, N (2,\Q5) — C, follows from the
Arzéla-Ascoli theorem. Having established (2.10), (2.16) and (2.21), we have shown
that S : C, N (2,\Qs) — C, is continuous and completely continuous.

We shall now show that (i) ||Sy|| < |ly|| for y € C, N 0Q,, and (ii) ||Sy|| > ||y]|
for y € C, N 0N, To verify (i), let uw € C, N 0Q,. Then, ||y|| = R = o. Applying
(2.20)| g=o and (C9), we obtain

T
1Syl < u / 9T, s)e(s,0a)ds < a = [y
0

Next, to prove (ii), let y € C, N9Qs. So ||ly|| = R = . Now || Sy|| = 0(Sy)(T)
Thus, using (2.18)|g=s and (C10) we find

ISyl = 6(Sy)(T) = u/o 9(T, 5)b(s,0(8 — pML)a(s))ds = 5 = [ly].

Having obtained (i) and (ii), it follows from Theorem A that S has a fixed point
y* € Cy N (Q2,\Qp). Thus,

B<lyll<a  and  Oy°(t) = a(t)B, ¢ € [0,7), (2.22)

Using the fact that § > uML > 0, (C6) and (2.3), we find for ¢t € (0,7,

00°(0) = al0)]y")| = a(t) > i Latt) 2 i [ gt s)ds = 9610,

Also, it is clear that Oy*(t) > 0¢(t) for t € [0,T]. Hence, y* satisfies (2.5).

Since the fixed-sign solution u of (1.1) is given by u = y* — ¢, we have (2.1) and
also, in view of (2.22),

Ou(t) = 0y™(t) — 00(t) > a(t)3 — M / g(t,5)ds, ¢ € [0,
and

B=lol < llyll = llell < llull < lly*|| < e
Now, noting (C3) we find

t t

T
¢l = sup uM [ g(t, s)ds < sup uM [ g(T, S)dszuM/ 9(T, s)ds.
te[0,T] 0 t€[0,T] 0 0

Clearly,
t

T
ol = sup Mt [ glts)ds = bt [ g(Ts)ds
0

S
te[0,7

Thus, we get ||¢|| = pM fOTg(T, s)ds. Finally, to see that 5 — ||¢|| > 0, using (C6)
we get

0

B> puML > pMLa(t) > pM /tg(t, s)ds = 0¢(t), t € [0,T]
0
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and so > ||¢||. Therefore, conclusion (b) follows immediately. The proof is complete.
]

Remark 2.1. If (C2) is changed to
(C2)’ for any t,t' € [0,T],

+* 1
/ lg(t,s) — g(t', s)|[Pds +/ lg(t**, s)]Pds — 0 as t — t'
0 t*
where t* = min{t, ¢’} and t** = max{¢,t'},
then automatically we have sup, ¢ 1 ( fot [gt(s)]pd8> < oo which appears in (C1).
Remark 2.2. In (C9) if we have strict inequality instead, i.e.,

T
,u/ g(T, s)c(s,0a)ds < a,
0

then from the latter part of the proof of Theorem 2.1 we see that a fixed point y* of
S must satisfy ||y*|| # a. Similarly, if the inequality in (C10) is strict, i.e.,

T
i [ o (5,05 — i Lyals)) ds > 5,
0

then a fixed point y* of S must fulfill ||y*|| # 5. Hence, with strict inequalities in
(C9) and (C10), the conclusion of Theorem 2.1 becomes:
The system (1.1) has at least one fixed-sign solution u € C|0, 7| such that (2.1) holds.
Moreover, we have

(a) 0 <a—|¢| <||lu|| < B and Qu(t) > a(t)a — uM fo s)ds, t € [0,T] if a < 3;

(b) 0 < B — |9l < ||u|]| < @ and Qu(t) > a(t)B — ,quO t,s)ds, t €10, T]if § <
where ||¢]| = uM fo (T, s)ds.

The next result generalizes Theorem 2.1 and gives the existence of multiple fixed-

sign solutions of (1.1).

Theorem 2.2. Let 1 < p < oo be a constant and q be such that % + % = 1.

Let 0 € {1,—1} be fized. Assume (C1)-(C8) hold. Let (C9) be satisfied for o =
ag, £ =1,2,... k, and (C10) be satisfied for f = By, £ = 1,2,...,m. Let ||o|| =
uM fOTg(T, s)ds.

(a) Letm=k+1and 0 < B < g < -+ < B < ag < Pra1-
(1) If a; < Biy1 — ||o]], 1 < i < k—1, then (1.1) has (at least) k fized-sign
solutions u', ..., u* € C[0,T] such that

— ol <l € aiy 1<i <k

(i) If Bi < a; — ||#]], 2 <i <k, then (1.1) has (at least) k fized-sign solutions
ul, ... u* € C[0,T] such that

— ol < [Ju'|| € Big1, 1 <i < k.
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(b) Letm=k and 0 < B1 < ag < -+ < [ < .
(1) If a; < Biy1 — ||o]], 1 < i < k—1, then (1.1) has (at least) k fized-sign
solutions u', ..., u* € C[0,T] such that

Bi—loll < ']l < i, 1<i <k

(i) If Bi < a; — ||¢]l, 2 < i < k—1, then (1.1) has (at least) k — 1 fized-sign
solutions ul, ..., u*=t € C[0,T] such that

a; = [|gll < 'l < B, 1< i< k-1

(c) Let k=m+1and 0 < a; <1 <+ <y < B < Qps1-
(1) If B < agp1 — ||0]], 1 <@ < m —1, then (1.1) has (at least) m fized-sign
solutions u', ... ,u™ € C[0,T] such that

a; = |lgll < [lu'll < B, 1< i< m.

(i) If a; < Bi —||6]], 2 <i<m, then (1.1) has (at least) m fized-sign solutions
uly ... u™ € C0,T) such that

Bi — ol < |lu]| < aigr, 1 <i<m.

(d) Let k=m and 0 < gy < B1 < -+ < @y < L.
(i) If B; < agp1 — ||0]], 1 <@ < m —1, then (1.1) has (at least) m fized-sign
solutions u', ... ,u™ € C[0,T] such that

a; —[|¢]| < [lu’]| < B, 1<i<m.

(i) If a; < Bi — ||oll, 2 <i <m—1, then (1.1) has (at least) m — 1 fized-sign
solutions u', ... ,u™ ' € C[0,T] such that

Bi = oIl < [lu'l] < @iy, 1<i<m— 1.

Proof. In (a), by applying Theorem 2.1 repeatedly, we find that there are possibly 2k
(not necessarily distinct) fixed-sign solutions to (1.1), namely, u!,... u** € C[0,T]

such that
Br— ol < |lu'll < o1, ar = || < |lu?|| < B,

Br = ol < W]l < a2 = [l]l < [l < B5, ..,

B = gl < w7 < aw,  aw = ([0l < || < B

In case (i), we see that k of these solutions are distinct, namely, u®, u?, ..., u?*~1
with
Gi=lloll < llu'l <ar, By = lloll < lW’] <az ooy B = llgll < 7Y < .
In case (ii), it is clear that the k solutions u?, u?, ..., u?* are distinct with

ar = ol < | < Bos an— o] <Nl < Bs, ooy o=@l < W] < Brga.
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The proof of (b)—(d) is similar. O

Remark 2.3. Suppose in Theorem 2.2 we have some strict inequalities in (C9) and
(C10), say, involving «; and [3; for some ¢ € {1,2,...,k} and some j € {1,2,...,m}.
Then, noting Remark 2.2, those inequalities in the conclusion involving «; and 3; will

also be strict.
We are now ready to discuss more specific conditions concerning the existence of

a(t) in (C6).

Theorem 2.3. Let 1 < p < oo be a constant and q be such that % +% = 1. Let
0 € {1,—1} be fizred. Suppose (C1)-(C5) and (C8) hold. Further, assume

(C11) there exists N > 0 such that
g(t,s) >N >0, t € (0,7], a.e. s €]0,t];
(C12) for any (t,x) € [0,T] x [0, 00)*,
b(t, ) = r(t)w(|z])

and

c(t,z) < p(t)w(|z])
where p,r : [0,T] — [0,00), r(t) > 0 for a.e. t € [0,T], r is continuous, w :
[0,00) — [0,00) is continuous, w(s) > 0 for s > 0, w(st) > w(s)w(t) for
s,t >0, andzgg >0>0for0<az<uy;

(C13) the function J : [0,00) — [0,00) defined by
* dx
0= o

J! (%‘g /Otr(s)ds) <1, tel0,T],

where Q = fOTg(T, s)p(s)ds.

satisfies

Let
NC 1 I
a(t)=J! <—/ r(s ds) and L = max —/ t,s)ds. 2.23
) 5 [ o [aesds 22
Further, let (C9) and (C10) hold. Then, the system (1.1) has at least one fized-sign
solution u € C|0,T] satisfying (2.1) and conclusions (a) and (b) of Theorem 2.1 hold.

Proof. Clearly, (C6) is satisfied. Theorem 2.1 is applicable if we can show that (C7)
is fulfilled. To begin, notice the inequality in (C7) is the same as
5 g(t, s)b(s,0(R — M L)a(s))ds
fOT g(T, s)c(s,0R)ds

> a(t), t€[0,T]. (2.24)
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Now, applying (C12) and (C11), we find

Jo 9(t,8)b(s,0(R — pML)a(s))ds S Jo 9 (|R MMLlél( ))ds
fo c(s,0R)ds B fo Yw(R)ds
0[5 g(t, s)r(s)w(a(s))ds
fo s)p(s)ds
> %ﬁ tr(s)w(a(s))ds.

Thus, (2.24) is satisfied if we can find some a € C[0,7] with a(0) =0 and 0 < a(t) <
1, t € (0,T1], such that

a(t) = ]Z; r(s)w(a(s))ds. (2.25)
We claim that (2.25) is satisfied if
a(t) = J-! (Ng /0 tr(s)ds) | (2.26)
In fact, from (2.26) we have J(a(t)) = ¢ fo s)ds, or
“O dx Nt
/o =g o

Next, the above equation is the same as

ta’(s)ds_ﬂ trs .
/ow<a<s>>‘ g J, "

which upon differentiation gives

Integrating the above from 0 to ¢ then yields (2.25). Thus, (2.25) is satisfied if a(t)
is defined by (2.26), moreover this a € C[0, 7] fulfills a(0) =0 and 0 < a(t) <1, t €
(0,77 (see (C13)).

We have shown that the condition (C7) is satisfied and so the conclusion follows
from Theorem 2.1. O

By using Theorems 2.3 repeatedly, we obtain the existence of multiple fixed-sign
solutions of (1.1).

Theorem 2.4. Let 1 < p < oo be a constant and q be such that % +% = 1. Let
0 € {1,—1} be fizred. Assume (C1)-(C5), (C8) and (C11)-(C13) hold. Let a(t) and
L be defined in (2.23). Let (C9) be satisfied for o = ay, £ =1,2,...,k, and (C10) be
satisfied for = PBg, £ =1,2,...,m. Let ||¢|| = uM fo (T, s)ds. Then, conclusions
(a)-(d) of Theorem 2.2 hold.
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Remark 2.4. Remarks similar to those of Remarks 2.1-2.3 also hold for Theorems 2.3
and 2.4.

We shall now present an example to illustrate the results obtained.

Example 2.1. Consider the Volterra integral equation (1.1) with
g(t,s)=t—s+1, flt,u) = —t and T>0. (2.27)

Suppose we are interested in positive solutions, thus we set 6 = 1.

We shall apply Theorem 2.3. Clearly, the conditions (C1)—(C3) are satisfied.
Also, (C4) is satisfied if we choose M = 2T'. Hence, in (C5) we have

T<O0f(t,u)+ M =2T —t < 2T,
and we can choose b = T and ¢ = 27. The condition (C8) is clearly fulfilled. Also,

since
g(t,s)=t—s+1>t—t+1=1=N,
the condition (C11) is satisfied with NV = 1.
Next, in (C12) we can pick
r="T, p=2T and  w=1 (thus { =1).

Hence, we find

Q= /0 g(T, s)p(s)ds = /0 2T(T — s + 1)ds = T*(T + 2),

J(z):/OZd—I):/Ozdx:z and  JNz2) =2

w(z
It follows that

Ne [ Ne [ I t
J_1<—/rsds):— rsds:—/Tds:7<1
ol A A N )
and so the condition (C13) is satisfied. Further, as in (2.23) we let

and

T(T + 2)°.

N —

te(0,7] @ te(0,T]

I 1
L = max ﬁ/ g(t,s)ds = max = T(T+2)(t +2) =
0
The inequality in (C9) then reduces to
T
,u/ g(T, s)c(s,0a)ds = pT*(T +2) < «
0

which is true for @ > pM L. Similarly, condition (C10) also holds for some ((# «).

We now conclude from Theorem 2.3 that the Volterra integral equation with
(2.27) has at least one positive solution u € C'[0,T] such that

w(t) >0, te[0,T]  and  wu(t) >0, t e (0, 7). (2.28)
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Moreover, we have

(2) 0 < a— @] < [lull < B and u(t) > a(t)a — uM [ g(t,s)ds = mrmy @ —
2T (§+t), te0,T]if a < G
(0) 0 < 8= ¢l < ull <o and u(t) > a(t)s — pM [y g(t,s)ds = 7t B —

2Tu<§+t), te0,T]if 8 < a;

where ||¢|| = uM fOTg(T, s)ds = pT*(T + 2).
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