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ABSTRACT. In this paper, we use Leggett-Williams multiple fixed point theorem to obtain several
different sufficient conditions for the existence of at least three positive periodic solutions for the

first order functional differential equations of the form

y'(t) = —a(t)y(t) + Af (¢, y(h(1))).
Some applications to mathematical ecological models and population models are also given.

AMS (MOS) Subject classification: 34K13, 34C10, 34C27

1. INTRODUCTION

Consider the nonlinear first order functional differential equation of the form

y'(t) = —a(t)y(t) + Af (£, y(h(1))) (1.1)

where \ is a positive parameter, h,a € C(R,R,) are T-periodic with a(t) # 0,
and f € C(R x Ry, R,) is T-periodic with respect to the first variable, where R =
(—00,00), Ry = [0,00) and T is a positive constant. Our aim of this paper is to study
the existence of at least three positive T-periodic solutions of (1.1) using Leggett-

Williams multiple fixed point theorem [12].
If h(t) =t —7(t) and 7 € C(R, R;) with 7(t) <t, then (1.1) takes the form

y'(t) = —a)y(t) + Af(E,y(t — (1)) (1.2)

As the existence of positive periodic solutions of (1.1) is regarded, one can find from
the arguments in the succeeding sections that some similar results can be derived for

(1.2). Functional differential equation of the form (1.2) includes many mathematical
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ecological and population models (directly or after some transformation), such as:
(a) Lasota-Wazewska model [4, 6, 13, 16, 17, 19, 23, 24, 26]

y'(t) = —a(t)y(t) + p(t)e WO, (1.3)

(b) Models for blood cell production [3, 5, 14, 15, 22]

y6) = —althy(o) + b T (1.4

(¢) Nicholson’s blowflies models [7, 9, 11, 15, 22]

y'(t) = —a(t)y(t) + b(t)y™ (t — 7(¢))e OV =70, (1.5)

The variation of the environment, in particular the periodic variation of the environ-
ment, plays an important role in many biological and ecological systems. Hence it will
be interesting to study the existence of at least one periodic solution of (1.3)—(1.5).
Many authors have used fixed point theorem of cone expansion and cone compression
method, upper-lower solution method and iterative technique to find out at least one
and at least two positive periodic solutions of (1.1) although it is very difficult to
find upper and lower solutions for a general differential equation. For instance, see
2, 7, 10, 16, 21, 22, 25, 26]. In [26], Zhang et al. have used fixed point theorem of
cone expansion and cone compression to investigate the existence of multiple positive
periodic solutions for the first order differential equation. On the other hand, it has
been observed that very few papers exist in the literature on the existence of at least
three periodic solutions of (1.1). For example, see [1]. The use of Leggett-Williams
multiple fixed point theorem for the existence of at least three periodic solutions of
(1.1) is relatively scarce in the literature. In this paper, by using Leggett-Williams
multiple fixed point theorem, we provide some results on the existence of at least
three positive periodic solutions of (1.1) and then apply our results to obtain some
new criteria for the existence of at least three positive periodic solutions of the models
(1.3)—(1.5). Some explicit intervals on the parameter A\ are given while proving our

results. The results of this paper can be extended to

y'(t) = —a@®)y(t) + f(ty(t = (D)), ..., y(t — 7(t))) (1.6)

where 0 < 73(t) < t,7=0,1,...,n, f € C(R x R}, R,) is periodic with respect to
the first variable, 7;,(t +7) = 7;(¢), 1 < i < n.

For the last two decades, there has been a rich literature on the use of the fixed
point theorems on the existence of positive solutions of boundary value problems. The
existence of periodic solutions of this type equation is closely related to the existence
of general boundary value problems. Many ideas in the paper and the references come

from those for general boundary value problems.
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2. PRELIMINARY

First, observe that the solution of (1.1) may be written in the form
t+T
vt)=A [ Gl (s, uh()) ds.
t

where G(t,s) = % is the Green’s kernel. The Green’s kernel G(t,s) used
elo —
in this paper is well known in the literature. As in many articles, its lower bound,

being positive, is used for defining a cone. It is easy to verify that G(¢, s) satisfies the

property
1

O<a=——
T s

< G(t,s) < % =0, for set,t+T] (2.1)
where

§— efOT a(9) b

The following concept from Leggett-Williams multiple fixed point theorem [12] is
needed for our use in the sequel: Let X be a Banach space and K be a cone in
X. A mapping 1 is said to be a concave nonnegative continuous functional on K if

¥ K — [0,00) is continuous and

Y(pr + (1= py) > p(z) + (1 — w)P(y), v,y € K, pel0,1].

Let a,b,c > 0 be constants with K and X as defined above. Define
K,={y € K:|yll <a}, K(p.bc)={yeK; ¢(y)>b, |yl <c}

Theorem 2.1 (Leggett-Williams multiple fixed point theorem, [12]). Let X = (X, ||.||)
be a Banach space and K C X a cone, and ¢4 > 0 a constant. Suppose there exists a
concave nonnegative continuous function 1 on K with ¢¥(u) < u for u € K., and let
A: Fal — F% be a continuous compact map. Assume that there are numbers cy, ¢y
and c3 with 0 < ¢ < ¢y < ¢c3 < ¢4 such that

(i) {u € K(¢,ca,c3);¢0(u) > o} # ¢ and (Au) > ¢ for allu € K (¢, ¢z, c3);
(i1) ||Au|| < ¢1 for allu € K;
(119) Y(Au) > co for all u € K (¢, ca, cq) with ||Aul| > cs.

Then A has at least three fized points uy, us and us in K.,. Furthermore, we have
U € ch Uz € {U € K(wa Co, 04); w(u) > 02}7 Uz € F&;\{K(,@b) Ca, 04) U FCl}'

Let X = {y(¢);y(t) € C(R, R),y(t) = y(t+T1)} with the norm |y|| = suprepo,r|y(?)|;
then X is a Banach space with the norm || - ||. Define a cone K in X by

K ={y(t)y € X.(t) > 5lyll ¥t 0,7])

and an operator Ay on X by

(A () = A / G(t, 5)f (s, y(h(s)) ds.
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Lemma 2.2. A\(K) C K and Ay : K — K is compact and continuous.

Lemma 2.3. Existence of positive periodic solutions of (1.1) is equivalent to the

existence of fized point problem of Ay in K.

The proofs of the Lemma 2.2 and Lemma 2.3 are straightforward and hence we

omit their proof.

3. MAIN RESULTS

Let

t
f" = lim sup max f ,y)'
y—h  0<t<T a(t)y

Theorem 3.1. Let f> < T. Further, assume that there are constants 0 < ¢; < ¢
such that

(Hy) f(t,y) > 20cy fory € K with co <y <dcg and 0 <t < T

and

(Hs) f(t,y) < % forye K withy <c¢; and 0 <t<T

hold. Then (1.1) has at least three positive T-periodic solutions for

20T T

Proof. From f* < T, it follows that there exist an € € (0,7") and # > 0 such that

Y SULUSV S

f(t,y) <ea(t)y+yfory >0and 0 <t <T. Choose

C4 >max{(5_i;(§_€),6c2}.

Then for y € K,,, we have

Al = &mAZ+CWﬁﬁ@w@@D%

0<t<T

IA

sup )\/t G(t, s)(a(s)y(h(s)) e+ ) ds

0<t<T

pr1’ G(t, s)(a(s)yll € + ) ds

0<t<T

t+T t+T
A |:€C4 sup / a(s)G(t, s) ds+7/ G(t,s) ds}
t t

0<t<T

IA IA

IN

>

[
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+
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From Lemma 2.2 and the above, it follows that A, : F&l — f%. Next, define a
nonnegative continuous function ¢ on K by 1 (y) = minepo,r y(t). Then ¢ (y) < ||ly||.
Let c3 = dco and ¢g(t) = ¢o, ¢p is any given number satisfying co < ¢g < c3. Then
b0 €{y:ye KW, ca,c3),¥(y) > ca}. Further, for y € K(1, co, c3), we have by (H;)

saw) = i | Gt ) f (s, y(h(s))) ds

0<t<T

> /fsy
> 5—2502
> Ca.
Now, let y € K.,. Then, using (H>)
t+T
[l = swp X[ Gl s uhis))ds
0<t<T t
A (T
< 25 | s msnds
0
~1
< 27 .27
s o1 1
1
< TclT
Clv

that is, Ayy € K.,. Finally, for y € K (1, ¢, c4) and |[Ayy|| > c3, we have

c3<||AAy||<—A/ F(s,y(h

which in turn implies that

1 T
vidw) = 50 [ Fslhs)) ds
0
> 3 —
Hence all the conditions of Theorem 2.1 are satisfied. Consequently, (1.1) has at least

three positive T-periodic solutions. This completes the proof of the theorem. O

Theorem 3.2. Let f> < T. Assume that there exist constants 0 < ¢; < ¢o such that
(H3) f(t,y) >2(0—1)cy fory € K with co <y <dcg and 0 <t < T
and (Hy) hold. Then (1.1) has at least three positive T-periodic solutions for

1 1

N < -
o7 <M ST
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The proof of the theorem is as same as the proof of Theorem 3.1. Here we use
(Hj) in place of (H;) in the following way to prove the condition (i) of Theorem 2.1.
Define ¥ on K by 9(y) = minejo.11y(t) and set c3 = dcy. Then

t+T
Vi) = min A [ Gl s plh(s) ds

0<t<T

T
> | st as
> 5—:2(6—1)C2T
1
> m2(5—1)62T
> Ca.

Thus, by Theorem 2.1, (1.1) has at least three positive T-periodic solutions.

Theorem 3.3. Let f* < T and f° < T. Further, assume that there exists a con-
stant co > 0 such that (Hy) holds. Then there exist at least three positive T -periodic
solutions of (1.1) for

o—1 1

BT <A< T

Proof. Since f> < T, then there exist 0 < §; < T and & > 0 such that
f(ty) < da(t)y fory>& and 0 <t <T.

Let

= ty).
7 OSySI?fgcstSTf( 9)

Then f(t,y) < d1a(t)y+ v fory >0 and 0 <t < T. Choosing ¢4 as in Theorem 3.1,
one may prove that Ay : K., — K., Further, defining a continuous function 1 on
K by ¥(y) = y and using (Hy), we can prove that the condition (i) of Theorem 2.1
holds. From f° < T, there exist d,,0 < do < T and 5 > & > 0 such that

flt,y) < da(t)y for0<y<&and 0 <t <T.

Set 0 < ¢; = &. Then for y € Fcl, we have

Al = amA[ G(t, 5) (5, y(h(s))) ds

0<t<T

_ wpaécwﬁﬁ@wm@»@

0<t<T

T
< A& sup/ G(t, s)a(s) |y ds
0

0<t<T

T
< Acp b sup/ a(s)G(t,s)ds
0

0<t<T
< A C1 (52
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1
< =0
Tcl2
< C1,

that is, the condition (ii) of Theorem 2.1 is satisfied. In a similar way to Theorem 3.1,
it can be shown that the condition (iii) of Theorem 2.1 is satisfied. Hence there exist

at least three positive T-periodic solutions of (1.1). Thus the theorem is proved. O

Theorem 3.4. Let f* < T, fO < T and (Hs) hold. Then there exist at least three
positive T-periodic solutions of (1.1) for

1 1
oa< -
o7 <M ST

In [26], Zhang et.al. proved the following interesting result:

Theorem 3.5. Let f© < 1 and f> < 1. Further, assume that there exists p > 0 such
that f(t,y) > a(t)|y| for pp < |u| < p, where p = exp{— fOT a(s)ds}. Then (1.6) has
at least two positive T-periodic solutions y; and ys such that

0 <yl < p <yl

We note that our results can be applied to (1.6). Applying Theorem 3.3 or
Theorem 3.4 to (1.6), we have the following:

Corollary 3.6. Let f° < T and f> < T. Further, assume that there exists a constant
co > 0 such that either

(Hy) f(t,y) > 20ce for ye K with ¢ <y <dco and0 <t <T

or

(Hs) f(t,y) > 2(6 —1)ca for ye K with co <y<dcy and 0 <t <T.

hold. Then (1.6) has at least three positive T-periodic solutions for

o1 o
20T T
Our Corollary 3.6 is different from Theorem 3.5. Indeed, the upper bound on f°
and f* is the general period T" and there exist at least three T-periodic solutions in

Corollary 3.6.

Theorem 3.7. Let f> < T. Assume that there are constants 0 < ¢; < ¢y such that
(Hy) holds and
(Hg) f(t,y) <y for 0<y<ec;and0<t<T.
Then there ezist at least three positive T-periodic solution of (1.1) for
0—1 0—1

- <
55T ST
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The proof of the theorem is same as Theorem 3.3. One is required to choose

7
cy > max{—(5 ~15, +Ta502}a

to show that A, : K., — K.,. However, we need the following argument to prove the

condition (ii) of Theorem 2.1: from (Hg), we have, for z € K,

[l = sw A/ G(t,5) (5, y(h(s))) ds
0<t<T

S )\5 — 101T < Cy.
Example 3.8. Consider the equation

1 3

y'(t) = _6_7r(2 + cost)y(t) + ge Y2 (t — 7)e ) (3.1)

where 7 > 0 is a constant. Here a(t) = %(2 +cost), T =2m. Set f(t,y) = Zety’e™
and )\%: % It 1s easy to verify that 2T <A< %, that is, ﬁ < % < % Now,
§ = elo”a®dt = ¢5 = 1947734041, o = 515 = 1.05514834 and § = %5 = 2.05514834.
Further, f*° < 27 holds. Choose ¢; = 180, = % Then c3 = ¢20 = 0.97386702. For
¢ <y < 20, we obtain Zety?e v > Fetcdem?0. Since Fetee™® > 2(6 — 1), then

ft,y) > 2(0 — 1)eg for o <y < 025, that is, (H3) holds. Further, for 0 < y < ¢,
ft,y) = me*y’e™ < f-e'ci < gep holds. This in turn implies that (Ha) holds. By
Theorem 3.2, (3.1) has at least three positive 2m-periodic solutions. Theorem 3.4 can

be applied to this example.

4. APPLICATIONS

Example 4.1. Consider the Lasota-Wazewska model
y'(t) = —ay(t) + pe 7?7, (4.1)

If a(t) = a,p(t) = p,7(t) = Tand~(t) = v are positive constants, then (1.3) reduces
o (4.1). In [6, 26] the authors have proved that (4.1) has at least one positive
periodic solution. However, to the best of our knowledge, no result exists for the
existence of at least three positive periodic solutions of (4.1). It would be interesting
to obtain results, directly or after some analysis, for the existence of at least three

positive periodic solutions of (4.1). The following result follows from Theorem 3.2.

Theorem 4.2. Let v < 2e, § < ff,y and v6? < 5 — 1 hold. Then (4.1) has at least

three positive T'-periodic solutions for <p<7

Proof. Let f(t,y) = e~ . Then f(t,y) > e %% for ¢, < y < dcy. Thus (Hj) holds if
and only if e77%¢2 > 2(§ — 1)¢, for ¢y < y < dcp. Now choose ¢; = ==. Then § < 26 -~
and ¢y = % imply that e=792 > 2(§ — 1), for ¢ < y < bey. Hence (Hg) is satisfied.
It is clear that f>° < T. In order to apply Theorem 3.2, we are required to show the
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existence of a constant ¢; such that 0 < ¢; < ¢y and (H») holds. Since f(t,y) < 1,
then (H,) holds if ¢; > 2-. Indeed, (H) holds if 1 < ®¢; for 0 < y < ¢, that

-1 5
is, ¢ > %. Now we show the existence of ¢;. Clearly, 76> < § — 1 implies that
% < % = ¢y. Thus, there exists a real ¢; € (%, %) such that % < <cp= %.
Thus f(t,y) satisfy the property (Hz). By Theorem 3.2, (4.1) has at least three

positive T-periodic solutions for % <p< % The theorem is proved. 0

Example 4.3. If a(t) = a, b(t) = b and 7(t) = 7 are constants, then (1.4) reduces to
t—7)

) = — ytt—1)
y'(t) = —ay(t) + bl e r— (4.2)
Set m
_ofs _ 1\52m—1 n n—m,m-
p=2(6-1)0 1+n_m( — (4.3)

Applying Theorem 3.4 to Eq. (4.2), we obtain

Theorem 4.4. Let 0 < m — 1 < n. FEq. (4.2) has at least three positive T-periodic

solutions for 3= < b < &

- &, where p is given in (4.3).

Proof. Since § > 1 and 0 < m — 1 < n, then p > 0. Equation (4.1) can be written as

b y"(t—1)
(1) = —ay(t) + —p—r——— .
vt =—ay)+ =
Let f(t,y) = u%. Since m > 1, then f® =0 < T and f* = 0 < T. To complete
the proof of the theorem, inview of Theorem 3.4, we need to find a ¢y > 0 such that

(H3) holds. Set ¢y = %(1:1”—_17”)%_ Now, for ¢ < |ly|| < dca, we have

TN (112) LTI
1+yn 1+o0ncy = 6m 1+ onch

(4.4)

(4.5)

Since ¢ = %(1:;—_1”1)%’ then 1+ 0"cy = = Then, from (4.5) we have, using (4.3)
ym ¢y n—m+1 9m—1 n 14+n—mm-1
> = . ——2(6—-1)0 . : n
M1+y" - om n ( ) n—m—l—l( m— 1 )
1+n—-—mmt
> 2(6 — D)ot (———)
> 2 )¢5 ( m—1 )
1
> 2(6 — 1ot ————
- ( ) 2 6m_1cgn—1
Z 2(5 — 1)02.
This completes the proof of the theorem. O

Example 4.5. If a(t) = a,b(t) = b, 7(t) = T and (t) =  are positive constants, then
(1.5) reduces to
y'(t) = —ay(t) + by™(t — )" 77 (4.6)

Theorem 4.6. Let m > 1 and 2¢(5 — 1)6(mVy™ < 1. Then Eq. (4.6) has at least

three positive T-periodic solutions for % <b< %
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Proof. Let f(t,y) = y™e . Set ¢y = W. ﬁ
and 2e(d — 1)5(7”_1)77%1 < 1 imply that ce™07"% > 2(§ — 1)cy for ¢ < y < ey
and hence (H3) is satisfied. Further, f* =0 < T, and f° = 0 < T hold. Then by
Theorem 3.4, (4.6) has at least three positive T-periodic solutions for % <b< %
The proof is complete. 0

Then it is easy to observe that ¢, =

Although, the condition in Theorem 4.6 looks complicated, it is easy to verify.

The following corollary follows from Theorem 4.6.

Corollary 4.7. Let m > 1 and 1 < § < 11/n < 1+—e26 Then (4.6) has at least three

positive T-periodic solutions for % <b<

=2

T .

Proof. In fact, 1 < § < Vll/n < 22 implies that 2e(d — 1)5(7”_1)7"1771 < 1 and hence

by Theorem 4.6, (4.6) has at least three positive T-periodic solutions for % <b< %
This completes the proof of the theorem. O

Remark 4.8. One may find that Theorem 4.4 do not work form =1and m =n+1
and Theorem 4.6 do not work for m = 1. Thus, it would be interesting to obtain
sufficient conditions on the coefficient functions for the existence of atleast three

positive T-periodic solutions of the equations (4.2) and (4.6) for general m and n.
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