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ABSTRACT. A large variety of very general Lp(1 ≤ p ≤ ∞) form Opial type inequalities ([15]) is

presented involving Riemann-Liouville fractional derivatives ([5], [12], [13], [14]) of several functions

in different orders and powers.

From the established results derive several other particular results of special interest. Ap-

plications of some of these special inequalities are given in proving uniqueness of solution and in

giving upper bounds to solutions of initial value fractional problems involving a very general system

of several fractional differential equations. Upper bounds to various Riemann-Liouville fractional

derivatives of the solutions that are involved in the above systems are given too.
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0. INTRODUCTION

Opial inequalities appeared for the first time in [15] and then many authors dealt

with them in different directions and for various cases. For a complete recent account

on the activity of this field see [3], and still it remains a very active area of research.

One of their main attractions to these inequalities is their applications, especially

to proving uniqueness and upper bounds of solution of initial value problems in dif-

ferential equations. The author was the first to present Opial inequalities involving

fractional derivatives of functions in [4], [5] with applications to fractional differential

equations. See also [8], [9].

Fractional derivatives come up naturally in a number of fields, especially in

Physics, see the recent book [11]. To name a few topics such as, fractional Kinetics of

Hamiltonian Chaotic systems, Polymer Physics and Rheology, Regular variation in

Thermodynamics, Biophysics, fractional time evolution, fractal time series, etc. One

there deals also with stochastic fractional-difference equations and fractional diffusion

equations. Great applications of these can be found in the study of DNA sequences.

Other fractional differential equations arise in the study of suspensions, coming from
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the fluid dynamical modeling of certain blood flow phenomena. An excellent account

in the study of fractional differential equations is in the recent book [16].

The study of fractional calculus started from 1695 by L’Hospital and Leibniz,

also continued later by J. Fourier in 1822 and Abel in 1823, and continues to our

days in an increased fashion due to its many applications and necessity to deal with

fractional phenomena and structures.

In this paper the author is greatly motivated and inspired by the very important

papers [1], [2]. Of course there the authors are dealing with other kinds of derivative.

Here the author continues his study of Riemann-Liouville fractional Opial inequalities

now involving several different functions and produces a wide variety of correspond-

ing results with important applications to systems of several fractional differential

equations. This article is a generalization of the author’s earlier article [6].

We start in Section 1 with Background, we continue in Section 2 with the main

results and we finish in Section 3 with applications.

To give an idea to the reader of the kind of inequalities we are dealing with,

briefly we mention a simple one

∫ x

0

(

M
∑

j=1

|(Dγfj)(w)| |(Dνfj)(w)|
)

dw

≤
(

xν−γ

2Γ(ν − γ)
√

ν − γ
√

2ν − 2γ − 1

)

{

∫ x

0

(

M
∑

j=1

((Dνfj)(w))2

)

dw

}

, (∗)

x ≥ 0, for functions fj ∈ L1(0, x), j = 1, . . . , M ∈ N; ν > γ ≥ 0 etc. Here Dβf stands

for the Riemann-Liouville fractional derivative of f of order β ≥ 0. Furthermore one

system of fractional differential equations we are dealing with briefly is of the form

(Dνfj)(t) = Fj(t, {(Dγif1)(t)}r
i=1, {(Dγif2)(t)}r

i=1, . . . ,

{(DγifM)(t)}r
i=1), all t ∈ [a, b], (∗∗)

j = 1, . . . , M ; Dν−kfj(0) = αkj ∈ R, k = 1, . . . , [ν] + 1. Here [ν] is the integral part

of ν.

1. BACKGROUND

We need

Definition 1 (see [10], [13], [14]). Let α ∈ R+ − {0}. For any f ∈ L1(0, x); x ∈
R+ − {0}, the Riemann-Liouville fractional integral of f of order α is defined by

(Jαf)(s) :=
1

Γ(α)

∫ s

0

(s − t)α−1f(t)dt, ∀s ∈ [0, x], (1)
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and the Riemann-Liouville fractional derivative of f of order α by

Dαf(s) :=
1

Γ(m − a)

(

d

ds

)m ∫ s

0

(s − t)m−α−1f(t)dt, (2)

where m := [α] + 1, [·] is the integral part. In addition, we set −D0f := f := J0f ,

J−αf = Dαf if α > 0, D−αf := Jαf , if 0 < α ≤ 1. If α ∈ N, then Dαf = f (α) the

ordinary derivative.

Definition 2 ([10]). We say that f ∈ L1(0, x) has an L∞ fractional derivative Dαf

in [0, x], x ∈ R+ − {0}, iff Dα−kf ∈ C([0, x]), k = 1, . . . , m := [α] + 1; α ∈ R+ − {0},
and Dα−1f ∈ AC([0, x]) (absolutely continuous functions) and Dαf ∈ L∞(0, x).

We need

Lemma 3 ([10]). Let α ∈ R+, β > α, let f ∈ L1(0, x), x ∈ R+ − {0}, have an L∞

fractional derivative Dβf in [0, x], and let Dβ−kf(0) = 0 for k = 1, . . . , [β] + 1. Then

Dαf(s) =
1

Γ(β − α)

∫ s

0

(s − t)β−α−1Dβf(t)dt, ∀ s ∈ [0, x]. (3)

Clearly here Dαf ∈ AC([0, x]) for β−α ≥ 1 and in C([0, x]) for β−α ∈ (0, 1), hence

Dαf ∈ L∞(0, x) and Dαf ∈ L1(0, x).

2. MAIN RESULTS

Here we use a lot the following basic inequalities. Let α1, α2, . . . , αn ≥ 0, n ∈ N,

then

ar
1 + · · ·+ ar

n ≤ (a1 + · · ·+ an)r, r ≥ 1, (4)

and

ar
1 + · · ·+ ar

n ≤ n1−r(a1 + · · · + an)r, 0 ≤ r ≤ 1. (5)

Our first result follows next

Theorem 4. Let α1, α2 ∈ R+, β > α1, α2 and let fj ∈ L1(0, x), j = 1, . . . , M ∈ N,

x ∈ R+ − {0} have, respectively, L∞ fractional derivatives Dβfj in [0, x], and let

Dβ−kfj(0) = 0, for k = 1, . . . , [β] + 1; j = 1, . . . , M . Consider also p(t) > 0 and

q(t) ≥ 0, with all p(t), 1
p(t)

, q(t) ∈ L∞(0, x). Let λβ > 0 and λα1 , λα2 ≥ 0, such that

λβ < p, where p > 1. Set

Pi(s) :=

∫ s

0

(s − t)
p(β−αi−1)

p−1 (p(t))−1/(p−1) dt, i = 1, 2; 0 ≤ s ≤ x, (6)

A(s) :=
q(s)(P1(s))

λα1(p−1
p

)(P2(s))
λα2 (p−1

p
)(p(s))−λβ/p

(Γ(β − α1))λα1 (Γ(β − α2))λα2
, (7)

A0(x) :=

(∫ x

0

(A(s))p/(p−λβ)ds

)(p−λβ)/p

, (8)
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and

δ∗1 :=







M1−((λα1+λβ)/p), if λα1 + λβ ≤ p,

2(
λα1+λβ

p
)−1, if λα1 + λβ ≥ p.

(9)

Call

ϕ1(x) := (A0(x) |λα2=0)

(

λβ

λα1 + λβ

)λβ/p

(10)

If λα2 = 0, we obtain that,

∫ x

0

q(s)

(

M
∑

j=1

|Dα1fj(s)|λα1 |Dβfj(s)|λβ

)

ds

≤ δ∗1ϕ1(x)

[

∫ x

0

p(s)

(

M
∑

j=1

|Dβfj(s)|p
)

ds

](
λα1+λβ

p
)

. (11)

Proof. By Theorem 4 of [7] we obtain
∫ x

0

q(s)
[

|Dα1fj(s)|λα1
∣

∣Dβfj(s)
∣

∣

λβ + |Dα1fj+1(s)|λα1
∣

∣Dβfj+1(s)
∣

∣

λβ

]

ds

≤
(

A0(x)|λα2=0

)

(

λβ

λα1 + λβ

)(λβ/p)

× δ1

[
∫ x

0

p(s)
[∣

∣Dβfj(s)
∣

∣

p
+
∣

∣Dβfj+1(s)
∣

∣

p]
ds

](
λα1+λβ

p
)

, (12)

j = 1, 2 . . . , M − 1, where

δ1 :=







21−((λα1+λβ)/p), if λα1 + λβ ≤ p,

1, if λα1 + λβ ≥ p.
(13)

Hence by adding all the above we find

∫ x

0

q(s)

{

M−1
∑

j=1

[

|Dα1fj(s)|λα1 |Dβfj(s)|λβ + |Dα1fj+1(s)|λα1 |Dβfj+1(s)|λβ
]

}

ds

≤ δ1ϕ1(x)







M−1
∑

j=1

[
∫ x

0

p(s)
[

|Dβfj(s)|p + |Dβfj+1(s)|p
]

ds

]

(λα1+λβ)

p







. (14)

Also it holds
∫ x

0

q(s)
[

|Dα1f1(s)|λα1 |Dβf1(s)|λβ + |Dα1fM(s)|λα1 |DβfM(s)|λβ
]

ds

≤ δ1ϕ1(x)

[
∫ x

0

p(s)
[

|Dβf1(s)|p + |DβfM(s)|p
]

ds

]

(λα1+λβ)

p

. (15)

Call

ε1 =







1, if λα1 + λβ ≥ p,

M1−(
λα1+λβ

p
), if λα1 + λβ ≤ p.

(16)
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Adding (14) and (15), and using (4) and (5) we have

2

∫ x

0

q(s)

(

M
∑

j=1

|Dα1fj(s)|λα1 |Dβfj(s)|λβ

)

ds (17)

≤ δ1ϕ1(x)

{

M−1
∑

j=1

[
∫ x

0

p(s)
[

|Dβfj(s)|p + |Dβfj+1(s)|p
]

ds

](
λα1+λβ

p
)

+

[
∫ x

0

p(s)
[

|Dβf1(s)|p + |DβfM(s)|p
]

ds

](
λα1+λβ

p
)
}

≤ δ1ε1ϕ1(x)

{

∫ x

0

p(s)

(

2
M
∑

j=1

|Dβfj(s)|p
)

ds

}(
λα1+λβ

p
)

. (18)

We have proved

∫ x

0

q(s)

(

M
∑

j=1

|Dα1fj(s)|λα1 |Dβfj(s)|λβ

)

ds

≤ δ1

(

2(
λα1+λβ

p
)−1

)

ε1ϕ1(x)

{

∫ x

0

p(s)

[

M
∑

j=1

|Dβfj(s)|p
]

ds

}(
λα1+λβ

p
)

. (19)

Clearly here we have

δ∗1 = δ1

(

2(
λα1+λβ

p
)−1

)

ε1. (20)

From (19) and (20) we derive (11).

Next we give

Theorem 5. All here as in Theorem 4. Denote

δ3 :=







2λα2/λβ − 1, if λα2 ≥ λβ,

1, if λα2 ≤ λβ,
(21)

ε2 :=







1, if λβ + λα2 ≥ p,

M1−(
λβ+λα2

p
), if λβ + λα2 ≤ p,

(22)

and

ϕ2(x) :=
(

A0(x)
∣

∣

λα1=0

)

2(
p−λβ

p
)

(

λβ

λα2 + λβ

)λβ/p

δ
(λβ/p)
3 . (23)
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If λα1 = 0, then it holds

∫ x

0

q(s)

{{

M−1
∑

j=1

[

|Dα2fj+1(s)|λα2 |Dβfj(s)|λβ + |Dα2fj(s)|λα2 |Dβfj+1(s)|λβ
]

}

+
[

|Dα2fM(s)|λα2 |Dβf1(s)|λβ + |Dα2f1(s)|λα2 |DβfM(s)|λβ
]

}

ds

≤ 2(
λβ+λα2

p
)ε2ϕ2(x)

{

∫ x

0

p(s)

[

M
∑

j=1

|Dβfj(s)|p
]

ds

}(
λβ+λα2

p
)

. (24)

Proof. From Theorem 5 of [7] we have
∫ x

0

q(s)
[

|Dα2fj+1(s)|λα2 |Dβfj(s)|λβ + |Dα2fj(s)|λα2 |Dβfj+1(s)|λβ
]

ds

≤ ϕ2(x)

(
∫ x

0

p(s)
[

|Dβfj(s)|p + |Dβfj+1(s)|p
]

ds

)

(λβ+λα2)

p

, (25)

for j = 1, . . . , M − 1. Hence by adding all of the above we get

∫ x

0

q(s)

(

M−1
∑

j=1

[

|Dα2fj+1(s)|λα2 |Dβfj(s)|λβ + |Dα2fj(s)|λα2 |Dβfj+1(s)|λβ
]

)

ds

≤ ϕ2(x)





M−1
∑

j=1

(∫ x

0

p(s)
[

|Dβfj(s)|p + |Dβfj+1(s)|p
]

ds

)

(λβ+λα2)

p



 . (26)

Similarly it holds
∫ x

0

q(s)
[

|Dα2fM(s)|λα2 |Dβf1(s)|λβ + |Dα2f1(s)|λα2 |DβfM(s)|λβ
]

ds

≤ ϕ2(x)

(
∫ x

0

p(s)
[

|Dβf1(s)|p + |DβfM(s)|p
]

ds

)

(λβ+λα2)

p

. (27)

Adding (26) and (27) and using (4), (5) we derive (24).

It follows the general case

Theorem 6. All here as in Theorem 4. Denote

γ̃1 :=







2((λα1+λα2 )/λβ) − 1, if λα1 + λα2 ≥ λβ ,

1, if λα1 + λα2 ≤ λβ ,
(28)

and

γ̃2 :=







1, if λα1 + λα2 + λβ ≥ p,

21−((λα1+λα2+λβ)/p), if λα1 + λα2 + λβ ≤ p.
(29)
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Set

ϕ3(x) := A0(x)

(

λβ

(λα1 + λα2)(λα1 + λα2 + λβ)

)

λβ

p
[

λ
λβ

p
α1 γ̃2 + 2

(p−λβ)

p (γ̃1λα2)
λβ

p

]

,

(30)

and

ε3 :=







1, if λα1 + λα2 + λβ ≥ p,

M1−(
λα1+λα2+λβ

p
), if λα1 + λα2 + λβ ≤ p.

(31)

Then

∫ x

0

q(s)

[

M−1
∑

j=1

[

|Dα1fj(s)|λα1 |Dα2fj+1(s)|λα2 |Dβfj(s)|λβ

+ |Dα2fj(s)|λα2 |Dα1fj+1(s)|λα1 |Dβfj+1(s)|λβ

]

+

[

|Dα1f1(s)|λα1 |Dα2fM(s)|λα2 |Dβf1(s)|λβ

+ |Dα2f1(s)|λα2 |Dα1fM(s)|λα1 |DβfM(s)|λβ

]

]

ds

≤ 2(
λα1+λα2+λβ

p
)ε3ϕ3(x)

{

∫ x

0

p(s)

[

M
∑

j=1

|Dβfj(s)|p
]

ds

}(
λα1+λα2+λβ

p
)

. (32)

Proof. From Theorem 6 of [7] and by adding we get

M−1
∑

j=1

∫ x

0

q(s)

[

|Dα1fj(s)|λα1 |Dα2fj+1(s)|λα2 |Dβfj(s)|λβ

+ |Dα2fj(s)|λα2 |Dα1fj+1(s)|λα1 |Dβfj+1(s)|λβ

]

ds

≤ ϕ3(x)
M−1
∑

j=1

(
∫ x

0

p(s)(|Dβfj(s)|p + |Dβfj+1(s)|p)ds

)(λα1+λα2+λβ)/p

. (33)

Also it holds
∫ x

0

q(s)

[

|Dα1f1(s)|λα1 |Dα2fM(s)|λα2 |Dβf1(s)|λβ

+ |Dα2f1(s)|λα2 |Dα1fM(s)|λα1 |DβfM(s)|λβ

]

ds

≤ ϕ3(x)

(
∫ x

0

p(s)
(

|Dβf1(s)|p + |DβfM(s)|p
)

ds

)

(λα1+λα2+λβ)

p

. (34)

Adding (33) and (34), along with (4), (5) we derive (32).

We continue with
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Theorem 7. Let β > α1 + 1, α1 ∈ R+ and let fj ∈ L1(0, x), j = 1, . . . , M ∈ N,

x ∈ R+ − {0} have, respectively, L∞ fractional derivatives Dβfj, in [0, x], and let

Dβ−kfj(0) = 0, for k = 1, . . . , [β] + 1; j = 1, . . . , M . Consider also p(t) > 0 and

q(t) ≥ 0, with p(t), 1
p(t)

, q(t) ∈ L∞(0, x). Let λα ≥ 0, 0 < λα+1 < 1, and p > 1.

Denote

θ3 :=







2λα/(λα+1) − 1, if λα ≥ λα+1,

1, if λα ≤ λα+1,
(35)

L(x) :=

(

2

∫ x

0

(q(s))(1/(1−λα+1))ds

)(1−λα+1)(
θ3λα+1

λα + λα+1

)λα+1

, (36)

and

P1(x) :=

∫ x

0

(x − s)(β−α1−1)p/(p−1)(p(s))−1/(p−1)ds, (37)

T (x) := L(x)

(

P1(x)(p−1
p

)

Γ(β − α1)

)(λα+λα+1)

, (38)

and

ω1 := 2(p−1
p

)(λα+λα+1), (39)

Φ(x) := T (x) ω1. (40)

Also put

ε4 :=







1, if λα + λα+1 ≥ p,

M1−(
λα+λα+1

p
), if λα + λα+1 ≤ p.

(41)

Then

∫ x

0

q(s)

{{

M−1
∑

j=1

[

|Dα1fj(s)|λα|Dα1+1fj+1(s)|λα+1 + |Dα1fj+1(s)|λα|Dα1+1fj(s)|λα+1
]

}

+
[

|Dα1f1(s)|λα|Dα1+1fM(s)|λα+1 + |Dα1fM(s)|λα|Dα1+1f1(s)|λα+1
]

}

ds

≤ 2(
λα+λα+1

p
) ε4Φ(x)

[

∫ x

0

p(s)

(

M
∑

j=1

|Dβfj(s)|p
)

ds

](
λα+λα+1

p
)

. (42)

Proof. From Theorem 8 of [7] we get

∫ x

0

q(s)

M−1
∑

j=1

[

|Dα1fj(s)|λα|Dα1+1fj+1(s)|λα+1 + |Dα1fj+1(s)|λα |Dα1+1fj(s)|λα+1
]

ds

≤ Φ(x)
M−1
∑

j=1

[
∫ x

0

p(s)(|Dβfj(s)|p + |Dβfj+1(s)|p)ds

](
λα+λα+1

p
)

. (43)
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Similarly it holds
∫ x

0

q(s)
[

|Dα1f1(s)|λα |Dα1+1fM(s)|λα+1 + |Dα1fM(s)|λα|Dα1+1f1(s)|λα+1
]

ds

≤ Φ(x)

[
∫ x

0

p(s)(|Dβf1(s)|p + |DβfM(s)|p)ds

]

(λα+λα+1)

p

. (44)

Adding (43) and (44), along with (4), (5) we obtain (42).

Next it comes

Theorem 8. All as in Theorem 4. Consider the special case of λα2 = λα1 + λβ.

Denote

T̃ (x) := A0(x)

(

λβ

λα1 + λβ

)λβ/p

2(p−2λα1−3λβ)/p, (45)

ε5 :=







1, if 2(λα1 + λβ) ≥ p,

M1−(
2(λα1 +λβ)

p
), if 2(λα1 + λβ) ≤ p.

(46)

Then

∫ x

0

q(s)

{

{M−1
∑

j=1

[

|Dα1fj(s)|λα1 |Dα2fj+1(s)|λα1+λβ
∣

∣Dβfj(s)
∣

∣

λβ

+ |Dα2fj(s)|λα1+λβ |Dα1fj+1(s)|λα1
∣

∣Dβfj+1(s)
∣

∣

λβ

]}

+

[

|Dα1f1(s)|λα1 |Dα2fM(s)|λα1+λβ
∣

∣Dβf1(s)
∣

∣

λβ

+ |Dα2f1(s)|λα1+λβ |Dα1fM(s)|λα1
∣

∣DβfM(s)
∣

∣

λβ

]

}

ds

≤ 2
2(λα1+λβ)

p ε3 T̃ (x)

[

∫ x

0

p(s)

(

M
∑

j=1

∣

∣Dβfj(s)
∣

∣

p

)

ds

]

2(λα1+λβ)

p

. (47)

Proof. Based on Theorem 9 of [7]. The rest as in the proof of Theorem 7.

Next we give special case of the above theorems.

Corollary 9 (to Theorem 4, λα2 = 0, p(t) = q(t) = 1). It holds

∫ x

0

(

M
∑

j=1

|Dα1fj(s)|λα1
∣

∣Dβfj(s)
∣

∣

λβ

)

ds

≤ δ∗1ϕ1(x)

[

∫ x

0

[

M
∑

j=1

∣

∣Dβfj(s)
∣

∣

p

]

ds

](
λα1+λβ

p
)

. (48)

In (48), (A0(x)|λα2=0) of ϕ1(x) is given in [7], Corollary 10, equation (123).
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Corollary 10 (to Theorem 4, λα2 = 0, p(t) = q(t) = 1, λα1 = λβ = 1, p = 2). In

detail, let α1 ∈ R+, β > α1 and let fj ∈ L1(0, x), j = 1, . . . , M ∈ N, x ∈ R+ − {0},
have, respectively, L∞ fractional derivatives Dβfj in [0, x], and let Dβ−kfj(0) = 0 for

k = 1, . . . , [β] + 1; j = 1, . . . , M . Then

∫ x

0

(

M
∑

j=1

|Dα1fj(s)|
∣

∣Dβfj(s)
∣

∣

)

ds

≤
(

x(β−α1)

2Γ(β − α1)
√

β − α1

√
2β − 2α1 − 1

)

{

∫ x

0

[

M
∑

j=1

(

Dβfj(s)
)2

]

ds

}

. (49)

Proof. Bared on our Corollary 9 and Corollary 11 of [7], see inequality (130) there.

Corollary 11 (to Theorem 5, λα1 = 0, p(t) = q(t) = 1). It holds

∫ x

0

{{

M−1
∑

j=1

[

|Dα2fj+1(s)|λα2
∣

∣Dβfj(s)
∣

∣

λβ + |Dα2fj(s)|λα2
∣

∣Dβfj+1(s)
∣

∣

λβ

]

}

+
[

|Dα2fM(s)|λα2
∣

∣Dβf1(s)
∣

∣

λβ + |Dα2f1(s)|λα2
∣

∣DβfM (s)
∣

∣

λβ

]

}

ds

≤ 2(
λβ+λα2

p
) ε2ϕ2(x)

{

∫ x

0

[

M
∑

j=1

∣

∣Dβfj(s)
∣

∣

p

]

ds

}(
λβ+λα2

p
)

. (50)

In (50), (A0(x) |λα1=0) of ϕ2(x) is given in [7], Corollary 12, equation (137) there.

Corollary 12 (to Theorem 5, λα1 = 0, p(t) = q(t) = 1, λα2 = λβ = 1, p = 2). In

detail, let α2 ∈ R+, β > α2 and let fj ∈ L1(0, x), j = 1, . . . , M ∈ N, x ∈ R+ − {0},
have, respectively, L∞ fractional derivatives Dβfj in [0, x], and let Dβ−kfj(0) = 0,

for k = 1, . . . , [β] + 1; j = 1, . . . , M . Then

∫ x

0

{{

M−1
∑

j=1

[

|Dα2fj+1(s)|
∣

∣Dβfj(s)
∣

∣+ |Dα2fj(s)|
∣

∣Dβfj+1(s)
∣

∣

]

}

+
[

|Dα2fM(s)|
∣

∣Dβf1(s)
∣

∣+ |Dα2f1(s)|
∣

∣DβfM(s)
∣

∣

]

}

ds

≤
( √

2 x(β−α2)

Γ(β − α2)
√

β − α2

√
2β − 2α2 − 1

){

∫ x

0

[

M
∑

j=1

(Dβfj(s))
2

]

ds

}

. (51)

Proof. From Corollary 11 and Corollary 13 of [7], especially equation (146) there.
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Corollary 13 (to Theorem 6, λα1 = λα2 = λβ = 1, p = 3, p(t) = q(t) = 1). It holds

∫ x

0

[

M−1
∑

j=1

[

|Dα1fj(s)| |Dα2fj+1(s)|
∣

∣Dβfj(s)
∣

∣+ |Dα2fj(s)| |Dα1fj+1(s)|
∣

∣Dβfj+1(s)
∣

∣

]

+
[

|Dα1f1(s)| |Dα2fM(s)|
∣

∣Dβf1(s)
∣

∣+ |Dα2f1(s)| |Dα1fM (s)|
∣

∣DβfM(s)
∣

∣

]

]

ds

≤ 2 ϕ∗

3(x)

[

∫ x

0

[

M
∑

j=1

∣

∣Dβfj(s)
∣

∣

3
ds

]]

. (52)

Here

ϕ∗

3 :=

(

3
√

2 +
1
3
√

6

)

A0(x), (53)

where in this special case,

A0(x) =
4 x(2β−α1−α2)

Γ(β − α1)Γ(β − α2)[3(3β − 3α1 − 1)(3β − 3α2 − 1)(2β − α1 − α2)]2/3
.

(54)

Proof. From Theorem 6 and Corollary 14 of [7], see there equation (151) which is

here (54).

Corollary 14 (to Theorem 7, λα = 1, λα+1 = 1/2, p = 3/2, p(t) = q(t) = 1). In

detail: let β > α1 +1, α1 ∈ R+ and let fj ∈ L1(0, x), j = 1, . . . , M ∈ N, x ∈ R+−{0}
have, respectively, L∞ fractional derivatives Dβfj in [0, x], and let Dβ−kfj(0) = 0,

for k = 1, . . . , [β] + 1; j = 1, . . . , M . Set

Φ∗(x) :=

(

2√
3β − 3α1 − 2

)

x(
3β−3α1−1

2
)

(Γ(β − α1))3/2
. (55)

Then

∫ x

0

{{

M−1
∑

j=1

[

|Dα1fj(s)|
√

|Dα1+1fj+1(s)| + |Dα1fj+1(s)|
√

|Dα1+1fj(s)|
]

}

+
[

|Dα1f1(s)|
√

|Dα1+1fM(s)| + |Dα1fM(s)|
√

|Dα1+1f1(s)|
]

}

ds

≤ 2Φ∗(x)

[

∫ x

0

(

M
∑

j=1

|Dβfj(s)|3/2

)

ds

]

. (56)

Proof. Based on Theorem 7 here, and Corollary 15 of [7], see there equation (161)

which is here (55).



388 G. A. ANASTASSIOU

Corollary 15 (to Theorem 8, here p = 2(λα1 + λβ) > 1, p(t) = q(t) = 1). It holds

∫ x

0

{{

M−1
∑

j=1

[

|Dα1fj(s)|λα1 |Dα2fj+1(s)|λα1+λβ
∣

∣Dβfj(s)
∣

∣

λβ

+ |Dα2fj(s)|λα1+λβ |Dα1fj+1(s)|λα1
∣

∣Dβfj+1(s)
∣

∣

λβ

]

}

+

[

|Dα1f1(s)|λα1 |Dα2fM(s)|λα1+λβ
∣

∣Dβf1(s)
∣

∣

λβ

+ |Dα2f1(s)|λα1+λβ |Dα1fM(s)|λα1
∣

∣DβfM(s)
∣

∣

λβ

]

}

ds

≤ 2 T̃ (x)

[

∫ x

0

(

M
∑

j=1

∣

∣Dβfj(s)
∣

∣

2(λα1+λβ)

)

ds

]

. (57)

Here T̃ (x) in (57) is given by (45) and in detail by
˜̃T (x) of [7], see there Corollary 16

and equations (165)–(169).

Corollary 16 (to Theorem 8, p = 4, λα1 = λβ = 1, p(t) = q(t) = 1). It holds

∫ x

0

{{

M−1
∑

j=1

[

|Dα1fj(s)| (Dα2fj+1(s))
2
∣

∣Dβfj(s)
∣

∣

+ (Dα2fj(s))
2 |Dα1fj+1(s)|

∣

∣Dβfj+1(s)
∣

∣

]

}

+

[

|Dα1f1(s)| (Dα2fM(s))2
∣

∣Dβf1(s)
∣

∣

+ (Dα2f1(s))
2 |Dα1fM(s)|

∣

∣DβfM(s)
∣

∣

]

}

ds ≤ 2 T̃ (x)

[

∫ x

0

(

M
∑

j=1

(

Dβfj(s)
)4

)

ds

]

.

(58)

Here in (58) we have that T̃ (x) = T ∗(x) of Corollary 17 of [7], for that see there

equations (177)–(181).

Next we present the L∞ case.

Theorem 17. Let α1, α2 ∈ R+, β > α1, α2 and let fj ∈ L1(0, x), j = 1, . . . , M ∈ N,

x ∈ R+ − {0}, have, respectively, L∞ fractional derivatives Dβfj in [0, x], and let

Dβ−kfj(0) = 0 for k = 1, . . . , [β] + 1; j = 1, . . . , M . Consider p(s) ≥ 0, p(s) ∈
L∞(0, x). Let λα1 , λα2, λβ ≥ 0. Set

ρ(x) :=

{ ‖p(s)‖∞ x(βλα1−α1λα1+βλα2−α2λα2+1)

(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))λα2 [βλα1 − α1λα1 + βλα2 − α2λα2 + 1]

}

.

(59)
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Then
∫ x

0

p(s)

{

{M−1
∑

j=1

[

|Dα1fj(s)|λα1 |Dα2fj+1(s)|λα2
∣

∣Dβfj(s)
∣

∣

λβ

+ |Dα2fj(s)|λα2 |Dα1fj+1(s)|λα1
∣

∣Dβfj+1(s)
∣

∣

λβ

]}

+

[

|Dα1f1(s)|λα1 |Dα2fM(s)|λα2
∣

∣Dβf1(s)
∣

∣

λβ

+ |Dα2f1(s)|λα2 |Dα1fM(s)|λα1
∣

∣DβfM(s)
∣

∣

λβ

]

}

ds

≤ ρ(x)

{

M
∑

j=1

{

∥

∥Dβfj

∥

∥

2(λα1+λβ)

∞
+
∥

∥Dβfj

∥

∥

2λα2

∞

}

}

. (60)

Proof. Based on Theorem 18 of [7].

Similarly we give

Theorem 18 (as in Theorem 17, λα2 = 0). It holds

∫ x

0

p(s)

(

M
∑

j=1

|Dα1fj(s)|λα1 |Dβfj(s)|λβ

)

ds

≤
(

x(βλα1−α1λα1+1) ‖p(s)‖∞
(βλα1 − α1λα1 + 1)(Γ(β − α1 + 1))λα1

)

(

M
∑

j=1

∥

∥Dβfj

∥

∥

λα1+λβ

∞

)

. (61)

Proof. Based on Theorem 19 of [7].

It follows

Theorem 19 (as in Theorem 17, λα2 = λα1 + λβ). It holds

∫ x

0

p(s)

{{

M−1
∑

j=1

[

|Dα1fj(s)|λα1 |Dα2fj+1(s)|λα1+λβ
∣

∣Dβfj(s)
∣

∣

λβ

+ |Dα2fj(s)|λα1+λβ |Dα1fj+1(s)|λα1
∣

∣Dβfj+1(s)
∣

∣

λβ

]

}

+

[

|Dα1f1(s)|λα1 |Dα2fM(s)|λα1+λβ
∣

∣Dβf1(s)
∣

∣

λβ

+ |Dα2f1(s)|λα1+λβ |Dα1fM(s)|λα1
∣

∣DβfM(s)
∣

∣

λβ

]

}

ds

≤
(

2 x(2βλα1−α1λα1+βλβ−α2λα1−α2λβ+1) ‖p(s)‖∞
(2βλα1 − α1λα1 + βλβ − α2λα1 − α2λβ + 1)(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))(λα1+λβ)

)

(

M
∑

j=1

∥

∥Dβfj

∥

∥

2(λα1+λβ)

∞

)

. (62)

Proof. By Theorem 20 of [7].
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We continue with

Theorem 20 (as in Theorem 17, λβ = 0, λα1 = λα2). It holds

∫ x

0

p(s)

{{

M−1
∑

j=1

[

|Dα1fj(s)|λα1 |Dα2fj+1(s)|λα1 + |Dα2fj(s)|λα1 |Dα1fj+1(s)|λα1

]

}

+
[

|Dα1f1(s)|λα1 |Dα2fM(s)|λα1 + |Dα2f1(s)|λα1 |Dα1fM(s)|λα1

]

}

ds

≤ 2 ρ∗(x)

[

M
∑

j=1

∥

∥Dβfj

∥

∥

2λα1

∞

]

. (63)

Here we have

ρ∗(x) :=

(

x(2βλα1−α1λα1−α2λα1+1) ‖p(s)‖∞
(2β λα1 − α1λα1 − α2λα1 + 1)(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))λα1

)

.

(64)

Proof. Based on Theorem 21 of [7].

Next we give

Theorem 21 (as in Theorem 17, λα1 = 0, λα2 = λβ). It holds

∫ x

0

p(s)

{{

M−1
∑

j=1

[

|Dα2fj+1(s)|λα2
∣

∣Dβfj(s)
∣

∣

λα2 + |Dα2fj(s)|λα2
∣

∣Dβfj+1(s)
∣

∣

λα2

]

}

+
[

|Dα2fM(s)|λα2
∣

∣Dβf1(s)
∣

∣

λα2 + |Dα2f1(s)|λα2
∣

∣DβfM(s)
∣

∣

λα2

]

}

ds

≤ 2

(

x(βλα2−α2λα2+1) ‖p(s)‖∞
(βλα2 − α2λα2 + 1)(Γ(β − α2 + 1))λα2

)

(

M
∑

j=1

∥

∥Dβfj

∥

∥

2λα2

∞

)

. (65)

Proof. Based on Theorem 22 of [7].

Some special cases follow.

Corollary 22 (to Theorem 20, all as in Theorem 17, λβ = 0, λα1 = λα2 , α2 = α1 +1).

It holds
∫ x

0

p(s)

{{

M−1
∑

j=1

[

|Dα1fj(s)|λα1
∣

∣Dα1+1fj+1(s)
∣

∣

λα1 +
∣

∣Dα1+1fj(s)
∣

∣

λα1 |Dα1fj+1(s)|λα1

]

}

+
[

|Dα1f1(s)|λα1
∣

∣Dα1+1fM(s)
∣

∣

λα1 +
∣

∣Dα1+1f1(s)
∣

∣

λα1 |Dα1fM(s)|λα1

]

}

ds

≤ 2

(

x(2βλα1−2α1λα1−λα1+1) ‖p(s)‖∞
(2βλα1 − 2α1λα1 − λα1 + 1)(β − α1)λα1 (Γ(β − α1))2λα1

)

[

M
∑

j=1

∥

∥Dβfj

∥

∥

2λα1

∞

]

.

(66)
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Proof. Based on Corollary 23 of [7].

Corollary 23 (to Corollary 22). In detail: Let α1 ∈ R+, β > α1 + 1 and let fj ∈
L1(0, x), j = 1, . . . , M ∈ N, x ∈ R+−{0}, have, respectively, L∞ fractional derivatives

Dβfj in [0, x], and let Dβ−kfj(0) = 0, for k = 1, . . . , [β] + 1; j = 1, . . . , M . Then

∫ x

0

{{

M−1
∑

j=1

[

|Dα1fj(s)| |Dα1+1fj+1(s)| + |Dα1+1fj(s)| |Dα1fj+1(s)|
]

}

+
[

|Dα1f1(s)| |Dα1+1fM (s)| + |Dα1+1f1(s)| |Dα1fM(s)|
]

}

ds

≤ x2( β−α1)

(β − α1)2(Γ(β − α1))2

(

M
∑

j=1

∥

∥Dβfj

∥

∥

2

∞

)

. (67)

Proof. Based on Corollary 24 of [7].

Corollary 24 (to Corollary 23). It holds

∫ x

0

(

M
∑

j=1

|Dα1fj(s)| |Dα1+1fj(s)|
)

ds

≤
(

x2 (β−α1)

2(β − α1)2(Γ(β − α1))2

)

(

M
∑

j=1

∥

∥Dβfj

∥

∥

2

∞

)

. (68)

Proof. Based on inequality (207) of [7].

3. APPLICATIONS

We present our first application.

Theorem 25. Let αi ∈ R+, β > αi, i = 1, . . . , r ∈ N, and let fj ∈ L1(0, x),

j = 1, . . . , M ∈ N; x ∈ R+ − {0}, have, respectively, L∞ fractional derivatives

Dβfj in [0, x], and let Dβ−kfj(0) = αkj ∈ R for k = 1, . . . , [β] + 1; j = 1, . . . , M .

Furthermore for j = 1, . . . , M , we have that

Dβfj(s) = Fj

(

s, {Dαifj(s)}r,M
i=1,j=1

)

, (69)

all s ∈ [0, x].

Here Fj(s,
−→z1 ,

−→z2 , . . . ,
−→zM) are continuous for (−→z1 ,

−→z2 , . . . ,
−→zM) ∈ (Rr)M , bounded

for s ∈ [0, x], and satisfy the Lipschitz condition

|Fj(t; x11, x12, . . . , x1r; x21, x22, . . . , x2r; x31, . . . , x3r; . . . , xM1, . . . , xMr)

− Fj(t, x
′

11, x
′

12, . . . , x
′

1r; x
′

21, x
′

22, . . . , x
′

2r; x
′

31, . . . , x
′

3r; . . . , x
′

M1, . . . , x
′

Mr)|

≤
r
∑

i=1

(

M
∑

ℓ=1

qℓ,i,j(t)|xℓi − x′

ℓi|
)

, (70)
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j = 1, 2, . . . , M , where all qℓ,i,j(s) ≥ 0 are bounded on [0, x], 1 ≤ i ≤ r, ℓ = 1, . . . , M .

Call

W := max {‖qℓ,i,j‖∞, | ℓ, j = 1, 2, . . . , M ; i = 1, . . . , r} . (71)

Assume here that

φ∗(x) := W

(

1

2
+

M − 1√
2

)

(

r
∑

i=1

(

xβ−αi

Γ(β − αi)
√

β − αi

√
2β − 2αi − 1

)

)

< 1. (72)

Then, if the system (69) has two pairs of solutions (f1, f2, . . . , fM) and (f ∗

1 , f ∗

2 , . . . , f ∗

M),

we prove that fj = f ∗

j , j = 1, 2, . . . , M ; that is we have uniqueness of solution for the

fractional system (69).

Proof. Assume that there are two M-tuples of solutions (f1, . . . , fM) and, (f ∗

1 , . . . , f ∗

M)

satisfying the system (69). Set gj := fj − f ∗

j , j = 1, 2, . . . , M . Then Dβ−kgj(0) = 0,

k = 1, . . . , [β] + 1; j = 1, . . . , M . It holds

Dβgj(s) = Fj

(

s, {Dαifj(s)}r,M
i=1,j=1

)

− Fj

(

s,
{

Dαif ∗

j (s)
}r,M

i=1,j=1

)

. (73)

Hence by (70) we have

|Dβgj(s)| ≤
r
∑

i=1

(

M
∑

ℓ=1

gℓ,i,j(t)|Dαigℓ(s)|
)

. (74)

Thus

|Dβgj(s)| ≤ W
r
∑

i=1

(

M
∑

ℓ=1

|Dαigℓ(s)|
)

. (75)

The last implies

(Dβgj(s))
2 ≤ W

r
∑

i=1

(

M
∑

ℓ=1

|Dβgj(s)| |Dαigℓ(s)|
)

, (76)

and
M
∑

j=1

(Dβgj(s))
2 ≤ W

r
∑

i=1

M
∑

j=1

M
∑

ℓ=1

|Dβgj(s)| |Dαigℓ(s)|. (77)

Integrating (77) we observe

I :=

∫ x

0

(

M
∑

j=1

(Dβgj(s))
2

)

ds

≤ W

{

r
∑

i=1

M
∑

j=1

(

M
∑

ℓ=1

(
∫ x

0

|Dβgj(s)| |Dαigℓ(s)|ds

)

)}

. (78)
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That is

I ≤ W

{

r
∑

i=1

[

(

∫ x

0

(

M
∑

λ=1

|Dαigλ(s)| |Dβgλ(s)|
)

ds

)

+
∑

τ,m∈{1,...,M}
τ 6=m

(
∫ x

0

(

|Dαigm(s)| |Dβgτ (s)| + |Dαigτ(s)| |Dβgm(s)|
)

ds

)]

}

. (79)

Using Corollary 10 from here, and Corollary 13 of [7], we find

I ≤ W

{

r
∑

i=1

[(

x(β−αi) I

2 Γ(β − αi)
√

β − αi

√
2β − 2αi − 1

)

+

(

x(β−αi) (M − 1)I√
2 Γ(β − αi)

√
β − αi

√
2β − 2αi − 1

)]

}

, (80)

i.e we got that

I ≤ φ∗(x) I. (81)

If I 6= 0 then φ∗(x) ≥ 1, a contradiction by assumption that φ∗(x) < 1, see (72).

Therefore I = 0, implying that

M
∑

j=1

(Dβgj(s))
2 = 0, a.e. in [0, x], (82)

i.e.

(Dβgj(s))
2 = 0, a.e. in [0, x], j = 1, . . . , M, (83)

and

Dβgj(s) = 0, a.e. in [0, x], j = 1, . . . , M. (84)

By Dβ−kgj(0) = 0, k = 1, . . . , [β] + 1; j = 1, . . . , M , and Lemma 3, apply (3) for

α = 0, we find gj(s) ≡ 0, all s ∈ [0, x], all j = 1, . . . , M .

The last implies fj = f ∗

j , j = 1, . . . , M , over [0, x], that is proving the uniqueness

of solution to the initial value problem of this theorem.

It follows another related application.

Theorem 26. Let αi ∈ R+, β > αi, i = 1, . . . , r ∈ N and let fj ∈ L1(0, x), j =

1, . . . , M ∈ N; x ∈ R+ − {0}, have, respectively, fractional derivatives Dβfj in [0, x],

that are absolutely continuous on [0, x], and let Dβ−kfj(0) = 0 for k = 1, . . . , [β] + 1;

j = 1, . . . , M . Furthermore (Dβfj)(0) = Aj ∈ R. Furthermore for 0 ≤ s ≤ x we have

holding the system of fractional differential equations

(

Dβfj

)

′

(s) = Fj

(

s, {Dαifj(s)}r,M
i=1,j=1 ,

{

Dβfj(s)
}M

j=1

)

, (85)
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for j = 1, . . . , M . Here Fj is Lebesgue measurable on [0, x] × (Rr+1)M such that

|Fj

(

t; x11, x12, . . . , x1r, x1,r+1; x21, x22, . . . , x2r, x2,r+1;

. . . xM1, xM2, . . . , xM,r+1

)

| ≤
r
∑

i=1

(

M
∑

ℓ=1

qℓ,i,j(t)|xℓi|
)

, (86)

where qℓ,i,j ≥ 0, 1 ≤ i ≤ r; ℓ, j = 1, . . . , M , are bounded on [0, x]. Call

W := max{‖qℓ,i,j‖∞; ℓ, j = 1, . . . , M ; i = 1, . . . , r}. (87)

Also we set (0 ≤ s ≤ x)

θ(s) :=

M
∑

λ=1

(Dβfλ(s))
2, (88)

ρ :=
M
∑

λ=1

A2
λ, (89)

Q(s) := W (1 +
√

2(M − 1))

(

r
∑

i=1

(

sβ−αi

Γ(β − αi)
√

β − αi

√
2β − 2αi − 1

)

)

, (90)

and

χ(s) :=
√

ρ

{

1 + Q(s) · e(
R s

0 Q(t)dt) ·
[
∫ s

0

(

e−(
R t

0 Q(y)dy)
)

dt

]}1/2

. (91)

Then
√

θ(s) ≤ χ(s), 0 ≤ s ≤ x. (92)

Consequently we get

|Dβfj(s)| ≤ χ(s), (93)

|fj(s)| ≤
1

Γ(β)

∫ s

0

(s − t)β−1 χ(t)dt, (94)

all 0 ≤ s ≤ x, j = 1, . . . , M . Also it holds

|Dαifj(s)| ≤
1

Γ(β − αi)

∫ s

0

(s − t)β−αi−1 χ(t)dt, (95)

all 0 ≤ s ≤ x, j = 1, . . . , M , i = 1, . . . , r.

Proof. We observe that

(Dβfj)(s)(D
βfj)

′(s) = (Dβfj)(s) Fj

(

s, {Dαifj(s)}r,M
i=1,j=1 ,

{

Dβfj(s)
}M

j=1

)

, (96)

j = 1, . . . , M , all 0 ≤ s ≤ x.

We then integrate (96),
∫ y

0

(Dβfj)(s)(D
βfj)

′(s)ds

=

∫ y

0

(Dβfj)(s) Fj

(

s, {Dαifj(s)}r,M
i=1,j=1 ,

{

Dβfj(s)
}M

j=1

)

ds, (97)

0 ≤ y ≤ x.
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Hence we obtain

((Dβfj)(s))
2

2

∣

∣

∣

∣

y

0

≤
∫ y

0

|Dβfj(s)| |Fj · · · |ds

(86)

≤
(87)

W

∫ y

0

|Dβfj(s)|
[

r
∑

i=1

(

M
∑

ℓ=1

|Dαifℓ(s)|
)]

ds

= W

(

r
∑

i=1

(

M
∑

ℓ=1

(
∫ y

0

|Dαifℓ(s)| |Dβfj(s)|ds

)

))

. (98)

Thus we have for j = 1, . . . , M that

(Dβfj(y))2 ≤ A2
j + 2W

(

r
∑

i=1

(

M
∑

ℓ=1

(
∫ y

0

|Dαifℓ(s)| |Dβfj(s)|ds

)

))

. (99)

Consequently it holds

θ(y) ≤ ρ + 2W

(

r
∑

i=1

(

M
∑

j=1

(

M
∑

ℓ=1

(
∫ y

0

|Dαifℓ(s)| |Dβfj(s)|ds

)

)))

(100)

= ρ + 2W

{

r
∑

i=1

{

(

∫ y

0

(

M
∑

λ=1

|Dαifλ(t)| |Dβfλ(t)|
)

dt

)

+
∑

τ,m∈{1,...,M}
τ 6=m

(
∫ y

0

(

|Dαifm(t)| |Dβfτ (t)| + |Dαifτ (t)| |Dβfm(t)|
)

dt

)}

}

. (101)

Using Corollary 10 from here, and Corollary 13 of [7], we find

θ(y) ≤ ρ + 2 W

{

r
∑

i=1

{(

y(β−αi)

2 Γ(β − αi)
√

β − αi

√
2β − 2αi − 1

)(
∫ y

0

θ(t)dt

)

+

(

y(β−αi)

√
2 Γ(β − αi)

√
β − αi

√
2β − 2αi − 1

)

(M − 1)

(
∫ y

0

θ(t)dt

)}

}

. (102)

Hence we have

θ(y) ≤ ρ + Q(y)

∫ y

0

θ(t)dt, all 0 ≤ y ≤ x. (103)

Here ρ ≥ 0, Q(y) ≥ 0, Q(0) = 0, θ(y) ≥ 0, all 0 ≤ y ≤ x. As in the proof of

Theorem 27 of [7], see also [5], we get (92), (93). Using Lemma 3, see (3), for α = 0,

and (93) we obtain (94). Using again (3) and (93) we get (95).

Finally we give a specialized application.

Theorem 27. Let αi ∈ R+, β > αi, i = 1, . . . , r ∈ N and fj ∈ L1(0, x), j =

1, . . . , M ∈ N; x ∈ R+ − {0}, have, respectively, fractional derivatives Dβfj in [0, x],

that are absolutely continuous on [0, x], and let Dβ−µfj(0) = 0 for µ = 1, . . . , [β] + 1;
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j = 1, . . . , M . Furthermore (Dβfj)(0) = Aj ∈ R. Furthermore for 0 ≤ s ≤ x we have

holding the system of fractional differential equations

(

Dβfj

)

′

(s) = Fj

(

s, {Dαifj(s)}r,M
i=1,j=1 ,

{

Dβfj(s)
}M

j=1

)

, (104)

for j = 1, . . . , M .

For fixed i∗ ∈ {1, . . . , r} we assume that αi∗+1 = αi∗ + 1, where αi∗ , αi∗+1 ∈
{α1, . . . , αr}. Call k := αi∗, γ := αi∗ + 1, i.e. γ = k + 1. Here Fj is Lebesgue

measurable on [0, x] × (Rr+1)M such that

|Fj(t, x11, x12, . . . , x1r, x1,r+1; x21, x22, . . . , x2r, x2,r+1;

x31, x32, . . . , x3r, x3,r+1; . . . ; xM1, xM2, . . . , xMr, xM,r+1)|

≤
{

{

M−1
∑

ℓ=1

(

qℓ,1,j(t)|xℓi∗
|
√

|xℓ+1,i∗+1| + qℓ,2,j(t)|xℓ+1,i∗|
√

|xℓ,i∗+1|
)

}

+

(

qM,1,j(t)|x1i∗ |
√

|xM,i∗+1| + qM,2,j(t)|xMi∗|
√

|x1,i∗+1|
)

}

, (105)

where all 0 ≤ qℓ,1,j, qℓ,2,j 6≡ 0, are bounded over [0, x]. Put

W := max {‖qℓ,1,j‖∞, ‖qℓ,2,j‖∞}M
ℓ,j=1 . (106)

Also set

θ(s) :=
M
∑

j=1

|(Dβfj)(s)|, 0 ≤ s ≤ x, (107)

ρ :=

M
∑

j=1

|Aj|,

Φ∗(s) :=

(

2√
3β − 3k − 2

)

s( 3β−3k−1
2

)

(Γ(β − k))3/2
, (108)

all 0 ≤ s ≤ x, and

Q(s) := 2MWΦ∗(s), 0 ≤ s ≤ x, (109)

σ := ‖Q(s)‖
∞

=
4MW x( 3β−3k−1

2
)

√
3β − 3k − 2 (Γ(β − k))3/2

. (110)

We assume that

xσ
√

ρ < 2. (111)

Call

ϕ̃(s) := ρ + Q(s)

[

4ρ3/2s − σρ2s2

(2 − σ
√

ρ s)2

]

, all 0 ≤ s ≤ x. (112)

Then

θ(s) ≤ ϕ̃(s), all 0 ≤ s ≤ x, (113)

in particular we have

|Dβfj(s)| ≤ ϕ̃(s), j = 1, . . . , M, for all 0 ≤ s ≤ x. (114)
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Furthermore we get

|fj(s)| ≤
1

Γ(β)

∫ s

0

(s − t)β−1ϕ̃(t)dt, (115)

and,

|Dαifj(s)| ≤
1

Γ(β − αi)

∫ s

0

(s − t)β−αi−1ϕ̃(t)dt, (116)

j = 1, . . . , M ; i = 1, . . . , r, all 0 ≤ s ≤ x.

Proof. Notice here that W > 0 and σ > 0. Clearly, here Dβfj are L∞ fractional

derivatives in [0, x] For 0 ≤ s ≤ y ≤ x, by (104) we get that
∫ y

0

(

Dβfj

)

′

(s)ds =

∫ y

0

Fj

(

s, {Dαifj(s)}r,M
i=1,j=1 ,

{

Dβfj(s)
}M

j=1

)

ds. (117)

That is

(Dβfj)(y) = Aj +

∫ y

0

Fj(s, . . . )ds. (118)

Then we observe that

|Dβfj(y)| ≤ |Aj| +
∫ y

0

|Fj(s, . . . )|ds ≤ |Aj |

+ W

∫ y

0

{

{

M−1
∑

ℓ=1

(|Dαi∗fℓ(s)|
√

|Dαi∗+1fℓ+1(s)| + |Dαi∗fℓ+1(s)|
√

|Dαi∗+1fℓ(s)|)
}

+ (|Dαi∗f1(s)|
√

|Dαi∗+1fM(s)| + |Dαi∗fM(s)|
√

|Dαi∗+1f1(s)|)
}

ds. (119)

That is

|Dβfj(y)| ≤ |Aj| + W

(

∫ y

0

{

{M−1
∑

ℓ=1

(

|Dkfℓ(s)|
√

|Dk+1fℓ+1(s)|

+ |Dkfℓ+1(s)|
√

|Dk+1fℓ(s)|
)}

)

+
(

|Dkf1(s)|
√

|Dk+1fM (s)| + |DkfM(s)|
√

|Dk+1f1(s)|
)

}

ds. (120)

By Corollary 14 we obtain

|Dβfj(s)| ≤ |Aj | + 2Wφ∗(s)

(

∫ s

0

(

M
∑

ℓ=1

|Dβfℓ(t)|3/2

)

dt

)

, (121)

j = 1, . . . , M , all 0 ≤ s ≤ x.

Therefore by adding all of inequalities (121) we get

θ(s) ≤ ρ + 2MWφ∗(s)

(

∫ s

0

(

M
∑

ℓ=1

|Dβfℓ(t)|3/2

)

dt

)

, (122)

(4)

≤ ρ + 2MWφ∗(s)





∫ s

0

(

M
∑

ℓ=1

|Dβfℓ(t)|
)3/2

dt



 , (123)
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i.e.

θ(s) ≤ ρ + (2MWφ∗(s))

(
∫ s

0

(θ(t))3/2dt

)

, (124)

all 0 ≤ s ≤ x.

More precisely we get that

θ(s) ≤ ρ + Q(y)

(∫ s

0

(θ(t))3/2dt

)

, all 0 ≤ s ≤ x. (125)

Notice that θ(s) ≥ 0, ρ ≥ 0, Q(s) ≥ 0, and Q(0) = 0 by Φ∗(0) = 0. Acting here as in

the proof of Theorem 28 of [7] we derive (113) and (114).

Using Lemma 3, see (3), along with (114), we obtain (115) and (116).
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