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1. INTRODUCTION

First-order fuzzy differential equations have been considered, for instance, in [1]-
[10]. A detailed analysis of first-order linear fuzzy initial value problems is included
in [11], where the exact expression of the solution is obtained (whenever it exists).
Higher order linear ordinary differential equations with fuzzy initial conditions are
studied in [12] under two different points of view, some results on existence and
uniqueness of solution for two-point boundary value problems relative to second order
fuzzy differential equations are given in [6, 13, 14] and, besides, [15, 16] include some
results on higher order fuzzy differential equations with crisp initial conditions. For
the study of some numerical methods for fuzzy differential equations, see [2], and
[17]-[20]. On the other hand, the basic theory concerning metric spaces of fuzzy sets
can be found in [1]. In the following, we consider E™ the space of fuzzy subsets of
R™

u:R™ —[0,1],
satisfying the following properties:
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i): w is normal: there exists g € R™ with u(zg) = 1.

ii): w is fuzzy convex: for all z, y € R™ and A € [0, 1],
u(Az + (1 = Ny) > min{u(z), u(y)}-

iii): w is upper-semicontinuous.

iv): [u]° ={z € R™ : u(z) > 0} is a compact set.
The level sets of wu,
[u]* ={z € R™ : u(zx) >a}, a€(0,1],

and [u]® are nonempty compact convex sets in R™ (see [1]). In E™, we consider the
distance

d(u,v) = sup dy ([u]*, [v]*), u,ve k™
a€l0,1]

with dy the usual Hausdorff distance for nonempty compact convex subsets of R™.
The metric space (E™,d) is complete (see [1]). The distance d satisfies the following
properties:

dlu+w,v+w) =d(u,v), u, v, w € E™,

dAu, Av) = Nd(u,v), u, ve E™, A >0,

dlu+w,v+ 2) <d(u,v)+d(w,2), u, v, w, z € E™.

For u, v € E™, if there exists w € E™ such that u = v + w, then w is called the
Hukuhara-difference of u and v, which is denoted by u — v. Note that, if u, v € E*
are such that u + v = Xy}, then v and v are crisp (real) and u = —v. We say that a
function f : [to, T] — E™ is differentiable (in the sense of Hukuhara) at t € [to, T if
the Hukuhara-differences

fE+h) = f(t), f(t) = f(t—h)
exist for A > 0 small enough and there exists f'(t) € E™ such that
S SR W) S0 = )

h—0+ h " RS0t h

exist and are equal to f’(tf). These limits are taken in the space (E™,d), and if
t is tg or T, then we consider the corresponding one-sided derivative. Some other
approaches to fuzzy differentiability are included in [3, 21, 22]. We say that a fuzzy
function f : [tg,T] — E™ is strongly measurable if, forall a € (0, 1], the set-valued
mapping
Ja + [to, T] — P (R™),
given by
fa(t) = [F ()],

is Lebesgue-measurable, considering the space of nonempty, compact, convex subsets
of R™, Pr(R™), endowed with the topology generated by the Hausdorff distance dg.
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The integral of f over [ty,T], denoted by f[to 7 f(t)dt or ft t) dt, is defined level

wise by

[ e a = [ pwa

[to 7T]

= { / g(t)dt : g: [tg,T] — R™ is a measurable selection for fa} ,
[to,T]

for a € (0,1]. We say that f is integrable over [to, T] if f[t 7 f(t)dt € E™. The
continuity of f : [to,T] — E™ implies the 1ntegrab1hty of f. Besides, for f, g
integrable functions, d(f, g) is integrable (see [1], and [4, 6] for details) and

f(f o)< [aro)

In [23], an existence and uniqueness result for fuzzy differential systems is proved,
showing some applications to the solvability of first-order fuzzy linear systems and
higher-order fuzzy differential equations and systems. In this reference, it is also
analyzed the structure of the set of solutions for fuzzy differential systems. The

approach of this reference uses the metric dy in (E™)" given by

= Z d(ui, v;),
i=1
where U = (uy,...,un), V= (v1,...,v,) € (E™)", and
d(x,y) = sup dp([z]*,[y]"), V&, y € E™,
a€l0,1]

with dy the usual Hausdorff distance between nonempty compact convex subsets
of R™. This paper is also devoted to the study of the existence and uniqueness
of solution for initial value problems associated to fuzzy differential systems, and
to its application to first-order fuzzy linear systems, as well as higher-order fuzzy
differential equations and systems. However, in this case, we use vector valued metric
and generalized metric spaces, which makes it necessary to apply some fixed point

results included in [24] as the generalized Contraction Theorem.

2. GENERALIZED FUZZY SPACES

Definition 1. Let E be a real fuzzy space. A generalized metric for E is a mapping
d: F x E — R" such that

a): d(z,y) =d(y, ).
b): d(z,y) > 0, and d(z,y) =0 <=z =y.
c): d(z,z) <d(z,y) +d(y, z), where z, y, z are any elements of E.
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In Definition 4.5.3 [24], it is considered that E is a real vector space, but the
vectorial structure of E is not essential for the validity of the existence results we use
in our procedure. In our study, we consider as generalized metric space the cartesian
product of a finite number of copies of the fuzzy space E™. If x = (x1,...,2,), y =
(Y1,---,Yn) € (E™)", then we say that x < y if and only if z; < y;, foralli =1,...,n,

where < represents the partial ordering in E™ given by:
u, v € E™  u<wv<[u]*C ] VYael0,1]

E™ is not a real vector space, but it has the structure of a cone over R. We consider

fuzzy differential systems of the type

y'(t) = F(t,yt)), t > to,
y(to) = yo,

where F € C (R, x (E™", (E™)"), yo € (E™)" Here, (E™)" = E™x - x E™, and

Yo = (Yo1, Y02, - - -, Yon ), Yoi € E™, Vi =1,...,n. We take the generalized metric space
((E™)™, D), where

DU, V) = (d(u1,v1), d(uz, v2), ..., d(un, v,)) € R}

Note that (E™,d) is a complete metric space, thus ((E™)™, D) is a complete general-
ized metric space. In this context, we say that F satisfies a generalized contractivity
condition if
D(F(t,U),F(t,V)) < SD(UV),
where S = (s;;) is an n x n matrix with s;; > 0, for all 4, j and, for some k > 1, S*
is an A-matrix, that is, I — S* is positive definite, where I is the identity matrix. If
we define
1o (&m)" — (Ry)"
= (x1,T2,...,2,) — |(z1, 22, ..., 20)]0 = D(z, (x{03)")
= (d(z1, x10}), d(@2, X{0}), - - - » A&, X10})),
then, by the properties of distance d, || - ||o satisfies that

e ||z]|p > 0, for every x € (E™)™.
o ||z[jp = 0 if and only if x = (xq0)™
e || Azllo = |Al]|z||o, for every A € R and = € (E™)".
o [[x+yllo < llzllo + [[yllo, for every z, y € (E™).
Here, we denote by 0 = (0,...,0). Thus, || - |lo is a generalized norm for (E™)"

(this space has not a vectorial structure). The following results are essential to our

procedure.

Theorem 2.1 (Theorem 4.5.2 [24]). Let (E, d) be a complete generalized metric space
and let T : E — E be such that d(Tz,Ty) < Sd(z,y), where S is a nonnegative
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matriz such that for some k, S* is an A-matriz. Then T has a unique fized point x*.

Furthermore, for any x € E, x* =lim;_., T’z and

d(z*, T72) < (I — 8)™'S7d(Tx, x).

Theorem 2.2 (Corollary 4.5.1 [24]). Let (E,d) be a complete generalized metric space
and let T : E — E be such that d(Tz,Ty) < Sd(z,y), where S is a nonnegative

matriz. If there exists an o € E such that Z;io SId(Txg, wo)

a fized point x* such that x* = lim;_., TVx.
3. FIRST ORDER FUZZY DIFFERENTIAL

Consider a fuzzy differential system of the type

converges, then T has

SYSTEMS

Yi(t) = Fi(t, 1 (b), . . yn(), t € [to, T), i = 1,2,...,m,

(1)
yl(to) :bi, 1= 1,2,...,n,
where F; : [to,T] x (E™)" — E™, i =1,...,n, and by, by, ..

be written as

Y= F(t,Y),
Y (to) = b,

where b = (b1, ...,b,), F : [to, T] x (E™)" — (E™)™Y = (y1,...

(Fy(t,Y),..., Fo(t,Y)). If F'is ‘linear’, then we get

vi(t) =Y ai(ys(t), i =1.2,....m,
(2) o

yi(to) = b;, 1=1,2,... n.

where
i [to, T] — R, i, j=1,2,...,n.
Equivalently,
Y1 (%]
o =AG
Yn Yn
where
ap1(t) - ara(t)
(3) A(t) = SO 7
ana(t) -+ ann(t)

., b, € K™, which can

Un),and F(t,Y) =

and the product of a real n x n matrix by a fuzzy n-dimensional vector is defined

by using the operations in E™. Our approach uses generalized distances. In the
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following, we use that ((E£™)", D) is a complete generalized metric space. Next, we

prove some auxiliary results.

Lemma 1. Consider J = [ty,T] a bounded interval,
C(J,E™)={x:J — E™ : x is continuous},

and

D(l’vy) = (H($1>yl)v .- '>H(xn>yn))v T = ($1’ cee >In)> Y= (y1> cee >yn) € (C(‘]v Em))na

where
H(z,w) = sup {d(z(t),w(t))e_pt} , z,weC(J, E™),

teJ

and p > 0. Then the space ((C(J, E™))", D) is a complete generalized metric space.

Lemma 2. The space of functions x : J — E™ of class C" (r € N) in the sense
of Hukuhara (continuous and existing x', ..., " continuous) (C"(J,E™), H) is a

complete metric space, where
H(z,y)=> H(a'y'), z,yecC(JE),
i=0
where 0 = x and x* denotes the ith-derivative of x in the sense of Hukuhara.

The proof can be derived similarly to the results in [16].

Lemma 3. ((C"(J, E™)", H) is a complete generalized metric space, where

H(U, V) = (H(Ul,vl),H(UQ,U2>, .. .,ﬁ(un,vn)),
for U = (u1,...,uy), V= (v1,...,0,) € (C"(J, E™))".

The following result extends to fuzzy differential systems the results given in[4] for

fuzzy differential equations, and our approach is based on generalized metric spaces.

Theorem 3.1. Consider system (1), that is, Y' = F(t,Y), where
F o, T] < (B™)" — (E™)"

is continuous,Y = (y1,...,Yn), and F(t,Y) = (Fi(t,Y),..., F.(t,Y)). Suppose that
there exists S = (s;5) an nxn matric with s;; > 0, for alli, j and such that, for some
k> 1, S*¥ is an A-matriz, and that the following condition holds, for t € J = [to, T},
u,v € (C(JL,E™)", and j =1,2,...,n,

(4) /t d (Fj(s,u(s)), Fj(s,v(s))) ds < Z sjid(ui(t), vi(t)).

Then, for a given initial condition b= (by,...,b,) € (E™)", system (1) has a unique

solution.
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Proof: Let J = [ty,T], and consider the complete generalized metric space
((C(J, E™)™, D) (see Lemma 1). Define the operator
G: (C(J,E™) — (C(,E™)"

U — Gu,

by Gu = (Gyu,...,Gyu), where

[Gul(t) =b; —i—/tFi(s,u(s))ds, teJ, i=1,...,n.

to
Here, u = (uq,...,uy,), u; : J — E™ continuous, and u(s) = (u1(s), ..., u,(s)). We
prove that, for an appropriate p > 0, G satisfies conditions in Theorem 2.1 (Theorem
4.5.2 [24]). The generalized contraction Theorem provides the existence of a unique
fixed point u for G, which is the unique solution to problem (1), and satisfying that,
for any ug € (C(J, E™))", lim;_,o G?(up) = u, and

D(u, G?ug) < (I — S)~1S7D(Gug, up).

To this purpose, we check that D(Gu, Gv) < SD(u,v). Note that S is a nonnegative
matrix such that, for some k& > 1, S¥ is an A-matrix, that is, nonnegative with I — S*

positive definite. Since
D(Gu,Gv) = (H(Gyu, G1v), ..., H(Gyu, G)),

then, for every 7 =1,2,...,n and u, v € (C(J, E™))", we get

H(Gju, Gjv) =Supd<bj+ / tFj(s,u(s))ds,bﬁ / Fj(s,v(s))ds) e

teJ to to

t

<sup [ d(E; 006D, Fio,v(s)) ds e

teJ to

<sup Y sjid(u(t), vi(t) Je !

ted
— Z 5 1D {d(u(t), vi(t))e ™} = Z s;:H (i, v;) = (SD(u,v));.

This proves that G satisfies a generalized contractive condition and the result fol-

lows. O

Remark 1. Condition (4) in Theorem 3.1 can be replaced by the more general
condition: There exists p > 0 such that

(5) SUP/ d (Fj(s,u(s)), Fj(s,v(s))) dse™ < Zsji sup {d(ui(t), vi(t))e "},

teJ to

for every u, v € (C(J, E™))" and j = 1,2,...,n.
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Theorem 3.2. Consider system (1), that is, Y/ = F(t,Y), where
F:[ty, T] x (E™)" — (E™)"
is continuous, Y = (y1,...,yn), and F(t,Y) = (F1(t,Y),..., F,(t,Y)). Suppose

that there exists S = (s;5) an n x n matriz with s;; > 0, for all i, j, and that, for

some k > 1, S* is an A-matriz. Suppose also that the following condition holds, for
t € [to,T] and U, V € (E™)",

(6) D(F@,U),F(t,V)) <SDU,V),
that is, for every j =1,2,...,n,
d (Fy(t,U), F5(t,V)) <) s (us, vy).
i=1
Then, for a given initial condition b = (by,...,b,) € (E™)", system (1) has a unique

solution.

Proof: Following the proof of Theorem 3.1, and, using (6), we obtain, for every
j=1,2,....,nand u, v € (C(J, E™))", that

H(Gyu, Gyv) < sup / d(Fy(s, u(s)), Fy(s, v(s))) dse*"

teJ to

<sup [ 3 syui(s) i(s)) dse

teJ to i=1

n t
< Z Sji ilel? {d(u;(t),vi(t)) e "'} sup/ e dse "
i=1

teJ Jig
" _ emp(T—t0)
= Z Sji ‘ H (u;, v;)
i=1 P
1 — e—P(T—to) _
= <Se—D(U,U)) :
p i
This shows that
~ 1 — e_p(T_tO) ~
D(Gu,Gv) < S (—) D(u,v), u, v € (C(J, E™))".
p
1 . e_p(T_tO)
Now, for « = ———— > 0, a.S satisfies the following properties:

e oS is nonnegative.
o (aS)kF = a*S* is nonnegative.

e For o small enough, I — (aS)* = I — a*S* is positive definite. Indeed,

(I — o*S*)z = 2’z — oFa'S*a.
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Since I — S* is positive definite, then 2!(1 — S*)x > 0, for z # 0, which implies
that 2tz > 2! S*x, for x # 0, and hence

(I — a*SMx = 2’z — oF2'S* 2 > 2z — ofala

= (1-af)z'e = (1 - a3
This expression is clearly positive if x # 0 and o* < 1.

Since o)
1 — e PHT0
lim — S,
p—+oo p

the proof is concluded choosing p > 0 with a = L{M <1.0

Theorem 3.3. Consider system (1), that is,Y' = F(t,Y), where

F o, T] < (B™)" — (E™)"
is continuous,Y = (y1,...,Yn), and F(t,Y) = (Fi(t,Y), ..., F.(t,Y)). Suppose that
(7) D(F(t,U),F(t,V)) < SD(U,V),

fort € [to, T] and U, V € (E™)", where S = (s;;) is a n X n nonnegative matric such

that there exists p > 0 satisfying that

]_ — e_p(T_tO) k
S* (—) is an A-matriz, for some k > 1.
p

Then, for a given initial conditionb = (by, ... b,) € (E™)", system (1) has a unique

solution.

Theorem 3.4. Consider system (1) and G the operator defined in the proof of Theo-

rem 3.1. If there exists S = (s;5) an n x n matriz with s;; > 0, for all i, j, and there

exists g € (C(J, E™))" such that ZSjﬁ(Gg,g) converges, then G has a fizved point
=0
x* such that * = lim GYg.

J—0

Remark 2. Note that

(D(Gyg,g)): = supd (bi +/tF,~(s,g(s))ds,g,~(t)) e’ i=1,2,...,n.

teJ to
1 - 1
Lemma 4. If M = o € M, «n s the constant matrixz whose coefficients
1 1
nh—l L ket
are equal to 1, and k € N, thenM* =
k-1 k-1
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The proof can be easily completed by induction in k. Concerning the existence

of solution for linear systems (2), we can deduce some results.

Theorem 3.5. If the maps «;j : [to,T] — R,i,j =1,2,...,n, are continuous, then,
for each fized initial condition, system (2) has a unique solution § = (y1,...,Yn)-
Proof: System (2) can be written in terms of system (1), taking

Fl(t, Y) U1
F(t,Y)= : =At) | |,
Fn(ta Y) Yn

for A(t) given in (3). By hypothesis, F' is a continuous function. We check that
condition (5) holds. Indeed, for every j =1,2,...,n

Fi(t,Y) = a;1(t)y1 + - 4 ajn(t)yn.

For every t € J = [to,T], u,v € (C(J,E™)", u(s) = (ui(s),...,un(s)), v(s) =
(v1(8),...,v4(8)), s€ J,and j =1,2,...,n

Stlel}])/t d (F;(s,u(s)), Fi(s,v(s))) dse™*
_sup/ (Zom s)u;(s Zaﬂ s)vi(s )dse pt

teJ
+ n
< sup / S () d(us(5), vi(s)) § ds e
n t
—sup i / ald(us(s). v() ds b e
teJ . to
t
< sup {d(u;(t Ye Pt sup{/ a;i(s)|e” ds e_pt}
> aup (i aup { [ o)
1 — e—rlt=to)
< Zsup {d(u;(t ))e_pt}supKei
ted teJ
Z s, ey kL
= sup uz Vg € -
teJ p
where |a; ;(t)] < K, for every t € J and 4, j € {1,2,...,n}, since o, ; is continuous
in the compact interval J, for i, j € {1,2,...,n}. Note that condition (5) is satisfied
taking
1 — e P(T—to)
su=K—"— ij=12...n
p

thus S is a constant matrix, which is equal to S = K L;T%O)(l), where (1) is
the matrix whose coefficients are equal to 1. It is clear that S is nonnegative. We
have to find k¥ € N, & > 1, and p > 0 such that I — S* is positive definite. We
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prove that there exists p > 0 such that I — S? is positive definite. Note that S? =

e\ 2
(K w> (1)2 = (B) = B(1) is a constant matrix whose coefficients are equal

o 1—e—n(T—t0) \ 2
to 3 := Kf n, and that

1-8 8 - -8
_ﬁ _ﬂ 1_6

We check that, for 3 > 0 small enough (p > 0 large enough), I — S? is positive
definite. Indeed,

I
(xl xn>(l—52)
T
(1_@1’1—5@—‘“—5%
—fBry + (1= By — -+ — B,
() :
_/6371 - ﬁ.ﬁ()g - 6In—1 + (1 - ﬁ)xn
$1—5Z?:1$i
xz—ﬂE?zlxi
() :

xn_ﬁzyzlxi

n n n

:xf—ﬁxlzxmLx%—ﬁxQin+~-~+xi—6Iani
i=1 i=1 i=1

n n n n n 2
S-S (55)
i=1 =1 j=1 i=1 i=1
Hence z'(I — S*)z > 0 if and only if (30, #,)° < 5 Oy o7, that 8,370z <

ﬁ >, xf)% Due to the equivalence of the norms || - ||; and || - || in R,
> 2 <> il = ||zl < R|jz|l2, where R > 0.
i=1 i=1

If 8 > 0 is small enough, 0 < § < (%)2, then R < ﬁ, and taking z # 0, then
H‘TH2 > 07 and

n n

1
d @i <Y |wil = alh < Rllzlls < — a2
i=1 i=1 Vi
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The proof is complete taking into account that
1 i e_p(T_tO) 2
lim K? (—) n =0,
p—too p
since n is fixed. Hence, there exists a unique solution y. Note that I — S is also
positive definite. Besides, for any u € (C(J, E™))",

-1

1— Kl_e*p(T*to) . K 1—e—P(T—tg)
P p
D(g, G (u)) < : ' :
1—e—P(T—tg) 1—e—P(T—tg)
_Kf R Kf

K j nj_l .. nj_l

X (—) (1 — e PTt0)ys ool D(Gu,u),
p nj_l “ .. nj_l

where Gu is defined in the proof of Theorem 3.1. On the other hand, according to
Theorem 3.3,

d (Z i (t)us, Z%’J(O%) < Z |aji ()] d(us, v;) < Z Kd(ui,vi),
i—1 i—1 i—1 i—1

and
K ... K

D(F@tU),FE,V)<| + - =+ | DWUV),
K .. K
for t € [ty,T], and U = (u1,...,uy,), V = (v1,...,v,) € (E™)", where K > 0 is such
that |, ;(t)| < K, Vt € [to,T], 1,7 = 1,2,...,n, and we have proved that there exists
p > 0 with

AT —to) K -+ K 1 -1
- —to
<1_6—) Do — K (1 _e—ﬁ(T—to))

: : P

P : oo
K -« K 1 - 1
is an A-matrix. J
A similar result is valid for F(t,Y) = A@})Y + o(t), for 0 : J — (E™)" a
continuous function, as established in [23]. Under the hypotheses of Theorem 3.5, if
b= (by,...,b,) is the initial condition, then the sequence {g;};en defined bygo(t) = b,

and .
gj(t):m/ A($)351(5)ds, t € [t T, j=1,2,...

to
converges towards the unique solution to problem (2) with initial condition b, and the

convergence is in the generalized distance D. On the other hand, for system (1), we
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can define go(t) = b, and

t
gj(t):b‘i‘/ F(S,gj_l(S))dS, tEJ:[to,T], j:1,2,...,

to
obtaining a sequence which approximates the unique solution to problem (1) relative

to the initial condition b.

4. HIGHER ORDER FUZZY DIFFERENTIAL EQUATIONS

In this section, we analyze higher-order fuzzy differential equations by reducing

them to a first-order system. The following result refers to the ‘linear’ case.

Lemma 5. If oy : [to,T] — R are continuous, for i = 0,1,...,n — 1, 0 €

C([to, T], E™), and b; € E™, fori =0,1,...,n — 1, then equation

(s) YU (t) = cn 1 (YD) + -+ oWy (t) + a(t), t € [to, T),
y(t(]) = b07 L 7y(n_1)(t0) = bn—17

has a unique solution.

Proof: It follows easily by taking 11 = v, v2 = ¥/, ..., yn = ¥ Y in equation
(8), which leads to the system

(

yi = Y2,
yé = Ys,
y;;-l - ynv
L v = ao(t)yr + -+ a1 (B)yn + o (1),

or

Yy Y1 X{o}
;| = A + :
Yn—1 Yn—1 X{o}
y;L Yn U(t)
where
0 1 0 ce 0
0 0 1 e 0
Alt) = : : : : .
0 0 e 0 1
Oéo(t) aq (t) s Oén_g(t> Oén_l(t)

The conclusion is derived applying Theorem 3.5. [J

The following result analyzes nth-order fuzzy differential equations by reduc-
ing them to n-dimensional first-order fuzzy differential systems. Obviously, the ith-

derivative of y, 3¢, is considered in the sense of Hukuhara.
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Corollary 1. Suppose that by, by, by, ..., by_1y € E™, f: [to,T] x (E™)" — E™ is

continuous, and that there exist real numbers My, Ms, ..., M, >0 such that
(9) A(f(tur,un, . yun), f(E 01,00, 00)) <Y Mid(ug,vy),
i=1
for allt € [to, T), uy, ug, ..., Up, V1, Vo, ..., vy, € E™. Then the initial value problem

for the higher-order fuzzy differential equation
y"(t) = f(ty(t),y'(t), ...y D), t € [to, T,
(10)
y(to) =bo, y'(to) =b1, ..., y" V(to) = by

has a unique solution on [ty, T].

Proof: By the change of variable y; =y, 2 = ¥/, ..., ¥n = y™ Y, problem (10)
is written as Y/ = F(t,Y), Y(to) = (bo,...,bp—1) € (E™)", where Y = (y1,...,Yn),

and F' is the continuous function given by

F(t,Y) :F<t7yla--'>yn) - (y2>y3a"-ayn>f(t7yl>y2a'">yn))'

To check assumption (5), take u, v € (C'(J, E™))", then, for j = 1,2,...,n — 1, we
get

sup/ d (Fj(s,u(s)), Fi(s,v(s))) dse "

teJ to

t
= sup [ d(uju1(5),vyes(s)) ds e

teJ to

t
< sup {d(u;1(t), vj4a (1) e} sup/ e’ dse
ted ted Jig

’ 1 — e—Plt=to)
= sup {d(u;41(t),vj41(t)) e "} sup

teJ ted P
ot 1 — e_p(T_tO)
— sup {d(uy 1 (1), vy1 () e} ——
teJ P

=3 s {d(t)v0)e ).

where
1 — e_p(T_tO) . .
Si(j+1) = T; sji=0,i#7+1
Finally, for j = n,

sup/ d(F,(s,u(s)), F,(s,v(s))) dse "

teJ to

= sup/ d(f(s,u1(s), ..., un(5)), f(s,01(8),...,va(s))) dse "

teJ to
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< sup / > Mid(u(s), vi(s)) ds e

teJ Jig i—1

t
< ZM sup {d w;(t), v; ))e_pt}sup/ e’ dse Pt

teJ ted

1 — e_p(t_to)

= M;sup {d(u,(t) !
R

1 — g=P(T—to)

_ ZM sup {d(u;(t), v;(t))e "}

P teJ
K
< (1 — e PTt)Y sup {d(u(t), vi(t))e "},
<> )sup {d(us(®). (1)}

i=1

where K = rrllax M;. Hence, we choose

K
Spi= —(1—ePT0)) =12 .. n
p

1—e—P(T—tq)

In consequence, taking o = > 0, the matrix S can be written as

0O a 0 -+ 0 o 1 0 - 0
0 0O a -+ 0 o o 1 - 0
S = : : =«
0 0 0 « 0 O 0 1
Ka Ka Ka Ka K K K K
0 1
0 O
For this choice, S is nonnegative and S* = o¥ P is nonneg-
0 O 0 1
K K K K
0 o 0
0 0 « 0
ative, for k € N. If K =0, then M; = 0, for all i, and S = on e e is
00 -+ 0 «
00 -~ 0 0

such that det(S) = 0. However, in this case, the Lipschitz condition (9) implies that
d(f(t,ug,ug, ... uy), f(t,v1,09,...,0,)) = 0, for all t € [ty, T], and uq, ug, ..., Up,
V1, Vo, ..., U, € E™ sothat f isa function of the variable ¢ (independent of uy, . .., u,)
and the equation is easily solvable. Assume that K > 0. We check that I — S? is
positive definite. Indeed,
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2

0O 1 0 0
0 0 1
52:(1/2 .
0o 0 - 0 1
K K - K K
0 0 1 0 0
0 0 0 1 0
:(1/2 . . . . . .
0 0 0 1
K K K K
K> K+K? ... ... K+K?> K+ K?
and
0 —a®2 0
0 1 0 —a? 0
0 0 0 —a?
—Ka? —Ka? 1— Ka? —Ka?
~-K?*? —(K+K*»a? -+ -+ —(K+K%a*> 1—(K+ K?a?

Note that, for n = 2,

2 K K
K? K+K? )]’

[ g 1— Ka? —Ka?
-\ =K% 1—(K+K%»a? )’

To prove that the matrix I — S? is positive definite,

and

L1
I — §)z = ( T e @ ) (I - 52
Tn
xry — (1/2113'3
To — 042.]74
Tp—2 — Oé2l’
= ( €Ty o Ty, ) n— n

n
Tpo1 — Ka? E T
=1

n n
x, — K2a? E ;i — Ka? E x;
i—1 =2
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n n

-2 n n n
= E LE‘? — 062 E TiLijro — f(Oz2 E Tilp—-1 — K2Oé2 E LTily — f(Oz2 E TiTnp,
1 i=1 =1 =2

i=1 =
with the exception of the case n = 2, for which the term —a? 2?2—12 X;Tiro makes no

sense. Last expression is positive if and only if

n n—2 n n n

2 2 2 2 2 2
g ;> o E TiTivo + Ka g Titn_1 + K a E rit, + Ka E TiTn,
i=1 i=1 i=1 i=1 i=2

which can be obtained, for # # 0, if & > 0 is small enough, that is, if p > 0 is large
enough. Indeed,

n—2 n n n
2 K 2 K2 2 K 2
o TiTipo + K Tilp_1 + o TiTy + K T;Tn,
i=1 i=1 i=1 i=2

n—2 n n n
< o {zwm K e K2 S o +Kz\xiuxn|}

i=1 i=1 1=1 =2

n 2
< a?(1+2K + K?) (Z |$i|) =a?(1+2K + K?)||z|3
=1

< o’(1+4 2K + K*)R?||z[|3 = o®(1 4+ 2K + K*)R* > |ay?
i=1
= o’(1+42K + K*)R*) a7,
i=1
where we have taken into account the existence of repeated terms of the type z;z;,
and R > 0 is such that ||z|; < R|z|2. Considering = # 0, then |z|s > 0, and it

suffices to take 0 < a < m to finish the proof, since a?(1+2K + K?)R? < 1,
and, for x # 0,

?(1+2K + K*)R? fo < Z:Ef
i=1 i=1
1 — e_p(T_tO)
On the other hand, « = ——— > 0, thus we can choose a > 0 small enough,

p
taking p > 0 large enough. By Theorem 3.1 (and Remark 1), there exists a unique
solution to Y’ = F'(t,Y), corresponding to the initial condition Y (to) = (b, ..., by_1)

and, therefore, a unique solution to problem (10). O

Note that condition (9) coincides with Condition (7) in [23].

Remark 3. If we use Theorem 3.3 in the proof of Corollary 1, we can easily check
that

D (F(t,U),F(t,V)) < SD(U,V),
for t € [ty,T] and U, V € (E™)", where

SjGi+1) = 1, s;i=0,1#j+1, forj=1,2,...,n—1,
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Spi = K =max{M;,i=1,2,....,n}, i=1,2,...,n.
Indeed, for t € [to, T], and U = (uq,...,u,), V = (v1,...,0,) € (E™)",
d(F5(t,U), F;(t,V)) = d(uj1,0551) = Y sjid(us, v;),
i=1

forj=1,2,...,n—1, and

d(Fo(t,U), Fo(t,V) = d(f(t,U), f(t,V)) <Y Md(u;,v;) <Y Kd(u;, ).

1=1 i=1

Finally, S is nonnegative and there exists p > 0 such that

0O 1 O 0

s (1 _ e—p(T—to)> (1 _ e—p(T—to)> 0 O ! 0
p - p :

0O 0 - 0 1

K K - K K

is an A-matrix.

Similarly to [23], and as a particular case, uniqueness of solution can be deduced
for the following equation
yO(t) = qy(t) + @y’ (t) + -+ qay V(@) +o(1), T € [to, ],
(11)
y(to) =bo, y'(t)) =br, ..., Y™ V(to) = by,
with o € C([to, T], E™), q1, G2, ---» @ € R, b, b1,..., b1 € E™.

5. HIGHER-ORDER FUZZY DIFFERENTIAL SYSTEMS

We consider the higher order fuzzy differential system

(U =F@,UU,..., UY) ¢ € [ty, T,

by

Ulte) = : | =B,
bn
by

Ult) = | ¢ | =B
by,
bt

Uty =] : | =B

br—l
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withr €N, (r >2), B, B, ..., B'~' € (E™)", and F : [to, T] x [(E™)"]" — (E™)"

continuous. The system is written componentwise as

(W (t) = Fi(t,U@),U'(t),...,UTY(t), t € [to, T,

W (E) = Fu(t, U, U D). ..., UL (0), £ € o, T

(12) wilts) = [U(to)]; = by

ui(to) = [U'(to)]i = b,

[ w () = U (@) = 0
where Fj : [to, T] x (E™)" — E™ and b;, b,,..., b € E™ i =1,2,...,n. Using
the change of variable
Xl U X2 U/ Xr — U(r—l c (Em)n
and X = (X1,...,X,) € (E™)", the higher-order fuzzy differential system is written
as the nr-dimensional first-order fuzzy differential system
X’ - F(t,X) = F(t Xl,Xg, .. .,Xr), t e [to,T],
X(to) = (b1, ..o by, by, b, B b)) € (B
with F : [to, T] x (E™)" — (E™)™ a continuous function given by
F(t,X) = F(t,Xl,XQ,. .. ,XT) - (XQ,Xg, .. .,XT,F(t,Xl,XQ, .. .,Xr)).
In the following result, we analyze sufficient conditions for the existence of a unique

solution to this system, given a fixed initial condition.

Theorem 5.1. If there exist constants My > 0, fori=1,... n,l=1,...,nr such
that

d (Fy(t, X), Z Myd (X0, Yy
for everyi =1,2,... n, then problem (12) has a unique solution.

Proof: We prove that condition (6) in Theorem 3.2 holds, that is, for ¢ € [ty, 7] and
X, Y € (E™)™, then

D (F(t,X),F(t,Y)) <SD(X,Y),
where S = (s;;) is an (nr) x (nr) matrix with s;; > 0, for all 4, j, and such that, for
some k > 1, S* is an A-matrix, or, equivalently, for t € [to,T], X, Y € (E™)™, and
every j =1,2,...,nr,
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— 2, then

Zsﬂ d(X;, V),

Take je{pn+1,...,(p+ 1)n}, where p=10,1,...,r

d(FJ(t>X)7FJ(t7Y)) _d( j+n ]—l—n

by choosing
SiGi+m) = 1, 850 = 0,97 j+n.
For je{(r—1)n+1,...,rn}, then j — (r — )n e {1,...,

d(F;(t,X), F;(t,Y)) =d (Fj—(r—l)n(t X), Fi—p-nn(t,Y))

<ZM(] (X, Vi) = Zsﬂ d(X;, V),

n}, and

where

Sji = M(j—(r—l)n)i7

1=1,...,nm

For simplicity, we choose K = max{M;, i =1,2,...,n,l=1,2,... nr}, and, thus,
si=K, forje{(r—1n+1,...,rn}, i=12 ... nr
In consequence, the matrix S can be chosen as
0|10 |---|80
6|60 |I1|---]6]86
A I I O BB
S: ) )
016|806 0 |1
K .. K

where K is the n x n constant matrixk = : : . It is clear that S is a
K .. K

nonnegative matrix. Accordingly to Theorem 3.3, we prove that there exist p > 0 and
k> 1 (k € N) such that S* (Lfto))k is an A-matrix. Take a@ = L{M > 0.
We check that, for o > 0 small enough, («S)? is an A-matrix. Indeed,(a.S)? = %52,
and

0 1 0
0 0 1
0 0 0
0 0

A K

K> K+ K2
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where 9

]’:\(2:K2 . . :K2

Hence, the matrix I — (aS)? is the following:

I 7 —a?l g |- 0 0
6 I 6 —a?I |- 6 6
6 6 I 0 0 6
6 6 6 e I 6 —a?l
—a?K —?K | —a?K | -+ |- |I—a?K | —a?K
—a?K?n(1) | —a*B | —a*B| -+ |-+ | —a*B |I—a’B

whereB = K + K2 = K[l + Kn](1), and (1) represents the n x n constant matrix
1 - 1

: - |. For r = 2, we obtain
1 ... 1

o K‘ K B s I —a’K ‘ —a?K
S_<IA(2‘K+IA(2>’ [=(as) _<—0z2K2n(1)‘I—a2B>'

To check that I — (a.S)? is positive definite, for o > 0 small, we take

X = ($1,...,$n,$n+1,...7$2n,...,$n(r_1)+1,...,.I'T”«)t,
and then, forj = 1,2,... ,n(r — 2),
(I = (aS)*)X); = 2 — &’ji2m,
forj=n(r—2)+1,...,n(r—1),

(I~ (@S))X); =2 — a*K 3 s,
i=1
and, finally, for j =n(r—1)+1,... nr,

(I = (aS)HX); =, — a2K2ani —o’K Z ;.
i=1

i=n+1
This implies that

n(r—2) n(r—1)

— T (xj _ Oé2$j+2n) + Z X, (l’j — a2KZZ’Z’>
=1

j=1 j=n(r—2)+1
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+ i zj<zj—a nZzZ—azKsz>

j=n(r—1)+1 1=n+1

nr ( n nr
— 2 _ 2 2K . )
== ZL'Z- [0 [L’]+2n [0 j ZT;
i=1 Jj=1 j=n(r—2)+1 i=1
nr
(

) £ (5

i=n+1

—a’K*n
j=n(r—1)+1

J:
nr

= E x? — H
i=1

Note that, if r = 2, a similar expression is obtained, with the particularity that the

term —a? Z"(T )xjxj+2n makes no sense. The previous inequality is positive if and

only if
n(r—2) n( nr
Zx > o Z TiTjion + °K Z (Z%)
j=n(r—2)+1 i=1
+Q’2K2n Z <Z xz) + O[zK Z Zlﬁ'j ( Z I’Z> = H.
J=n(r-1)+1 j=n(r—1)+1 i=n+1
Since, in this expression, we find terms of the type z;x; with repeated indexes, then
H < |H|
n(r—2) n(r—1) nr
<o’ Bl +o'% S (S0
j=n(r—2)+1 i=1
+a’ K Y |yl <Z |x2-|> +o’K > |y < > w)
j=n(r—1)+1 i=1 j=n(r—1)+1 i=n+1

< a?(1+4 2K + K*n) (Zm) = a?(1 42K + K*n)||z|?

< o’(1+4 2K + K*n)R? |z} = o*(1 + 2K + K*n)R*> " a7
i=1
In consequence, if x # 0, then ||z||s > 0, and

H<a*(142K+ K*n)R*Y af <> a?,
i=1 i=1
provided that
o?(1 42K + K*n)R? < 1,
that is, 0 < a < R\/ﬁ’ which is obtained taking p > 0 large enough. Using
Theorem 3.3, we deduce the existence of a unique solution to system (12) (for each

fixed initial condition). Similar conclusions can be obtained using Theorem 3.1. [J
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