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ABSTRACT. We study existence and approximation of solutions of some second order nonlinear

periodic boundary value problem of the type
—2"(t) = f(t,z,2"), te€[0,T],
2(0) = (T), 2'(0) =2'(T),
in the presence of lower and upper solutions. We develop the upper and lower solutions method

and the quasilinearization technique for the existence and approximation of solutions. We apply our

theoretical results to a medical problem.
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1. INTRODUCTION

In this paper we study a nonlinear second order ordinary differential equation with
periodic boundary conditions. We show the validity of the classical upper and lower
solution method and of the monotone iterative technique [6] and present a new version
related to [16]. This provides estimates for the solution and a numerical procedure
to approximate the solution. Then we develop the quasilinearization technique [7]
to obtain monotone sequences of approximate solutions converging quadratically to
a solution. We improve previous results where the nonlinearity did not depend on

the derivative [5, 9, 10]. To show the applicability of our techniques we apply the
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theoretical results to a medical problem: a model of blood flow inside an intracranial

aneurysm [11, 12, 13].
We consider the nonlinear periodic boundary value problem (PBVP)
—2"(t) = f(t,z,2"), t€][0,T],
(1.1) z(0) = z(T),
quadz'(0) = 2/(T),
where f € C([0,7] x R x R). We know that the linear homogeneous problem

—2"(t) + Xx(t) =0, te][0,T],
2(0) =2(T), 2'(0) =2(T),

4 2,2 4 2,2
has only a trivial solution if A # —%, n € Z. Consequently, for \ # —% and
any o € C|0,T], the nonhomogeneous problem

—2"(t) + Mx(t) = o(t), te€][0,T],

(1.2)
2(0) =2(T), 2/(0)=2(T),

has a unique solution

() = /0 Gr(t, 5)(s)ds,

where G\(t, s) is the Green’s function, and for A > 0,

1 cosh\/X(%jL(t—s)), if0<t<s<T
G)\(t,S): . T
2V Asinh VAL | cosh VAL + (s — 1)), if0<s<t<T,
and for A\ < 0,
—1 cos\/IAN(L+(t—s), f0<t<s<T
G)\(tus): . T
2¢/|A[sin \/|A|5 | cos AL +(s—1), f0<s<t<T.

2
We note that if A > 0, then G(¢,s) > 0 and if T—Z < A <0, then Gx(t,s) < 0 on

(0,7) x (0,T). Thus, we have the following maximum and anti-maximum principles.

Maximum principle 1.1. If A >0, 0 > 0 on [0,T], then the solution x of (1.2) is
such that x > 0 on [0,T].

2
Anti-maximum principle 1.2. If T—z <A< 0and o > 0on|0,T], then the

solution x of (1.2) is such that x <0 on [0,T]. On the other hand, if o < 0 on [0,T],
then x >0 on [0,T].
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2. UPPER AND LOWER SOLUTIONS METHOD

In this section, we study existence results of the BVP (1.1), using the method of
upper and lower solutions. We show that in the presence of lower and upper solutions,
there exists a unique solution of the PBVP (1.1). We recall the concept of lower and
upper solution for the PBVP (1.1).

Definition 2.1. Let a € C?[0,T]. We say that « is a lower solution of (1.1) if

— (1) < f(tat).@'(1), t€[0.T)

a(0) = a(T), &'(0) > o/(T).
An upper solution (3 of the PBVP (1.1) is defined similarly by reversing the inequal-
ities.

Definition 2.2. A continuous function w : [0,00) — (0, 00), is called a Nagumo

/°° sds e
o w(s) .

We say that f: I x R x R — R satisfies a Nagumo condition on [ relative to «, (3, if

function if

there exists a Nagumo function w such that

(2.1) lf(t,z,y)| <w(ly|) on I x [mina, max f] x R.

Now, we study existence results in the form of the following theorems.

Theorem 2.3. Assume that o, 3 are lower and upper solutions of the PBVP (1.1).
If f € C([0,T] x R x R) and is strictly decreasing in x for each (t,x') € [0,T] x R,
then a(t) < B(t) for every t € [0,T].

Proof. Define w(t) = a(t)—p3(t), t € [0,T]. Using the boundary conditions, we obtain

(2.2) w(0) = w(T),

(2.3) w'(0) > w'(T).

We claim that w(t) < 0 for every t € [0,T]. If not, then w(t) has a positive maximum

at some ¢y € [0, 7). If o =0 or T, then w(0) = w(7T) is a positive maximum so that
(2.4) w(0) >0, w'(0) <0 and w(T) > 0, w'(T) > 0.

The boundary conditions (2.3) and (2.4) imply that

(2.5) w'(0) =0, w'(T) = 0.

Now, using (2.5) and the decreasing property of f(t,z,z) in x, we obtain

w"(0) = a”(0) = 5"(0) = —f(0,(0),a/(0)) + (0, 5(0), a'(0)) > 0,
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which implies that the function w’ is strictly increasing in some interval (0, ) and
hence

w'(t) >w'(0)=0,0<t<0.
This implies that w is strictly increasing on (0, §) and hence w(t) > w(0), a con-
tradiction. Hence to € (0,7). Then, w(ty) > 0, w'(ty) = 0 and w”(ty) < 0. The
definition of upper and lower solutions and the decreasing property of the function f

in x gives

—w"(tg) = —a"(to) + " (to) < f(to, alto), ' (to)) — f(to, B(to), (o)) <0,

a contradiction. O

Corollary 2.4. Under the conditions of Theorem 2.3, the (PBVP) (1.1) has at most

one solution.

Theorem 2.5. Assume that a, 3 € C?[0,T] are lower and upper solutions of (1.1)
respectively such that o < 3 on [0,T]. If f : [0,T] x R*> — R is continuous and
satisfies a Nagumo condition, then there exists a solution x of the boundary value
problem (1.1) such that

a(t) <z(t) < pB(t), t €10,7T].
Proof. Let r = maxyecpo,r) B(t) — mingejo, ) ae(t), then there exists N > 0, such that

/N sds -,
o w(s) .
Choose C' > max{N, ||/|,]|#||} and define ¢(y) = max{—C,min{y,C}}. Then

q(y) =y for |y| < C and sgn(q(y)) = sgn(y). Moreover,

=9 Lot L ) G

Let n € N and consider the modified problem
—2"(t) = fu(t,z,2'), t €[0,T],

(2.7)
2(0) = =(T), 2(0) = 2/(T"),
where,
(8,80, 8(1)). if o > (1) + 2,
F(t.B(8), (=) + [f(t, B(t), B'(t)~
(8 B(), q(2")]n(z — B(2)), if (t) <z < B(t) + 5,
fult,z,2") = { F(t, 2, q(2")), if a(t) <z < B(1),
f(t,a(t),q(2) = [f(t,a(t), (1)~
f(talt), q(2)|n(x — a(t)), if at) — 1 <z <a(l),
L f(t (), (1)), if 2 < aft)— 1.
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We note that f,(¢,z,z’) is continuous and bounded on [0,7] x R?. Moreover, any
solution = of (2.7) which satisfies the relations a(t) < z(t) < ((t) and |2/(t)] <
C on [0,T], is a solution of (1.1). For ¢t € [0, 7] and = € R, define

p(a, z, f) = max{«a(t), min{z, 5(t)}}.
Consider the system

—2"(t) = sfu(t,x, 2") + (1 — 8)(pu(t,x) — Ax), t € [0, T

(2.8)
2(0) = 2(T), 2'(0) = 2(T),

where s € [0,1], A > 0 and

1 :
p(t,x) = m[(p(a(t), z, B(t)) — a(t))(f (&, B(2), B(1)) + A(B(t) + 1/n))+

(B(t) = pla(t),z, B())(f(t, a(t), o' () + Malt) — 1/n))], t € [0,T7.
For s = 0, the system reduces to

—2"(t) + Mx(t) = pu(t,z), t € 10,77,

(2.9)
2(0) = z(T), 2'(0) = 2'(T)

and for s = 1, it is (2.7). That is, (2.8) has a solution for s = 0. Now, for s € [0, 1],

we claim that any solution z, of (2.8) satisfies
1 1
(2.10) a(t) — - <, (t) < B(t) + - t € 10,17.

Once this is shown we can apply Schauder’s fixed point theorem to conclude that
(2.7) has a solution. To verify (2.10), we set v,(t) = z,(t) — B(t) — 1/n, t € [0,T].
Then the boundary conditions imply that

(2.11) v, (0) = v, (T) and v, (0) > v/ (T).
Assume that max{v,(t) : t € [0,T]} = v,(to) > 0. If £, = 0 or T, then we have
(2.12) 02(0) > 0, v/,(0) < 0 and v,(T) > 0, v/,(T) > 0.

From the boundary conditions (2.11) and (2.12), we obtain v/,(0) = 0 and v/,(T") = 0.
There exists t; € (0,7") such that v,(t) > 0, v, () <0 on [0,]. For every t € [0, %],

we have
—v,(t) = =z, (t) + B7(t) < sf(t,B6(1),5'(t)) + (1 —s)| f(t, 8(F), 5'(¢))
+AB(E) +1/n) = Aza ()| — f(E, B(1), B'(t) = —=A(1 = s)v,(t) < 0.

)

This implies that v],(t) is strictly increasing on [0,¢;) and hence v/,(t) > v/, (0) =
on [0,¢;), a contradiction. It follows that to € (0,7") and hence v, (to) > 0, v/ (to
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0 and v/(to) < 0. However,
— U, (to) = — 2, (to) + B"(t0) < sf(to, B(to), B'(to)) + (1 — s) | f(to, B(t0), 5'(t))

+ A(B(to) +1/n) = Az, (to) | — f(to, Bto), B'(t0)) = —A(1 — s)va(to) <0,
again a contradiction. Hence z,(t) < 3(t)++, t € [0, T]. Similarly, we can show that
xp(t) > a(t) —1/n, t € [0,T].

The sequence {z,,} of solutions of (2.7) is bounded and equicontinuous in C''[0, T']
since f,, are bounded independently of n. Hence the Arzela-Ascoli theorem guarantees

the existence of a subsequence converging in C*[0, T] to a function x € C*[0, T]. Since
(2.10) holds for every n € N and every t € [0, 77, it follows that

a(t) < 2(t) < (1), ¢ € [0,T].

It remains to show that |2/(t)] < C on [0,7]. The boundary condition, z(0) = x(T")
implies that there exists t* € (0,7 such that 2'(t*) = 0. Suppose that there exists
to € [0, T] such that 2'(ty) > C. Let [t*, t2] C [0, 7] be the maximal interval containing
to such that 2/(t) > 0 on [t*,;]. Let max{z'(t) : t € [t*,t5]} = 2/(t**) = C, then
t* £ t* and C > (. It follows that

¢ sds ¢ sds
(2.13) .AuM@DZA S "

Now, for each t € [t*, ts], since x € [min a(t), max 3(t)] and =’ > 0, we have

| —2"(t)] = |f({t,2,q(x))] < w(q(z)).

It follows that O (o)
' (t)]2" (t ,
Aoty =

Integrating from t* to t**, we obtain
[ < ) = 07 < e 500~ i (1) <
— <ux - max — min « T,
o wlg(s)) ~ t€[0,7] t€[0,7]

a contradiction. Similarly, we can show that 2/(t) > —C, t € [0, T].
Hence |2/(t)| < C, t € [0, T]. O

3. QUASILINEARIZATION TECHNIQUE

In this section, we approximate our problem by the method of quasilinearization.
We prove that under suitable conditions on the function f, there exists a monotone
sequence of solutions of linear problems which converges to a solution of the nonlinear

problem (1.1) and that the rate of convergence is quadratic.

Theorem 3.1. Assume that
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(A1) a and B € C*|0,T] are lower and upper solutions of (1.1) such that o < 3 on
[0, 7).

(Ay) f € C*[0,T] x R?) and satisfies f,(t,z,2') < =\, for some A > 0. Moreover,
we assume that H(f) >0 on [0,T] x [min «(t), max 5(t)] x [-C, C|], where

H(f) = (‘T - y)2fmm(t7 21, Z2) + Q(x - y)(x/ - ?/)fmc’ (t, 21, Z2)+
(ZL'/ - y/)2fx’x’ (t7 21, Z2)

is the quadratic form of f with z; between x, y, and zy lies between x' and y'.
(As) For (t,z) € [0,T] x [min «(t), max B(t)], fu(t,x,2") satisfies

‘fwl(t7x7y1> - fm’(t7x7y2)‘ < L|y1 - y2|7 Y1, Y2 € R?
x/fx/(t, x? J;,) Z 0 folr‘ |x/| Z C?
where L > 0 and C' is as defined in Theorem 2.5.

Then, there exists a monotone sequence {w,} of solutions of linear problems converg-

ing uniformly and quadratically to a solution of the problem (1.1).

Proof. Let
S ={(t,z,2') € [0,T) x R?: (t,z,2') € [0,T] x [mina(t), max 3(t)] x R}
and assume that
N = max {| (£, 2.q(@)], | oo (1.2, 0())], | farwr (1.2, 9(a"))] = (1,7, 2%) € S},
Then
(3.1) [H(f)] < Nz —y||{ on [0, T] x [min a(t), max 5(t)] x [~C,C],

where ||z —y|l1 = ||z — y|| + ||(z — v)'|| is the usual C* norm. Consider the boundary
value problem
(32) —2"(t) = f(t,z,q(z")), t € [0,T]
3.2
z(0) = x(T), 2'(0) = 2/(T).

We note that any solution x € C?[0,T] of (3.2) with a(t) <z < §(t) is such that
|2'(t)] < C on [0,T]

and hence is a solution of (1.1). Therefore it suffices to study (3.2). Expanding
f(t,z,q(x")) about (t,y,q(y')) € S by Taylor’s theorem and using (A,), we have

(3.3) f(t, @, q(z") > f(t,y,qW)+ Lot y, a(y) (@ —y)+ for (v, a(y) (@) —q(y)),
for (t,z,2") € S. Define the function

(3.4)

F(t,z,2y,y") = f(t,y,q¥) + fe(t,y, a(y) (& —y) + fur(t, ¥, q(")a(2") — q(y')],
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where (t,z,2), (t,y,y’) € [0,T] x R?. Then F is continuous and bounded on S and
therefore satisfies a Nagumo condition on [0, 7] relative to the pair a;, 5. Hence there

exists a constant C; > 0 such that any solution x of the problem
—2"(t) + x(t) = F(t,x, 2'59,9') + Ap(y, z, ), t € [0,T], A >0
2(0) = z(T), 2'(0) = 2'(T),
with a(t) < o < B(t) satisfies |2/(t)| < C; on [0, 7], where

p(y, z, §) = max{y, min{z, 5(f)}}.

Moreover, F, = f.(t,y,q(y")) < —A < 0 and we have the following relations

(3.5) ft,z,q(2") = F(t, 2,25y, y)
ftw,q(2") = F(t, 2,25 2,27),
for (t,z,2), (t,y,y') € S.
Now, we set wg = « and consider the linear problem
—2"(t) + Mx(t) = F(t,z, 2'; wo, wy) + Ap(wo, z, 3), t € [0,T], A >0
(3:6) 2(0) = 2(T), 2'(0) = &'(T).

This is equivalent to the integral equation

1
x(t) = /0 Ga(t,s)[F(s,2,2"; wo, wy) + Ap(wo, z, B)]ds.

Since F'(t,z,'; wo, wy) + Ap(wo, , 5) is continuous and bounded on S, this integral
equation has a fixed point (using again Schauder’s fixed point theorem). Now, using
(A1) and (3.5), we obtain

—wp (t) + Awo(t) < f(t, wo(t), wy(t)) + Awo(t)
= F(t,wo(t), wy(t); wo(t), wy(t)) + Ap(wo(t), wo(t), B(t)), t € [0,T],

—B"(t) + AB(t) = f(t, B(1), B(£)) + AB()
> F(t, (1), B'(t); wo(t), wo(t)) + Ap(wo(t), B(t), B(t)), t € [0,T],
which imply that wy and ( are lower and upper solution of (3.6). Hence, by Theo-

rems 2.3, 2.5, there exists a unique solution w; of (3.6) such that wy(t) < wy(t) <
B(t), lwi(t)] < Ci,t € [0,T]. In view of (3.5) and the fact that w; is a solution of
(3.6), we have

(3.7)  —wi(t) = F(t,wi(t), wi(t);wo(t), wo(t)) < f(t, wi(t), q(wi(t))), t € [0,T],
which implies that w; is a lower solution of (3.2). Now, consider the problem
—2"(t)+ Az (t) = F(t, z, 2';wy, w)) + Ap(wy, x, §), t € [0,T]

(3.8)
2(0) = 2(T), '(0) = 2 (T).
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In view of (Ay), (3.5) and (3.7), we can show that w; and [ are lower and upper
solutions of (3.8) and hence by Theorems 2.3, 2.5, there exists a unique solution ws
of (3.8) such that w;(t) < wy(t) < B(t), |[wh(t)] < Cy, t € [0,T]. Moreover ws is a
lower solution of (1.1).

Continuing this process we obtain a monotone sequence {w,} of solutions satis-
fying

wy <wyp <wy <ws << wpg Sw, <P, Ee[0,T]
That is,
(3.9) a(t) < wn(t) < B(t), lw,(t)] <Cr,neN, t€0,T],
where w,, is a solution of
—w!(t) = F(t, wp, w; w,_1,w, ), t €[0,T]
wn(0) = wn(T), w; (0) = wy (7).

n

(3.10)

Since F(t,wy, w); w,_1,w!,_;) is bounded, there exists R > 0 such that
|F(t7wn>w Wp—1, W )|<R TLGNtG[OT]

Using the relation w/,(t) = w! (0) + fo w!(u)du, we have

(3.11) lwy (1) —w), (s)] < / | F (U Wy, W w1, w;, ) |du < R|t — s,
for t, s € [0, T]. From (3.9) and (3.11), it follows that the sequences

{wP ()}, (j=0,1), n €N,

n

are uniformly bounded and equicontinuous on [0,7]. The Arzela- Ascoli theorem
guarantees the existence of subsequences converging uniformly to z()(j = 0,1) €
C10,T]. Consequently, F(t,w,, w,; wy_1,w, 1) + Ap(wn_1,wn, B) — f(t,z,q(z')) +
Az on [0,7] as n — oo which implies that x is a solution of (1.1).

Now, we show that the convergence is quadratic. For this, we set
vn(t) = (t) —wy(t), t € [0,T], n € N,
where x is the solution of (1.1). Then, v, € C?[0,T], v,(t) >0, n € N, ¢t € [0,T] and

satisfies the boundary conditions

n(0) = vn(T), v,(0) = v, (7).

The boundary condition v,(0) = v,(7") implies the existence of ¢; € (0,7") such that
v} (t1) = 0. Now, in view of (3.4), we obtain

(3.12)
—up(t) = —a"(t) + wy(t) = f(t,2,2") = F(t, wn, wy; wp1,w;,_;)

n n—1

= Fultswnn, )+ folt oy, aulyy)(@' = a(wl)) + S H(P,
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H(f) = ($ - wn—1)2fxx(t> C1, C2) + 2(1' - wn_l)(l'/ - ( ))fxxl(t C1, Cg)
+($ _Q( ;L )) fx’x’(t 61702)

wn_1(t) < &1 < 2(t) and ¢, lies between g(w/,_,(£)) and 2/ (t). Thus, va(t) satisfies the
problem
A(E) + N (8) = [l w1, aly)) + Non(t) + Forlt wn s, g ))& — gfa))
+SIH)
0(0) = (), ©,(0) = (7).

This is equivalent to
T
0 S Un(t) = / G)\(t7 5) <[fx(5; Wn—-1, q(w;L—1>> + >\]'Un(5)
0

, 1
L5y w1, 0w, ) (@ = aw)) + 5|H(F)])ds,
which in view of (As)(f.(t,z,2") + A <0) and (3.1) implies that

(3.13)
0t) < [ Ga(t8) (s v, ) = alwl) + G lowca [

= /0 Ga(t,s) [fm/(S, W1, @(Wy,_1)) 0y, + for (8, Wn1, g(w,_y)) (wy, — q(wy,))

+ 5 loa ) ds

Now, using (3.5), we have
(3.14)

The condition 2’ f,/ (¢, z,2") > 0 for |2'| > C, implies that

Ftwa (), q(w, (1)) < f(t wa(t), w, (1)), t € [0,T7,
so that (3.14) can be rewritten as

(3.15)
—UZ(t) > f<t7 €, ZL‘/) - f(tv wN(t)> w;(t)) = fx(t> d1> d2)'U7L(t) + fx’ (tv dla d2)'U;z(t)
Z fw(t, dl, dg)’(]n_l(t) —+ fx/ (t, dl, dg)Ué(t), t e [0, T],

where wn( ) < dy < x(t) and dy lies between #/(£) and w/,(t). Let pu(t) = elo o (s:d1.d2)ds

and —l; < fu(t,dy,dy) < Ly on[0,T] x [minwy(t), max G(t)] x [—Cy,C4], where
ll, L; > 0. Then

(3.16) et < u(t) < ettt e [0,T).
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Multiplying (3.15) by wu(t) and using (3.16), we obtain
(3.17) (0, (1)) < N[vna[l(t) < Alfvna ™, ¢ € [0, T],

where A = max{|f,(¢t,z,2")| : t € [0,T], z € [minwy(t), max (t)], 2’ € [-C1, C1]}.
Thus,

6L1t /
(3.18) (v (Op(t) = Al 7=) <0, ¢ € [0, 7],
1
This implies that the function ¥(t) = v} (t)u(t) — A|va— 1|| , 18 non-increasing in

t € [0,T]. Hence 1(0) > v(t1) > ¢(T'), which yields

A ekt Al T
1(0) = Zjonall > - wtll = (T (T) —
Un(0) = g-llvnaall 2 == —llnall 2 (D) (T) = =7

[[on ]

Using the boundary conditions v},(0) = v}, (1), we obtain

n

A A
3.19) v (0) =/ (T) < ———(eI*T — 1) |0, _4|| < el T — Dol
(3.19)  v,(0) = v, (1) < u(T)Ll( Nvn—1ll < u(T)Ll( Nvn—1ll
A A
(3.20) U, (T) = v,(0) > —L—l(eLl“ — Df[vn-a] = —L—l(eLlT — Dfvp-]l.

Now the relation ¥(0) > 1(t), t € [0, T, together with (3.19), implies

3.21 iy < L [AET S <
( . ) Un( ) = ,U(t) L_l ,U(T) +e )HUTL—IH = Q1||Un—1||7
el1T 1

where ¢; = max{ﬁ(t)( L Lt ef1t) 1t € [0,T]}. The relation ¢ (t) > (T, t €
[0, T, together with (3.20), implies

A
pu(t) Ly

[u(T)(eMT = 1) + T —eMf] ot € [0,T]}. From (3.21) and

(322) (1) > —

()T = 1) + BT — e o] 2 —gs onal

where ¢ = max{—=2— u(t
(3.22), it follows that

(3.23) o ()] < Qllvn-all, t € 0,77,

where Q = max{qi, ¢2}. We discuss three cases.

1. If for some t € [0, 7], w,,(t) > C, then

q(wy, (1)) = C, 0 <, (t) — q(w}, (1) < wj(t) — 2'(1)
and by (Ajs), we obtain

for (b w1 (t), q(wy, (1)) <for(t, wna (1), q(wy, (1)) + Llg(w), 4 (t)) — q(w},(2))]
< for(t wna (), q(w(2))) + L(Jvn ()] + o1 (B)]).



132 R. A. KHAN, J. J. NIETO, AND A. TORRES
Hence using (3.23), we obtain
(wp, (t) = q(w}, (0))) far (, wa—1(2), q(wy, 1 (1)) < =0, (E) far (E, w1 (£), qw, () +
Ll (01 (Jon (0] + v, (B)])
< =0 (t) for (t, wna (1), (W, (1)) + LQ(L + Q) va-a -
2. If for some t € [0,T], w),(t) < —C, then
q(w, () = =C, 0 > w,(t) — q(w, (1)) = w(t) — 2'(2)

and by (Aj3), we obtain
for (8 wna(8), q(wy, 1 (2))) 2 for (, w1 (), q(w, (1)) — Llg(wy, 4 (£)) — q(wy, (1))l
> for(t, wn1(2), q(wy, (2))) — L(lv, (8)] + [vg 4 (£)]),
hence
(w, (8) = q(w}, () far (, wa—1(2), q(wy,_1(£))) < =0, () far (E, w1 (2), qw, (£)))+
LQ(L + Q)llva-1l-
3. If for some t € (0,77, |w,,(t)| < C, then q(w) (t)) = w),(t), w,(t) — q(w),(t)) =

Y n

)

and by the same process, we can show that
(wi, (t) = q(wy, () for (, w1 (), q(w) 1 (£)) = 0 < —vy, (£) far (t, w1 (), q(wy, ()))+
LQ(1 + Q)llva]fF.

Thus, for every t € [0, 7], we have
(3.24)

for(t, w1, q(w), 1) (wy, —q(w},)) < =03, (8) for (8, i (8), (w0 () +LQL+Q) [vn 17
Using (3.24) in (3.13), we obtain
(3.25)

un(t) S/O Galt,s) [(for (s, wn1(s), q(wy,1(5))) = faor (s, wnr(s), q(w,(5))) ) vy, (s)

QU Q) + )]s

T
:/0 Ga(t, ) [ (for (5, wn1(s), a(w;, 1 (5))) = far (5, wn1(s), (W}, (5)))) V), (5)
+ Si[|vn-1l[7]ds,
where S} = LQ(1 + Q) + &
Again, using (3.24) and (3.1) in (3.12), we obtain
(3.26)
—on(t) < (for(ts W, q(wy,_y) = for (B, W, q(w))vp, () + Sillva-a|[i, ¢ € [0, 7]
which implies that
(3.27)
Un(8) + (for (w1, q(w), ) = for (8 wamr, q(wy)) v () = =Sillvaaff, ¢ € [0,7].
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Since (t, wy—1, q(w),_1)) € [0, T]x[min wy(t), max B(t)]x[—C, C], and f, is continuous,
there exist Lg, lo > 0 such that

—ly < (fmr(t,wn_l,q(w;_l) — fx/(t,wn_l,q(w;)) < Ly, t €10,T7.

Then the integrating factor p;(t) = elo (Far om0, )= For(oum-s,aw) ) s satisfies

(3.28) et <y (t) < et e [0, 7).
Thus,
(3.29) (v, (O (1)) > —Sie™" v}

Integrating (3.29) from 0 to t;, using (3.28) and the boundary conditions v/,(0) =

vl (T), we obtain

S S
(3.30) vn(T) = v,(0) < (" = Dfjoallf < (" = 1)l|ons 3.
L, L,
Integrating (3.29) from ¢ to 7', using (3.28) and (3.30), we obtain
/ ! 451 LaT Lot 2
Un (B (t) < v (T)pa(T) + =€ = e ol
S
< 2 (M) = 1)+ (7 = 0] o,
2

which implies that

(3.31)
' Syel! LoT LoT Lot 2 2
0(0) < Z= [ (@) = 1)+ (€7 = )] ol < duunalf ¢ € 0.7),
where
Sye! LsT LsT Lot
61 = max - [ul(T)(e — 1)+ (el —e )].

Again, integrating (3.29) from t; to T, using (3.28) and the boundary conditions

v, (0) = v,,(T), we have

—Sl (€L2T — 1)
Lopn (T)

If we integrate (3.29) from 0 to ¢, use (3.28) and (3.32), we obtain

/ _Sl (6L2T_1)
im0 > [

(3.32) v, (0) = v, (T) = lv—ll3.

+ (e = )| fonallf, t € 0,7

which implies that

—Sel2t [(eLQT —1)

(338) (1) > —

th_l] B> —Sllu |2 tel0.T
i (T) e ) [ lonalli = =dallvn |7, t € 0,71,

where

51€l2t) (((6L2T -1 +(elet — 1>)

.77 Lopa () \(pr (T) — 1)
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From (3.31) and (3.33), it follows that

(3.34) lonll < dllvaall¥, & = max{dy, d>}.
Now, using (3.31) in (3.25), we have

T
'Un(t) S/ GA(t, 8)(051+Sl)||vn—1||%d57
0

which implies that
T
(3.35) [[on]l < / Ga(t, 5)(001 + S1)|[vn-1l[ids < Dljv,-lff,
0

where 0 = max{Ls, [} and D > (007 + S1) fOT Ga(t,s). Let R = max{d, D}, then
(3.34) and (3.35) gives
lvalli < Rlvn]7.
]

If f,, =0, then it reduces to the case when the nonlinearity f is independent of
the derivative 2’. In this case the norm ||.||; reduces to the norm ||.|| and this case is

studied in [5, 9]. Therefore we have extended previous results.

4. APPLICATION TO A BLOOD FLOW MODEL

Now, we apply our theoretical results to a medical problem, a biomathematical
model of blood flow inside an intracranial aneurysm. An aneurysm is a local enlarge-
ment of the arterial lumen caused by congenital, traumatic, atherosclerotic or other
factors. The natural history of the development of aneurysms consists of three phases:
pathogenesis, enlargement and rupture. Aneurysmal subarachnoid hemorrhage is a
major clinical problem in the world. The incidence of subarachnoid hemorrhage
(SAH) is stable, at around six cases per 100000 patient a year [1]. The cause of SAH
is a ruptured aneurysm in 85 percent of cases and SAH accounts for a quarter of
cerebrovascular deaths [17] . The developments of the epidemiology and pathogenesis
of intracranial aneurysms, methods of diagnosis, and approaches to treatment have
been discussed by several authors [8, 14, 15]. Different sensitive, but non-invasive,
imaging strategies for the diagnosis of intracranial aneurysms are now used [18]. For
effective treatment of patients with intact incidental aneurysms, it is important to
have adequate models in order to understand the evolution of aneurysms and to pro-
pose prognostic criteria upon which to make clinical recommendations. Mathematical
models are now more relevant in biomedical practice [3] and several biomathematical
models of intracranial aneurysms have been proposed in the literature [2, 11, 12] .

We consider the biomathematical model of blood flow inside an intracranial aneurysm
2" + pr' + ax — ba* + cx® — Feos(ht) =0, t € [0,T]

(4.1)
2(0) = z(T), 2'(0) = 2/(T),
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where x represents the velocity of blood flow inside the aneurysm, and p, a, b, ¢, F, h
are positive medical parameters depending on each patient. For example, F'is related
to the pulse pressure, h is the inverse of the cardiac frequency, p depends on the elastic
properties of the aneurysm wall, .... for details, see [4, 11, 13].

Assume that b > 18 take A = ¢ > 0 and write the model (4.1) as

(4.2) —2" + Az = f(t,z,2") = pr' + p(z) — F cos(ht),

where p(z) = %2 — ba? 4 ca® = v(x) + Lz, v(z) = ax — ba? + ca®. We note that the
equation p(z) = 0 has three real roots namely, 0, x1, zo with (0 < z; < x3), where
o = b—(b2;:4%)%’ 2y = b+(b2;:4%)%‘
Clearly, p(x) > 0, for x € [0,21] and p(z) < 0, for x € [z1,29]. Let ¢(z) =
p(x) + Az, then
Ymax = max(z) = Y(x3) > 0,

Ymin = min Y (x) = (xy) <0,

b—(b? —4ac)% b+(b? —4ac)%
3c 3c

0, for every = € [x3,x4] which implies that p,(x) < —A for every x € [x3, z4].

€ (0,z1) and x4 = € (w1, x3). Moreover, 1, (x)

IA

where x5 =

Similarly,
3
v(z) >0 on (0, 51’3),
3 3
v(z) <0 on (5173, 51’4).
1
Since 0 < x3 < b_(li;f‘w)?, it follows that v(x3) > 0 which implies that p(z3) — Axs >
0. Thus,
b— (b2 — dac)2
max 2\ > 0.
e — 2N,
Let 1 1
b— (b? — 4ac)2 b+ (b* — 4ac)?

F = min e — 20 ) 4 ARy
Taking o = x3 and 3 = x4, we have a < 3 and
" = da+ f(t,a,d') = =dxz + p(x3) — Fcos(ht) > thypax — 2Ax3 — F > 0,
B = AB+ f(t,8,0) = =Aza + p(24) — Fcos(ht) < =2z — [Pin| + F <0,
which imply that «, § are lower and upper solutions of (4.1).
Now, for x € [x3,24], t € [0,T], we have
|ft, 2, 2")| < pl| + K = w(2']),
where K = max{p(x) — Fcos(ht) : t € [0,T], x € [x3,24]}. Moreover,
< sds > sds
/0 w(s) /0 pst K

Thus the Nagumo condition is satisfied. Hence by Theorem 2.5, there exists a solution
of (4.1) in [x3, x4).
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Now we approximate the solution of (4.1). The approximation scheme is given

by solutions of the linear problems
—2" + e =k(t,x,2";y,y), t €[0,T],
z(0) = (1), 2'(0) = 2'(T),

where

k(tz, 2y, y) = (6 y,0) + pa(y)(x = y) + pla’ =)

= p(y) + p=(y)(z — y) + pr’ — F cos(ht).

We rewrite

—z" —pr’ + (A = pa(y))x = p(y) — ypa(y) — F cos(ht)

2(0) = z(T), 2'(0) = 2'(T),

in the equivalent form

T
o(t) = [ Ga(t:9)[ply) ~ wpaly) — F cos(hs)]as.
0
Since A — p,(y) > 0 for y € [x3, 4], it follows that the Green’s function Gy(t,s) > 0
on (0,7) x (0,7).
The first approximation to the solution is x3. Taking wy, = x3, the second ap-

proximation is given by

wy(t) = /0 GA(t, 8)(Vmax — F cos(hs))ds.

In general, the quasilinearization iteration scheme for the solution of (4.1) is given by

(4.3) wy, = /0 Ga(t, ) (p(wn-1) = Wyp—1pg(wy—1) — F cos(hs))ds.

To show the sequence of iterates converges quadratically to the solution of the problem
(4.1), we set v,(t) = z(t) — w,(t). By the mean value theorem, (4.2) and (4.3), we
obtain

— U, (H)+Av,(t) = (—2"(t) + Az (1))
— (—wy (1) + Aw,(t))
= px' + p(x) — [p(wWn-1) + po(wn_1)(Wp — wy_1) + pwy]

1
= pv; + pr(Wn—1)vn + §pm(§)ei—l
S pU;L + px(wn—l)vn + d||en—l||2>

where d is a bound for 1|p,,(z)|. Thus, it follows that
—up(t) = pun (8) + (A = pa(wu—1)va(t) < dflen %,

which implies that
[vall < 8llvn-all?,
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where d fOT |GA(t, s)|ds < §. This shows that the iterates converges quadratically to

a solution of the problem.

1]

[13]

[14]
[15]
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