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ABSTRACT. This paper is devoted to study the existence of multiple positive solutions for the
second order periodic boundary value problems with impulse effects. By imposing different condi-
tions on nonlinearity, we establish various of existence results. Besides, some results generalize Jiang
[5] for ordinary differential equations. In particular, nonlinearity involving the first derivative of x

is considered.
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1. INTRODUCTION

In this paper, we shall study the existence of multiple positive solutions for the

periodic boundary value problems with impulse effects

¥+ Mx = f(t,z), t #tg, t € J,

(1.1) —Ax|iey, = L(x(ty)), Aa'|imy, = Je(z(ty)), k=1,2,...,1,
z(0) = z(2m), 2/(0) = 2'(2n).

and
'+ Mz =g(t,x,2'), t #tg, t € J,

(1.2) —Ax|imy, = L(x(ty)), Aa'|imy, = Je(z(ty)), k=1,2,...,1,
z(0) = z(2m), 2/(0) = 2'(2n).

Here, J = [0,27], 0 = tg < t; <ty < -+ < t; < ti31 = 27, Az|i—y, = z(t]) — z(t},),
Az, = 2'(t}) — 2/ (¢ ), where 2'(t]]) (respectively z'(¢;)) denotes the right limit
(respectively left limit) of z°(t) at t = t;, ¢ = 0,1. Throughout this paper, assume
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that 0 < M < 1 f € C(J x R*,R*),g € C(J x R* x R,R*), I € C(R* R), Jy €
C(R*,RY), Rt = [0,00) with |I}(z)] < 52207 J (), € RT, m = VM.

2m(1—cos 2mm)
In recent years, impulsive and periodic boundary value problems have been stud-

ied extensively in the literature, please see [3-14].
In [3, 5, 6, 13], periodic boundary value problems were studied extensively. Jiang
[5] has applied the Krasnosel’skii fixed point theorem to establish the existence of
positive solution to problem
(1.3) "+ Mx = f(t,z), t €0,27],
' z(0) = z(27), 2'(0) = 2'(2m).
He proved that there exists at least one positive solution provided one of the following

conditions holds:

(i) lim max £ — 0 and lim min {2 — 4o
z—0te[0,2n] * z—ocotel0,27]
f(t’x) f(t,.’L') — O

= 400 and lim max

(ii) lim min
T—00 t€[0,27]

x—0te(0,2n)

xT xT

On the other hand, impulsive differential equations were studied extensively. In
[7, 8, 10, 11, 12], authors used the method of lower and upper solutions with the
monotone iterative technique to study impulsive differential equations. In [1, 9],
authors used the Krasnosel’skii fixed point theorem in a cone to impulsive differential

equations and obtained the existence of positive solutions.

However, in [1, 7, 9, 10, 11, 12], the authors made the condition that the nonlin-

earity f depends only on x and not on the first derivative of z. In [8], the equation
= f(t,z, ), telab, t#t,i=12...p

with impulsive effects and nonlinear boundary conditions was studied by upper and
lower solutions methods. The existence of at least one solution was obtained. By so
far, very few multiplicity positive solutions were established for impulsive boundary
value problem with nonlinear terms depending on the first derivative. By using fixed
point theory [2], we establish the existence of positive solutions. This is the first time

to apply fixed point theory [2] to impulsive boundary value problem.
For the case of Iy, = J, =0, k =1,2,...,1, (1.1) is reduced to (1.3). Our some

results extend the corresponding results in [5]. Besides, impulsive effect occur at both
x(t;) and Az(t;), which extend those in [9)].

For convenience, we always use the notations:

fo =liminf min f(ix), Jo(k) = liminf J"(x ,

xz—01 t€l0,27] z—0+

f°° = limsup max (i’x), J*(k) = lim sup Jk(w)
r—+00 tE[O 27r] T——4-00

f% = limsup max fta) JO(k) = limsup L@
s+ t€l0,2m] T 0t z

foo = liminf min £ g (k) = liminf 2%
z—+o00 t€[0,27] z—+oo 7
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In this paper, some of the following hypotheses are satisfied:

(Hl) : l l
2mfo+ Y Jo(i)] 0 >2mM, |2mfet Y Joo(z')] o> 2w M,
i=1 =1
_ G(0) _ sin 2mm _ sinmm _ ./
Wherea‘—m,G(O)—m,G(ﬂ')—m,m— M.
(H2) :

l l
27rf0+ZJ0(i) <2moM, 27Tf°°+ZJ°°(i) < 2moM.
i=1 i=1
(Hj) : There is a p > 0 such that 0 < z < p and 0 < ¢ < 27 imply

! !
where n,n, > 0 satisfy n + > ng > 0, 2mnG(7) + (G(W) + @) S < 1.
k=1 i=1
(Hy) : There is a p > 0 such that op <z < pand 0 <t < 27 imply

f(t,x) > Ap, Je(x) > Aip,

! !
where A\, Ay > 0 satisfy A+ > Ax > 0 and 27G(0)\ + @ Yo > 1L
k=1 i=1

For the remainder of this section, we present some results which will be needed

in Section 3 and Section 4.

Let E be a Banach space and K C E be a cone in F. Assume that (2 is a bounded
open subset of E and let 0 be its boundary. Let ® : K N Q — K be a continuous
and completely continuous mapping. If ®u # u for every u € K N 0S2, then the fixed
point index i(®, K NQ, K) is defined. If (®, K N, K) # 0, then ® has a fixed point
in K NQQ.

Forr > 0, let K, = {u € K : |jul]|pc < r} and 0K, = {u € K : ||u|]|pc = 7},
which is the relative boundary of K, in K. The following three Lemmas are needed

in our argument.

Lemma 1.1 (11). Let & : K — K be a continuous and completely continuous map-

ping and Pu # u for u € OK,.. Thus one has the following conclusions:
(i) If ||u|| < ||Pul| for u € OK,, then i(®, K,, K) = 0;
(i) If ||ul| > ||Pul| for u € OK,., then i(®, K,, K) = 1.

Lemma 1.2 ([11]). Let ® : K — K be a continuous and completely continuous
mapping with u®u # u for every u € 0K, and 0 < p < 1. Then i(®, K,, K) = 1.
Lemma 1.3 ([11]). Let ® : K — K be a continuous and completely continuous
mapping. Suppose that the following two conditions are satisfied:

(i) inf ,cok, ||Pul| > 0;

(ii) udu # u for every u € 0K, and p > 1.
Then, i(®, K,, K) = 0.
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Definition 1.1. The map v is said to be a nonnegative continuous concave functional

on cone P provided that ¢ : P — [0, 00) is continuous and

Yt + (1 —1t)y) > tv(x) + (1 — 1)Y(y)

for all z,y € P and 0 < t < 1. Similarly, we say the map « is a nonnegative

continuous convex functional on P provided that: «: P — [0,00) is continuous and
aftr + (1 =t)y) < ta(z) + (1 -t)a(y)

forall z,y € Pand 0 <t < 1.

Let » > a > 0, L > 0 be constants, ¢ is a nonnegative continuous concave
functional and «, # nonnegative continuous convex functionals on the cone P. Define

convex sets

Pla,r; 8, L) ={y € Pla(y) <r B(y) < L},
Pla,r;8,L) ={y € Pla(y) <r,B(y) < L},
Pla,r; 8, Ly, a) = {y € Plaly) <r,B(y) < L,¥(y) > a},
Pla,r; 8, Ly, a) = {y € Pla(y) < r,B(y) < L, ¥(y) > a}.
The following assumptions about the nonnegative continuous convex functionals
a, # will be used:

(A1) there exists M > 0 such that ||z|| < M max{a(zx), 5(z)}, for all x € P;
(A2) P(a,r; B, L) # 0 for all » > 0, L > 0.

Lemma 1.4 (Bai and Ge [2]). Let E be a Banach space, P C E a cone and
ro > d >0b>r > 0,Ly > Ly > 0. Assume that o, (3 are nonnegative con-
tinuous conver functionals satisfying (A1) and (A2), ¥ is a nmonnegative continu-
ous concave functional on P such that ¥(y) < a(y) for all y € P(a,ry; 8, Ly), and
T : P(a,ro; 3, Ly) — P(a,79; 3, Ly) is a completely continuous operator. Suppose
(B1) {y € P(a,d: B, L 6, b (y) > b} £ 0,6:(Ty) > b for y € Pla, d: , Ly, b);
(B2) a(Ty) <11, 8(Ty) < Ly for ally € P(a,r1; 5, L1);

(B3) (Ty) > b for all y € P(a,r9; 3, La; 1, b) with a(Ty) > d.

Then T has at least three fived points y1,ys and ys in P(a,r9; 3, L) with

(S P(Oz,’f’l;ﬂ, L1)7 Y2 € {?(0477"22/37L2;¢75)W(?J> > b}

and
Ys € ?(Oé, ro; 3, Lz)\(?(@, 25 3, La; 1, b) U ?(06, r1; 3, Ll))-

The paper is organized as follows: In Section 2, we give some important properties
for the Green’s function and some fundamental results for later use. In Section 3,
we establish the multiple existence results for (1.1). In Section 4, we establish the
existence results for (1.2). In Section 5, some example are present to illustrate our

main results.
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2. PRELIMINARIES

In order to define the solution of (1.1) and (1.2) we shall consider the following
spaces.

Let J = J\{tl,tQ,. . ,tl},
PC(J,R) ={x:J v R: 2|4 4., € Cltr, tes1), x(ty,) = x(tr),
Jz(t), k=1,2,...,1}

is a Banach space with norm ||z||pc = sup |z(t)|. Let
te(0,27]

PCI(J, R) = {l‘ . J = R . x’(tkytk+1)7x/|(tkvtk+1) - C(tkatk-i-l),x(t];) = Sl,’(tk),
2(t)) =2 (), Ja@t), 2 (t)), k=1,2,...,1}
with the norm [|z|| pcr = max{||z|/pc, ||2’||pc}, then PC1(J, R) is also a Banach space.

Definition 2.1. A function x € PC'(J, R) N C*(J', R) is called a solution of (1.1)
(or (1.2)) if it satisfies the differential equation

"+ Mz = f(t,z), teJ (or 2"+ Mz = f(t,x,2'), t€J)

and the function z satisfies the conditions Axz|i—y, = z(t)) — x(ty) = IL(z(t)),
AL |1y, = 2'(t]) —2'(t;,) = —Jp(2(tx)), and the periodic boundary conditions z(0) =
x(2m), 2'(0) = 2’'(27).

Lemma 2.1 ([14]). A function x € PC'(J) N C*(J') is a solution of problem (1.1)
if and only if v € PC(J) is a solution of the equation

(2.1) x(t):/oWG(t,s)f(s,:c(s))ds%—ZG(t,tk)Jk(x(tk))

L OG(t, 5)
Js

k=1

o=t I (2 (th)),

where G(t, s) is the Green’s function to the periodic boundary value problem x"+ Mz =
0, z(0) = z(27), 2/(0) = 2'(27), and

1{sinm(t—s)+sinm(27r—t+s), 0<s<t<2m,

G(t,s) := =
(t,5) I'| sinm(s—t)+sinm2r —s+1t), 0<t<s<2nm,

here I' = 2m(1 — cos 2mm).

Lemma 2.2. The Green’s function G(t, s) is defined in Lemma 2.1, then the following
mequalities holds
((1) 2m(ililc2c::72rm7r) - G(O) B G<t’ S) < G(?T) - 2m(1Si—ncZ;7r2m7r) )

() |22 < Ltsefo2m), |25 <1, b5 € 0,27

_27
@Mﬁﬂ@g%(%%»g%ﬁaﬂjﬁemﬂﬂ
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Proof. 1t is clear that (a) holds. Now we shall show that (b) holds. By computing,

0G(t,s) 1 { —mcosm(t —s) +mecosm(2r —t+s), 0<s<t<2m,
os T

- mcosm(s —t) —mcosm(2m — s + t), 0<t<s<2m.
Let h(f) = + [~mcosmf + mcosm (2w — )] ,6 € [0,2x]. Then
n'(6) = % [m?sinmé + m® sin m (21 — 6)]

2 2
= %sinmwcosm(@—ﬁ) > 0.

So —1 = h(0) < h(h) < h(2r) =L, ie. [n(0)] < L. So )% <1 tse0,2r. On
the other hand,

OG(t,s) 1) mcosm(t—s)—mcosm(2m —t+s), 0<s<t<2nm,

ot T | —mcosm(s—t)+mcosm(2r —s+1t), 0<t<s<2m.
Let 1(0) = & [mcosmb —mcosm(2w — 0)],0 € [0, 27]. Then
1
') = T [—m?sinmf — m*sinm (27 — 6)]
2m?

= -7 sinmm cosm(f — ) < 0.

<1t sel0,2n

So —1 =1(2r) <1() <10) =L, ie. () < 2 SO) =

At last, we show that (c) holds. By computing,

a9 <8G(t, s)) ‘ 1) m?sinm(t —s) +mPsinm(2r —t+s), 0<s<t<2m

ot Js T | m?sinm(s —t) + m?sinm(2r —s+1), 0<t<s<2r
Let p(#) = £ [m?*sinmf + m?sinm(27 — 6)], Then

p(0) = % [m* cosmb — m® cosm(2m — 6)]
= % [—2m® sinmmsinm(0 — )] .

For 6 € [0, 7], p'(9) > 0, thus m*G(0) = h(0) < h(0) < h(r) = 2m*G(7);
For 6 € [m, 2|, p'(0) < 0, thus m*G(0) = h(27) < h(0) < h(m) = 2m>*G(x).
So (c) holds. O

For every positive solution of problem (1.1), one has

[zllpc = sup |a(t)].
t€[0,27]
Without loss of generality, we assume 11121 lz(t)| = ||z]|pc, € € [tk, thr1], K €1{0,1,...,1},
then by Lemma 2.2(a),
27

(22)  lzllpe < G(n) i f(s,2(s))ds
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l

< G(W)/O i f(s,x(s))ds + (G(ﬂ) + @) Z Ji(x(t;)).

1=1

For any ¢ € [0, 27], without loss of generality, we assume that t € [ty, tx11), then

21 l
23 a=60 [ Flosals))ds + 3G 1) ()

+Z W) et

>6(0) [ fls.ao)s+ Y et

- Oy [ st s
2600 e | +—}ZJ

e 60,
= {<>’2G<>+G<>}””PC

_ G() B
= 360 1 6 llre = allzllpe.

Let K be a cone in PC(J, R) which is defined as
K ={xz € PC(J,R) : x(t) > ol||z| pc,t € J}.

Define an operator & : K — K as follows

(@)t / G(t, 5)f (s, a ds+ZGttk T(z(te)
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!
# 30 G ()
k=
Then we have the following Lemma.
Lemma 2.3. ®(K) C K.

Proof. For z € K, we have the inequalities from (2.2) (2.3) that
2m G(O) l
1@zllpe < Glx) | fls,2(s))ds + | G(r) + —= > dila(t)
0 i=1

(Px)(t) > m”q’xHPc = o||®z]lpe, t € [0, 27]
Thus, ®(K) C K. O

It is clear that & : K — K is continuous and completely continuous.

3. MAIN RESULTS FOR (1.1)

The following theorems are our main results.

Theorem 3.1. Assume that (Hy) and (Hs) are satisfied. Then problem (1.1) has at

least two positive solutions x1 and xo with

0 <|z1llpe < p < |22llpc.
Corollary 3.2. The conclusion of Theorem 3.1 is valid if (Hy) are replaced by:
(HY) fo =00 or Zl:ljo(i) =00, foo =00 Or Zl:ljoo(i) = 0.
Theorem 3.3. Assume that (Hs) and (Hy) are satisfied. Then problem (1.1) has at
least two positive solutions x1 and xo with

0 <[lz1llpe <p <|l22llpc-

Corollary 3.4. The conclusions of Theorem 3.3 is valid if (Hs) is replaced by:
(H3) fO=0and J°(i) =0, f*=0and J®@{) =0, i=12, .1

Theorem 3.5. Assume the following conditions are satisﬁed:

I
27Tf0+ZJo(i)] o> 2mwM, 27rf°°+ZJ°° ) <2moM.

Then (1.1) has at least one positive solution.

Corollary 3.6. Assume the following conditions are satisfied:
!
=00 or ZJO(Z') =00, f*=0and J®@{)=0,i=1,...,L

Then (1.1) has at least one positive solution.
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Theorem 3.7. Assume the following conditions are satisfied:

l l
2mfO + Z J(1) < 2o M, [27r foo + Z Joo(z')] o> 2rM.

i=1 i=1

Then (1.1) has at least one positive solution.

Corollary 3.8. Assume that
P =0 and J°G) =0, i=1,...,1, fo =00 Or ZJOO(Z') = 00.

Then (1.1) has at least one positive solution.

Remark 3.1. Corollaries 3.6, 3.8 are the generalization of Theorem 1 of [5].

In order to prove the main results, we need the following two Lemmas.
Lemma 3.9. If (H;) is satisfied, then i(®, K, K) = 1.

Proof. Let v € K with ||z| pc = p. It follows from (Hj) and (2.2) that

foslre < [ 6 atsds + |G+ EP 3 e
p [27rnG(7r) + ( Gé() ) Z ] <p=|z|pc.

This shows that
|®z||pc < ||z||pc, V x € OK,.

It is obvious that ®x # z for x € 0K,. Therefore, i(®, K,, K) = 1 follows from
Lemma 1.1(ii). 0

Lemma 3.10. If (H,) is satisfied, then i(®, K,, K) = 0.

Proof. Let v € K with ||z||pc = p. Then by (Hy) (2.3), we have

(®z)(t) > G(0) i Wf(s (s %Z

G(0) <
>p [27rG %; ]>p:|’$\|Pc-

This shows that
|®x||pc > ||z||pc, V x € OK,.

Also clearly ®x # x for € 0K,,. Therefore, i(®, K,, K) = 0 follows from
Lemma 1.1(i). O
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Proof of Theorem 3.1. According to Lemma 3.9, we have that
(3.1) i(®, K, K)=1.

Suppose that (H;) holds. There exists 0 < € < 1 sufficiently small such that

(3.2) (1—¢)o

l l
2mfo+ Y Jo(i)] >2rM, (1—¢)o [%foo +y Joo(z')] > 27 M.

i=1 i=1

By the notations fy, Jy, one can find 0 < rg < p such that
(3.3) flt,x) > fo(l —e)z, Jp(x) > Jo(k)(1 —e)x, Yt €[0,2n], 0<z <.
Let r € (0,79). Then for x € JK, we have
x(t) > ollz||pc = or for t € [0, 27],

and so

@2)() = [2 Gt 5) (s, x(s))ds + 3 Gt 1) Te(a(t)) + 3o 298|, T(a(ty)

k=1 k=1

> GI0) 27 f(s.0(s))ds + S0 Y Jy(alt)

k_

GO fo(1—2) [ d»+%%1—@é;%<><>
> (1= <)or | 2nfuG(0) + S 3 ()

from which we see that ir(%g{ |®x||pc > 0, namely, hypothesis (i) of Lemma 1.3 holds.
re r

Next we show that u®z # = for any © € 0K, and p > 1. If this is not true, then
there exist zp € K, and py > 1 such that po®zy = z. Note that xy(t) satisfies

zq(t) + Mxo(t) = pof(t, wo(t)), t € J',
(3.4) —Axolimt, = polk(zo(tr)), Az{limt, = podr(xo(ts)), k=1,2,...,1,
20(0) = z0(27),  4(0) = z(27).

Integrating from 0 to 2w, use integration by parts in the left side, without loss of
generality we assume that ¢, < 7w < 51,k € {0,1,...,1}, then one has

s Jo Tl (8) + Mao(t))dt =—2Am )+ M [ o (t)dt
z—m;LmMD+MﬁWWW.

Thus )

o M [t = o | 37 5 a0t + 3 el

>(1—¢) [27rf0 + :il Jo(i)} or
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So we obtain
(3.7) 2rMr > (1 —¢) [27?]‘"0 + éJo(i)} or,
which contradicts with (3.2).

Hence & satisfies the hypothesis of Lemma 1.3 in K., we have
(3.8) (P, K., K)=0.

On the other hand, from (H;), there exists H > p such that
(3.9) flt,x) > foo(l =)z, Jp(z) > Joo(k)(1 — )z, ¥Vt € 0,27,z > H.

Choose R > Ry := max{Z p}. Let v € 0Ky. Since z(t) > o||z|pc = oR > H for
t € 10,27, from (3.9) we see that

(3.10) Ft.a(t) > fooll —)a(t), ¥t € [0, 27,
Tela(ty) > Ju(k)(1 — o)a(ty), k=1,2,...1

Essentially the same reasoning as above yields igff{ ||®z||pc > 0. Next we show that
TEOKR

if R is large enough, then u®x # z for any x € 0Kr and p > 1. In fact, if there exist
xg € 0Kg and po > 1 such that po®xy = o, then z4(t) satisfies equation (3.4).

Integrating from 0 to 2w, using integration by parts in the left side to obtain
(3.5). By (3.10),

M [ rolt)dt = i {f Pt zo(t))dt + éﬁ-(xo(ti))]
>(1—¢) [27rfoo + Z:l:ljoo(l)] or.

So we obtain
(3.11) 2nMr > (1 —¢) [27Tfoo + iljoo(z)} or,
which contradicts with (3.2).

Hence hypothesis (ii) of Lemma 1.3 is satisfied and
(3.12) i(®, Ky, K) =0.

In view of (3.1), (3.8) and (3.12), we obtain

i(®, K\ K,, K) = —1, i(®, K, \ K,, K) = 1.

Thus, ® has fixed points z; and x5 in K, \ K, and K \ K,, respectively, which

means z1(t) and xo(t) are positive solution of the problem (1.1) and 0 < ||z1||pc <

p < [|22]|pc.

Proof of Theorem 3.3. According to Lemma 3.10, we have that
(3.13) i(®, K,, K)=0.
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Suppose that (Hy) holds, there exists 0 < & < min{\; — f°, A; — f°°} such that
I l
(3.14) 2moM > 2 (fO+e)+ > (JO(i)+e), 2m0M >2m(f+e)+ Y (J*(i)+e).
i=1 i=1

One can find 0 < rg < p such that
(3.15) fit,2) < (fP+e)x, Ju(x) < (JUk) + )z, Vt€[0,27],0 < x < 7.

Let r € (0,79). We now prove that u®x # x for any x € 0K, and 0 < p < 1.
If this is not true, then there exist o € 0K, and 0 < pg < 1 such that ug®zy = xo.
Then z((t) satisfies equation (3.4). Integrating from 0 to 27 ( use (3.5) (3.15)) to
obtain

MOt = o [ 37 ot + 3 el
(3.16) < (f°+¢) 027r xo(t)dt + é(JO(i) + &)zo(t;)
<2mr(fO+¢)+ i(JO(i) +e)r.

i=1

T?
i=1

2o Mr < [27r(f0 +e)+ Z(Jo(i) +¢€)

which is a contradiction with (3.14). By Lemma 1.2, we have
(3.17) (P, K, K)=1.
On the other hand, from (H,), there exists H > p such that
(3.18) ft,z) < (f*+e)x, Jp(x) < (J>®(k)+¢e)x Vt € [0,2n], v > H.

Choose R > Ry = max{Z, p}. Let z € OKp, then (3.18) holds since z(t) > o|z||pc =
oR > H for t € [0,2r]. Now we will show that u®z # z for any x € dKg and
0 < p < 1. In fact, if there exist zyp € 0Kg and 0 < pg < 1 such that pg®xg = xo,
then zo(t) satisfies equation (3.4).

Integrating from 0 to 27 ( use (3.5) (3.18)) to obtain
M [ZTxo(t)dt = o {fo (t,zo(t))dt — i J-(xo(t-))]
< (f*+e) fy wolt dt+Z(J°°() +e)wo(ts)
< 27mr(f*+e) + Z(J""( ) +e)

1=

—r [zw(foo +e)+ i(ﬁo(z’) +5)} .

i=1

l

2noMr <r [27?(]”0 +e)+ Z(JOO(Z) +¢)

1=1

)
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which is a contradiction with (3.14).

Let R > max{p, £}, then for any € 0Ky and 0 < p < 1, we have u®z # .
Hence hypothesis of Lemma 1.2 also holds. By Lemma 1.2,

(3.19) (@, Ky K)=1.
In view of (3.13), (3.17) and (3.19), we obtain
i(®,Kp\ Ky, K) =1, i(®,K,\ K,, K) = —

Thus, ® has fixed points z; and x5 in K, \ K, and K\ K,, respectively, which
means 1 (t) and z5(t) are positive solution of the problem (1.1) and 0 < ||z1||pc <
p < [lz2][pc-

Proof of Theorems 3 and 4. The proof follows the ideas in the proof of

Theorems 1 and 2.

4. MAIN RESULTS FOR (1.2)

Let P be a cone in PC'(J, R) which is defined as
P={x € PC'(J,R) : x(t) > o|z| pc,t € J}.

Define an operator ® : P — P as follows

/Gts s, (s zl: G(t,ty) Je(2(tr))

G(t,s)
p Js
A function z € PCY(J) N C?(J') is a solution of (1.2) if and only if z € PC(J, R) is
a fixed point of the operator 1. Define the functionals
a(z) =sup|z(t)], B(z) =supla’(t)], (z)=inf|z(t)].

teJ teJ teJ

=t Tk (2(tr))-

Then o, : P — [0,00) are nonnegative continuous convex functionals satisfying
(A1), (A2); ¢ is a nonnegative continuous concave functional with ¢ (z) < «a(z) for
all x € P.

Theorem 4.1. Suppose that there exists ro > g >b>r; >0,Ly > Ly >0 satisfying

2 [1 + max {%,m%(om(w)ﬂ % < min {%,2@} .

If the following assumptions hold:

(t,(E,y)GJX[O,T’l]X [_L17L1]

(C1) max g(t,z,y) + (1 + max {
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< min{%,QLl};

!
(C2) min g(t,z,y) + % min Y J;(x) > %;
(t,,y)EJ X [b,2]x[—La,Lo] zefb,L]i=1
(C3) max g(t,z,y)+ [ 1+ max G0) 4m?*G(0)G(T) max l
(tay)eTx[0r2)x[~La,La] 2G ()’ z€l0,r2) £

. T2
< ——— 2L, ;.
e { G(m) 2}
Then problem (1.2) has at least three positive solutions 1, xs, T3 with

1 € P(o,1m; 8, L1), w2 € {?(0477"2257L2;¢75)W(y> > b}
and
13 € P(a,ro; B, Lo)\(P(a, 795 8, La; b, b) U P(a,71; 3, Ly)).

Proof. We will apply Lemma 1.4 to verify the existence of fixed points of the operator
T. Tt is clear that T : P — P is completely continuous. Now we will verify that
all the conditions of Lemma 1.4 are satisfied. First we show T : P(a,rq; 3, Ly) —
Pla,ry;8,Ly). If 2 € P(a,79; 3, Lo), then a(x) < ry, B(z) < Lo. By (2.2), (B3),
Lemma 2.2 (b)(c), one has

2w

a(Tx) = sup{ G(t,5)g(s,z(s),2'(s))ds

0

+ Z Gt ) Ji((t:) + ) 8G3(Z’ d |s=e, Li((t:))

i=1

IA

6w [ ol a(s) ') + (6 + “2) 3 state)

IA

G() max g(t,z,y) + <G(7r) + =5 ) max ZJ,.(;I;)

(t,(E,y)GJX [077'2] X [_L27L2]

I
= G(m) {(mw max g(t,z,y) + (l—l— 2%((073)) max JZ(ZL')}

€Jx[0,r2]x[~L2,L2]

1=1
< G t, @,
o (W) {(t,x,y)ejxr[{)l,?;}{x[—Lg,Lg]g( . y)
G() , . :
+ (1 + max {m, 4m G(O)G(W)}) xrer%gi] ; Ji(x)
< Ta.

/07r aG(t’S)g(s,x(s),x'(s))ds

B(Tz) = Sup{ 5

teJ
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5 0GUL) 1 o)) + Z% <8G§;S> |S:“) et }

l

1 1
— max t,r,y) + = max Ji(x
2 (t,x,y)€J x[0,ra] X [~ Lo, L2] g( y) 2 z€l0,r2] — ( )

IA

+2m2G ma. Li(x
() mae D110

IN

1
max t.z,y) + (14 4m>G(r)G(0)) max Ji(x
{(t,r,y)GJX[O,T’Q]X[—LQ,LQ]g( y) ( ( ) ( )) ZEE[O,T’Q} ( )}

IA

max g(t, z,y)

1
2
1
2 (t,x,y)€Tx[0,ra] X[~ Lo, L2]

+ <1 + max {%83) 4m2G(O)G(7T)}> ax ZZ; Ji(x)}
< Lo

So T : P(a,rs; 3, Ly) — P(a,m9; 8, Ls). In the same way we can show T : P(a,ry;
B,L1) — P(a,71; 3, L), so the condition (B2) is satisfied. To check the condition
(B1) in Lemma 1.4, we choose z(t) = 2, ¢t € J. It is easy to see that z(t) = £ €
P(a, 2; B, La; p,b), ¢(x) = £ > b, and consequently, {a: € Pla, 28, Loy 00, b)  ¢(x) >
b} # 0. For z € P(a, 2;8, Ly;1p,b), then ||z||pc < L, ||2/||pc < Lo, x(t) > bt € J.
Now we show ¢ (Tx) > b. By (C2)

teJ

N Z aGégts, 5) |s:t¢]i(x(ti))}

v(Tx) = inf{/:ﬂG(t s)g(s,x ds+ZGtt ti))

vV
D
—~
=
o\

o
3
=

V)

8
—
&

R\
—~

V2]
S~—
S~—

QU

V2]

_l’_

w‘
>
"]
—~
~
N
S~—

0
> G(0) min g(t,x,y) + —— min J( )
(tz,y) €T % [b,2]x[~La,Lo] elb, 2] 2

> b

Finally, we Verify that the condition (B3) in Lemma 1.4 holds. For z € P(a,79; 3, Ly; %, b)
with a(Tx) > 2, then by the definition ) and (2.3) we have

Y(Tzr) = min (Tz)(t) IIlll’l/ G(t,5)g(s,z(s),2'(s))ds

telly,l2] te 11,l2]
2
o sup G(t,5)g(s,z(s),2'(s))ds

ted
> oa(Tx) > b.

v
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Therefore, the operator T' has three fixed points z; € P(a, 79; 3, Lo),i = 1,2, 3, with
T € P(Oé, 1, 67 L1)7 Tg € {?(O{, T2, ﬂu L27 ¢7 b)h/}(y) > b}

and
T3 € ?(Oé, ro; 3, Lz)\(?(a, 25 3, La; 1, b) U ?(Oé, r1; 3, Ll))-

5. EXAMPLE

Example 5.1. Consider the following impulsive boundary value problem

(t) + sa(t) =a*+af teJ, 0<a<1<p,

(51) _A'T‘t:tk = Ckl’(tk), Ax/|t:tk = Ckl’(tk), (Ck Z 0)
z(0) = z(27), 2'(0) = 2'(2m).

Then problem (5.1) has at least two positive solutions z; and x5 with

1
0<M< 7 0< [z1llpc < 1 < ||lz2llPc

provided

(5.2) (G(W) + @) :ilc < 1.

To see this we will apply Corollary 3.2.
By (5.2), n > 0 is chosen such that

1 G(0)) «
O<n<m[1—(G(ﬂ)+%)Zci].

ft,z) =2* + .

Set

Note
.fO = 00, foo = o0,

so (HY) holds.
Let n, = ¢, then n, n satisfy (5.2) and

2mnG(0) + (G(?T) + @) Zni < 1.

Let p =1, then for 0 < z < p, we have
fltyz) =a®+ 2% <p* +p° =2 < np,
and

Ji(@) < ek = m = mep,
thus (Hjz) holds. The result follows from Corollary 3.2.
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Example 5.2. Consider the following periodic boundary value problem with impulse

effects
a'(t) + &x(t) = g(t,x(t), 2/ (1), te[0,2n],t#t,i=1,2,
(5.3) —Ax(t;) = Liz(t)), Ad'(t) = Ji(z(t:)),
2(0) = z(27), 2/(0) = /(2n),
where
2?4 s +0.005,  (t,2,y) € [0,27] x [0,3] x [—50, 50],
ot zy) = L 4 8.7+ ok +0.005,  (t,7,y) € [0,27] x [3,00) x [~100, 100],
T 28T+ YY1 0.005, (ta,y) € [0,27] x [3,00) x [100, 00),
L 48T+ Y 40.005, (tz,y) € [0,27] x [3,00) x (—o0, —100],
0, xz€]0,1],
\Li(x)] < 2Ji(x), Ji(x) =4 22—2, z€]l,2], reERT, i=1,2.

L +2 1€2+00),
By computing G(0) = 2,G(r) = v2,0 = V2 — 1, max { 2% 4m*G(0)G(r) } = 2.
Let b=1,1r = i, ro = 100, L1 = 50, Ly = 100. The conditions of Theorem 4.1

are satisfied. So problem (5.3) has at least three positive solutions.
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