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ABSTRACT. Nonlinear vector equations with causal mappings are considered. These equations
include differential, difference, differential-delay, integro-differential and other traditional equations.
Estimates for the L?-norm of solutions are established. The obtained estimates give us explicit con-
ditions for the L2-stability, absolute stability and input-to-state stability of the considered equations
as well as bounds for the regions of attraction of stationary states. The suggested approach enables

us to consider various classes of equations from the unified point of view.
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1. INTRODUCTION AND MAIN DEFINITIONS

The present paper is devoted to equations in a Euclidean space with nonlin-
ear causal mappings (operators). These equations include differential, difference,
differential-delay, integro-differential and other traditional equations. For the details
see the excellent books [4, 23]. The stability theory of nonlinear equations with
causal mappings is in an early stage of development. The basic method for the sta-
bility analysis is the direct Liapunov method. But finding the Liapunov functionals

for equations with causal mappings is a difficult mathematical problem.

Below we establish explicit conditions that provide the L2-stability, absolute sta-
bility and input-to-state stability for a class of equations with causal mappings. To
the best of our knowledge these stabilities for equations with causal mappings were
not explored in the available literature. As it is shown below, in appropriate situa-
tions our results are exact. The literature on stability of continuous systems is very
rich, cf. [17, 20, 21, 24] and references therein. The classical results were developed
in the interesting papers [26], [1], [14, 18], [22].

The basic stability results for differential-delay equations are presented in the
well-known books [12, 13, 20]. Recently stability of nonlinear retarded systems has
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been investigated by many authors, cf. [16, 11, 25], etc. Mainly the direct Liapunov

method and frequency criteria are applied.

A deep investigation of linear causal operators is presented in the book [15].
The papers [2, 5] also should be mentioned. In the paper [5], the existence and
uniqueness of local and global solutions to the Cauchy problem for equations with
causal operators in a Banach space are established. In the paper [2] it is proved that
the input-output stability of vector equations with causal operators is equivalent to

the causal invertibility of causal operators.

The present paper is organized as follows. It consists of 10 sections. In this
section we define the causal mappings and consider an example of a causal mapping.
In Section 2 preliminary results are collected. The main result-Theorem 3.1 on so-
lution estimates for the considered equations is proved in Section 3. Equations with
differential linear parts are investigated in Sections 4 and 5. Section 6 is devoted to
difference equations with continuous time and causal nonlinearities. Equations with

differential-delay linear parts are explored in Sections 6-10.

Let C™ be a Euclidean space with the Euclidean norm || - ||,,. By I we denote the

unit operator in the corresponding space.

Furthermore, for a positive T' < oo, let ' be a Banach space of functions defined
on [0, 7] with values in C". For all 7 € [0,T") and w € E, let the projections P, be
defined by

w(t) f0<t<rT,
0 ifr<t<T

(L1) (Prw)(t) = {

In addition, Prw = w.

Definition 1.1. A mapping F : E — FE satisfying the condition
(1.2) P.FP.=P,F (t€]0,T))

will be called a causal mapping (operator).

This definition is somewhat different from the definition of the causal operator
suggested in [4], in the linear case our definition coincides with the one accepted in
[6].

Let us point an example of a causal mapping. To this end denote by LP(w) =
LP(w,C") (1 < p < o0) the space of functions defined on a set w C R with values in
C™ and the finite norm

W) = [/ lw(®)I[dt]? (w € LP(w)).

In addition,

[wlew) = sup [w(t)[]
tew
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for a vector valued function w defined and bounded on w.

Consider in L*(0,T) the operator

(Fw)(t) = f(t,w(t)) +/0 k(t,s,w(s))ds (we L*(0,T))

with a continuous function & : [0,7])*> x C* — C" and a continuous function f :

[0, 7] x C" — C". For each 7 € [0,T) we have

(P, Fw)(t) = fr(t,w(t)) + /OT k. (t,s,w(s))ds

where
k(t,s,w(s)) if0<t<rT,
0 ifr<t<T

flt,w(t)) f0o<t<T,
0 ifr<t<T

Jr(tw(t)) = {

Thus (1.2) holds and the considered mapping is causal. Note that, the integral oper-

ator
/ k(t, s, w(s))ds
0

with a fixed positive ¢ < T is not causal.

2. PRELIMINARY RESULTS

Put R, = [0,00). Everywhere below F' is a continuous causal mapping acting in
L*(R,). Consider the equation

(2.1) ot) = F(1) + / Qult, t)(Fa)(t)dty (¢ > 0),

where (g is a measurable n x n-matrix kernel defined for 0 < s < t < oo, and
f e L*(Ry) is given.

Definition 2.1. A solution of (2.1) is a vector-valued function x defined on R, which

is in L?(0,7) for any finite 7 > 0 and satisfies (2.1) a.e. on R,.

It is assumed that there is a constant ¢, such that
(22) |Fw|L2(R+) S q |w|L2(R+) (w S L2(R+))

Lemma 2.2. Let F': L*(R;) — L*(Ry) be a continuous causal mapping satisfying
condition (2.2). Then for all 7 > 0 and w € L*(0,7), we have the inequality

|F’LU|L2(()7T) < Q|Fw|L2(O,T)'
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Proof. From (1.2) it follows that
|Fwl|r20,0) = |PrFw|2p, ) = |PrFPrw|p2(r,) <
|[FPrwlrz(r,) < q |Prwlrzr,) = qlw|r2o,n),

as claimed. m

In L*(R,) introduce the operator Vj by
t
(Vaw)(®) = [ Qult. it (¢ 0 we L(R),
0

Lemma 2.3. Let Vy be compact in L*(0,7) for each finite T, and the conditions (2.2),

and

(23) Q|‘/(]‘L2(R+) <1

hold. Then (2.1) has at least one solution. Moreover any solution x of (2.1) satisfies
the tnequality

| flr2my)
1 —q|Volr2(ry)

(2.4) |z 2Ry ) <

Proof. On L*(0,T), T < oo, let us define the mapping ® by (Pw)(t) = f(t) +
(VoFw)(t) for aw € L*(0,T). Hence, according to the previous lemma, for an r > 0,

large enough,

|Pw| 207y < | flr2o,m) + [Vol2o,malw| 20y < v (|2 < 7).

So ® maps a bounded set of L?(0,T) into itself. Now the existence of a solution z(¢)
is due to the Shauder Fixed Point Theorem, since Vj, is compact. Furthermore, from
(2.1) it follows

‘x|L2(0,T) < |f‘L2(O,T) + |V0|L2(0,T)Q|$\L2(0,T) (T < oo).
Now (2.3) implies the required result. O

Furthermore, let Qo(t, s) = Q(t — s) with Q@ € L'(R.). Then V, = Vg, where the
operator Vg is defined by

(Vow)(t) = / Qt — tr)w(ty)dt, (t > 0).
Let -
Q(2) := / e #Q(t)dt (Re z > 0)

0
be the Laplace transform of (). Then by the Parseval equality we easily get |Vg|r2 =

Ag where
Ag = sup | Q(is) .
seR

So the previous lemma implies
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Corollary 2.4. Let Q € L'(R,) and the conditions (2.2) and

(2.5) qAg < 1
hold. Then the equation
t
(26) o) = £(0)+ [ Q= t)(Fa) et (¢>0),
0
has at least one solution. Moreover any its solution x, satisfies the inequality
|fleery)
(27) |$|L2(R+) S %

3. THE MAIN RESULT

For a positive r < oo denote Q(r) = {v € L*(Ry) : |lw(#)||, <7, ¢t > 0}. Let
F :Q(r) — L*(R,) be a continuous causal mapping. Again consider equation (2.1).

It is assumed that there is a constant ¢ = ¢(r), such that
(3.1) [F|r2ry) < q [v]z2ry) (v € Q(r)).

Theorem 3.1. Let Vi be compact in L*(0,7) for each finite T, and the conditions
(8.1), and (2.3) hold. In addition, let a solution x of equation (2.1) (if it exists)
satisfy the a priory estimate

(3.2) (@)l < 7, t > 0.

Then (2.1) really has at least one solution x € Q(r). Moreover inequality (2.4) is

valid.

Proof. If r = oo, then the required result is due to Lemma 2.1. Now let r < oc.
Define on L?(0,T) the function

)L weQ(r),
hw) = { 0, wgQr)

Such a function always exists due to the Urysohn theorem [3, p. 15]. In addition put
F = hF. According to (3.1), the inequality

\FW|L2(R+) < qlw|rewr,) (we L*(Ry))

is valid. Due to Lemma 2.2 a solution & of (2.1) with F = F exists and satisfies
inequality (2.4). This and (3.2) prove the theorem. O

The previous theorem and Corollary 2.4 imply

Corollary 3.2. Let Q € L'(Ry) and conditions (3.1), (3.2) and (2.5) hold. Then
equation (2.6) has at least one solution x € Q(r). Moreover any its solution z,
satisfies inequality (2.7).
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Let the conditions (3.1), (3.2),

(3.3) feQ(r) and v := sup[/0 Q3(t,s)ds |V/* < o0

>0

hold. Then according to (2.1) and the Schwarz inequality,
|zlcry) < | flers) + Y041 2R, )-

Now under (2.3), inequality (2.4) implies

’YOQ\f|L2(R+)

(3.4) [low) < Colf, Qo) = flewn + 12 Volzz(roya
Thus if
(3.5) C(fy QO) <r

then (3.2) holds and thanks to the previous theorem we arrive at the following result.

Corollary 3.3. Let Vi be compact in L*(0,7) for each finite T, and the conditions
(3.1), (3.3), (3.5) and (2.3) hold. Then (2.1) has at least one solution x € §(r).
Moreover inequalities (2.4) and (3.4) are valid.

In particular, if Qy(t,s) = Q(t — s) and
(3.6) Q € L*(Ry) N L'(Ry),

then vy = |Q|z2(r,) and (c(f, Qo) = (o(f, Q) where

Q|Q|L2(R+)|f|L2(R+)
1—Agq

Ce(f, Q) = |flewry) +

Now Theorem 3.1 yields

Corollary 3.4. Let the conditions (3.6), (3.1), (2.5) and (c(f,Q) < r hold. Then
equation (2.1) has at least one solution x € Q(r). Moreover the inequalities (2.7) and

|z|loryy < Celf, Q) are valid.

4. EQUATIONS WITH DIFFERENTIAL LINEAR PARTS
Consider the equation
(4.1) (t) = Az(t) + [Fz](t) (¢ = dz/dt),
where A is a constant Hurwitzian n x n-matrix. Take the initial condition
(4.2) z(0) = zg € C".

From (4.1) we get the equation

(4.3) z(t) = eMa(0) + /0 t A (Fr)(t)dt, (t > 0).
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A continuous solution of the latter integral equation will be called a mild solution of
problem (4.1), (4.2). Put

Ay i=sup||[(A—isl) ™.
seR
Thanks to Corollary 2.4, under the conditions (2.2) and
(44) qAA < 1,

problem (4.1), (4.2) has at least one mild solution. Moreover any its mild solution z,

satisfies the inequality

|6Atx0|L2(R+)
1 —qAa

IN

(45) |$|L2(R+)
From (4.3) and the Schwarz inequality we get

Q|€At\%2(zz+)

(4.6) zlowr,) < C(x0,4,A) == (JeM]ery) + —— )[zoln-
1—qAy

So Corollary 3.4 implies

Theorem 4.1. Let the conditions (3.1), (4.4) and {(xo,q, A) < r hold. Then problem
(4.1), (4.2) has at least one mild solution. Moreover any mild solution x of (4.1),
(4.2) satisfies inequalities (4.5) and (4.6).

Let us derive bounds for A4 and ((xg,q, A). Let \p(A) (k=1,...,n) denote the

eigenvalues of matrix A counting with their multiplicities, and

g(A) = (N*(4) = > I,

where N(A) is the Hilbert-Schmidt (Frobenius) norm of A, i.e. N?(A) = Trace(AA*).
The following properties of g(A) are valid [8, Section 2.1]:

(4.7)  g(A) < \/1/2N(A* — A) and g(Ae'™ + 2I) = g(A) for every 7 € R, z € C.
As it is proved in [8, Section 2.12],

(49 A =a1)71< 3 0 (g o)

where o(A) means the spectrum of A, and

Hence we easily get
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where a(A) := max; Re A\;(A). Moreover, thanks to Corollary 2.7.2 from [§]

— ¢"(A)

At . LAt
e[l < pa(t) where pa(t) == (k1)3/2

(t > 0).

So
|6At|L2(R+) < [/ pi(t) dt]1/2 and |eAt|C(R+) < I?%XpA(t).
0 =

Clearly, the integral and maximum are simply calculated.

5. STABILITY OF EQUATIONS WITH
DIFFERENTIAL LINEAR PARTS

In the following definition it is assumed that problem (4.1), (4.2) has at least one

mild solution z for a given xg.

Definition 5.1. Let (F0)(t) = 0. Then the zero solution of (4.1) is said to be stable
(in the Liapunov sense), if for any € > 0, there exists a 0 > 0, such that the condition

|zo|ln < ¢ implies the inequality |z|c(g,) < € for any mild solution x of (4.1), (4.2).

The zero solution of (4.1) is said to be L2-stable if it is stable, and there is an
open set B C C", such that zyp € B implies z € L*(R,). Besides, B is called the

region of attraction of the zero solution.

If the zero solution of (4.1) is L?-stable and B = C", then the zero solution is
said to be globally L2-stable.

Equation (4.1) is said to be absolutely L?-stable in the class of nonlinearities (2.2)
if under (2.2), there is a constants M which does not depend on a concrete form of
F (but which depends on ¢) such that |z|p2g,) < M||zo||, for any mild solution z of
(4.1), (4.2).

From Theorem 4.1 it follows

Corollary 5.2. Let conditions (3.1) and (4.4) hold. Then the zero solution of (4.1)
is L2-stable. Moreover, if condition (4.4) holds, then (4.1) is L*-absolutely stable in

the class of nonlinearities (2.2).

Note that the above derived solution estimates give us bounds for the region of

attraction.

Furthermore, consider the equation
(5.1) (t) — Az = F(x) + u(t).

where F' maps Q(r) into L*(R,) and u : R, — C is given. This equation under the

condition

(5.2) 2(0) = 0
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is equivalent to (2.6) with

(5.3) Q(t) = exp [At] and f(t) = /0 ety (s)ds.

In this case we also define a mild solution of (5.1), (5.2) as a solution of (2.6) with
(5.3) taken into account. In the next definition the existence of mild solutions to
(5.1), (5.2) is assumed.

Definition 5.3. Equation (5.1) is said to be input-to-state L2-stable, if under (5.2),
for any € > 0, there is a d > 0, such that the condition |u|r2(g,) < 0 implies 2|2z, ) <

€.

Equation (5.1) is said to be globally input-to-state L?-stable if the conditions
(5.2) and u € L*(R,) imply that any mild solution is in L*(R.).

Corollary 3.4 implies

Corollary 5.4. If conditions (3.1) and (4.4) hold, then equation (5.1) is input-to-
state L*-stable.

6. EQUATIONS WITH DIFFERENCE LINEAR PARTS

Consider the scalar difference equation

(6.1) > Crax(t — k) = [Fa](t) (t>0)
k=0
with the continuous time ¢, constant n x n-matrices Cy, (k = 1,...,m), Co = I, and

the initial condition
(6.2) z(t) = o(t) (—m <t <0).

Here ¢ is a continuous function defined on [—m, 0].

Put Y(A) = A™ + CyA™ ! + -+ 4+ C,. Tt is assumed that all the zeros of Y ()
are inside the disc |z| < 1. Set

1 < - 1
w(t) : / e WAy —1(g=i) gy = — 2Ty (R de.

2T 211 |z|=1

By the Laplace transform one can easily rewrite (6.1) as (2.6) with Q(¢) = w(t) and

f(t) = y(t), where y(t) is a solution of the homogeneous equation

(6.3) > Cuylt— k) =o0.

Denote
by = sup [V~ ()| = sup [Y 7 (2)]|

seR |z|=1

Clearly problem (6.1), (6.2) has a piece-wise continuous solution
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Theorem 6.1. Let the conditions (2.2) and g0y < 1 hold. Then any solution x
of problem (6.1), (6.2) satisfies the inequality |v|r2r,) < My [@|c(—m,0), where the

constant My does not depend on the initial conditions.

Indeed, since (6.3) is stable, |y|r2r,) < const |@|c(—m0). Now the result is due
to Corollary 2.4. [

Note that by (4.8) one can derive bounds for fy-.

7. EQUATIONS WITH DIFFERENTIAL-DELAY LINEAR PARTS

Let W (1) be a left-continuous n x n-matrix-valued function defined on [0, 7] (n <
o0), whose entries are nondecreasing functions having bounded variations. Consider

in C" the equation

(7.1) () = /0 AW et — 1) + [Fal(t) (> 0),

where F' is a continuous causal mapping in L*(R,).

Below we also consider nonlinear operators with delay acting from L?(—, c0)
into L2(R.).

Take the initial condition

(7.2) z(t) = ¢(t) (-n<t<0)

with a given continuous vector valued function ¢ defined on [—7,0]. Introduce the

characteristic matrix
n
K(z)=zI —/ e “TdW(t) (z € C).
0

A number A is called a characteristic value of K(-) if det K (\) = 0. Everywhere below
it is assumed that all the characteristic values of K(-) are in the open left half-plane.
That is, K(-) is stable.

Let .
o(W) = / 1 ($)]l

be the variation of W. That is, v(WW) is the limit of the sums
DoIW () =W(tia)ln Ot < <ty=n)
k=1

as maxy |ty — tx_1| — 0. The following quantity plays a key role hereafter:

0(K) := ma K=is)||,,.
() N Ll (]

—20(W)<s<2v

Consider the linear equation

(7.3) () = / Wdry(t - 7).
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The Green function (the fundamental solution) to equation (3.1) is a matrix-valued

function G(t) satisfying that equation and the initial conditions
G0+)=1, Gt)=0(t<0).
We have

T on

By the variation of constants formula problem (7.1), (7.2) is equivalent to the equation

G(t) : ! /OO "™ K~ (iw)dw (t > 0).

—00

s =0+ | Gl — 1) (Fa)(t)dt (¢ > 0),

where y is a solution of (7.3).
A continuous solution of the latter integral equation will be called a mild solution

of problem (7.1), (7.2).

Theorem 7.1. Let F : Q(r) — L*(R,) be a causal mapping continuous in the L*-
norm. Let the conditions (3.1) and

(7.4) @d(K) <1

hold. Then there are positive constants a, and My, independent of the initial function
and explicitly pointed below, such that the condition a,|¢|c(—n0) < T provides the
existence of a mild solution x € Q(r) of problem (7.1), (7.2), and

2| 22(ry) < Mo|dlo(—n0), and |T|or,) < arldlo-no)-
To prove this theorem we need the following

Lemma 7.2. The equality

sup ||~ (is)]l = sup ) 1 (is) ]l = 0(K)

seER! |s|<2v(W

18 true.

Proof. We have K(0) = W (n) — W (0). Since the entries of W are nondecreasing, this
means that || K(0)]|, = v(W). Hence

K—l
1K) = sup IOl

ween  [[wlln

= 1/v(W).

el 1
wrete TR )il = TEO)]

But

I (i)l < 1/(lyl = v (W) < 1/o(W) (lyl = 20(W)).
Thus the maximum of ||K~!(iy)]], is attained on [—2v(W), 2v(W)]. This proves the
result. O
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Proof of Theorem 7.1: The Parseval equality implies

Gluzqen = ma() = o [ K i) o]

2 )

For simplicity put 6(K) = 6, my(K) = msy. Since (7.3) is stable, there are constants
kr and k¢, such that

(7.5) Ylz2(ry) < krl@lo-no) and |y|ory) < keldlo-no)-
Now thanks to to Corollary 3.4, we get

kL|¢|C(—nO)
< ——— and
|x‘L2(R+) =7 —Q(K)q an

kLQ|G|L2(R+)

(7.6) [zlews < dloeno (ke + 5= 0(K)q )
So one can take
krq|Glr2(r,) kr
. - EEYZ 22 M = 1 _0(1 )\
(7 7) Qy k’C + 1 — Q(K)q and 0 1-— Q(K)q

This proves the required result. []

Let us reduce to the form (2.6), the nonlinear differential delay equation

(7.8) (t) + /O W ()t — 1) = /0 Yt s) Fo(w(t — ) (t > 0)

where v is a matrix whose entries are nondecreasing in s € [0, 5] functions of bounded

variations and Fj : C" — C" is a continuous function. We can write down

/?7 dv(t, s)Fo(x(t — s)) = [Fx](t) + fi(t)

0

where
Palt) = [ av(t. ) FoGalt = 5)) = / dv(t,t — ) Fy(a(r); i(t) =0 (¢ > )
and
Pal) = [ vttt =R 100 = [ atee=nFel) 0 <t <)
So (7.8) can be written as (2.6) with Q(t) = G(t) and
FO =)+ [ G- )5)ds

Thus the results of the present section are valid for equation (7.6).
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8. ESTIMATES FOR GREEN’S FUNCTIONS OF
DIFFERENTIAL-DELAY EQUATIONS

Recall that equation (7.3) is assumed to be exponentially stable and G is its

Green function.
Lemma 8.1. Let u be a solution of the equation
i) = [ aWsule=s)+ £0) (F € L2(R.)
with the initial condition u(t) = 0,t < 0. Then
lz2ry) < [ulrmov(W) + [ flrar,)-
Proof. Clearly,

n
il gy < | / AW (s)ult — )iy + | Flisc
0

00 7
.y / || / AW (s)ult — )22 + | iy,

But u(t —s) =0 (t < s). Hence,

n e )
Iﬂ\m(m)S(/O [dW (s)]|) sup [/0 lu(t = s)l[2dt]? + | fl 2.

—n<s<0
=v(W) |ulp2r,) + | fle2z,)-
As claimed. O
Corollary 8.2. The derivative of the Green function to equation (7.3) satisfies the

inequality
Glr2(ry) < |Glreryyv(W).

Lemma 8.3. The inequality |G|r2(r,) < ¥(K) is true, where
V() = /20(K) (1 +v(W)8(K)).

Proof. We can write down

G(t) = % /OO [K (iw)] ™" exp(iwt) (iw + ¢)(iw + ¢) 7 dw.

with a positive constant ¢. Hence, G(t) = w(t) 4+ cw(t), where

w(t) = — /w[K(iw)]_lexp(iwt)(iw—|—c)_ldw.

T on

Since e~ is the Laplace original for (p 4+ ¢)™', it is not hard to check that w(t) is a

solution of the equation

w(t) = /077 dW (s)w(t — s) + Te™
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with the zero initial condition w(t) = 0 for ¢ < 0. Since K is the Laplace transform

of GG, then by the Parseval equality we easily get the relations
w]2(ryy < OEK)|e™ p2n, ) = 0(K)(2¢) 72,

Furthermore, thanks to the previous lemma and the latter inequality, one can write

o(W)O(K) +1

] r2(ryy < 0 (W)Wl p2eryy + e r2ry < o
Thus
. v(W)O(K)+ 14 ch(K)
|Glr2ryy < W|L2(r,) + clw]rzr,) < NGT: :
Taking ¢ = 67 (K)(v(W)#(K) + 1), we obtain the required inequality. 0O

From Lemma 8.3 now it follows

Corollary 8.4. The derivative of the Green function to equation (7.3) satisfies the

inequality

|G|L2(R+) < Y(K)v(W).

To prove an estimate for the sup-norm of the Green function we will apply the
following simple result: let a continuous vector-valued function h and its derivative h
belong to space L?(R,). Then

Il <2 [ " Ih(s)|2ds / T li(s)|2ds2 (¢ > 0).

t t
For the proof see Lemma 8.7.4 from [7].
By this result and Corollaries 8.2 and 8.4 we get

Corollary 8.5. The inequalities

Glery) < V20 (W)IGran,y < 23/ 0(W)OK) (L + o(W)O(K))

are valid.

Denote

n
v (W) := /0 s||[dW ($)]]n-
Lemma 8.6. Any solution y of (7.3) satisfies the inequalities

(8.1) Ylow < 1Glew) 190)][n +vr(W)|len0)

and

(8.2) Y|z, < 1Gle2ro (60l + v1(W)|Plo-n0)-
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Proof. Let us use the representation

(8.3) y(t) = G(t)p(0) + /077 dW(s)/_ Gt —1—s)p(r)dr

cf. [12, 13], or [7, p. 148]. Hence,

1
Ylowrs < [Glo@n (1¢0)]n + \¢\c<—n,0)/0 slldW (s)]ln)-
This proves (8.1). Similarly, (8.2) can be proved. O

According to the previous lemma inequalities (7.5) are true with
(8.4) kp < Y(K)(14+v(W)) and ko < Y(K)\/20(W)(1 + vy (W)).

This and (7.7) give us estimates for the region of attraction of the zero solution.

Denote, by 3(K) the spectrum of K. That is 3X(K) is the set of the characteristic
values of K. Thanks to (4.8),

K (2)lln < T(K(2)) (2 € B(K)).

Here
- "(B(2))
2)) = kZ:O VR (2))

(2 & X(K)),

where d(K(z)) is the smallest modulus of eigenvalues of K(z):

for a fixed regular z; besides A\;(K(z)) are the eigenvalues of matrix K(z) counting

with their multiplicities. We thus get.

Lemma 8.7. Let equation (7.3) be stable. Then 6(K) < 0(K) where

0(K):= max I'(K(is)).

|5 <20(W)
From Lemma 8.3. we have
|G 2R, < (K) where (K \/29 (1+v(W)H(K)).
Moreover, Corollary 8.5 yields the inequality |G|or,) < ¥(K)\/2v(W). Thus in-

equalities (7.5) are true with

(8.5) kr < YK)(1+0(W)) and ko < (K)/20(W)(1 4 vi(W)).
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9. STABILITY OF EQUATIONS WITH DIFFERENTIAL-DELAY
LINEAR PARTS

In this section we consider equations with causal nonlinearities acting in L*(R, ),
but as it is shown in Section 7, nonlinearities acting from L?*(+,c0) into L*(Ry) can

be easily reduced to the considered case.

Assume that problem (7.1), (7.2) has at least one mild solution x for a given ¢.
Let (F0)(t) = 0. Following Definition 5.1 we will say that the zero solution of (7.1)
is stable (in the Liapunov sense), if for any € > 0, there exists a § > 0, such that the
condition |@|c(—y0) < 0 implies the inequality |z|c(r,) < € for any mild solution x of
(7.1), (7.2).

The zero solution of (7.1) is said to be L2-stable if it is stable, and there is an
open set B C C", such that ¢ € B implies x € L?*(R,). Besides, B is called the

region of attraction of the zero solution.

If the zero solution of (7.1) is L2-stable and B = C", then the zero solution is
said to be globally L2-stable.

Equation (7.1) is said to be absolutely L2-stable in the class of nonlinearities
(2.2), if under (2.2) there is a constant M which does not depend on a concrete form
of I (but which depends on ¢) such that |z|.2z, ) < M|[¢|c(—p,0) for any mild solution
x of (7.1), (7.2).

From Theorem 7.1 it follows
Corollary 9.1. Let conditions (3.1) and (7.4) hold. Then the zero solution of (7.1)

is L2-stable. In addition, an initial function ¢ belongs to the region of attraction of

the zero solution, provided
ar|¢|C(—n,0) <,

where a, is defined by (7.7).
Moreover, if condition (7.4) hold, then (7.1) is L*-absolutely stable in the class

of nonlinearities (2.2).

Recall that inequalities (8.4) for a, are true.

Furthermore, consider the equation

(9.1) i(t) — /O" AW (T)z(t — 7) = F(z) + u(t),

where F' maps Q(r) into L?(R,) and u : R, — C" is given. This equation under the
condition

9.2) 2(t) =0 (t<0)
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is equivalent to (2.6) with

(9.3) Q(t) = G(t) and f(t) /Gt—s

In this case we also define a mild solution of (9.1), (9.2) as a continuous solution of
(2.6) with (9.3) taken into account.

Following Definition 5.3, we will say that equation (9.1) is input-to-state L*-
stable, if under condition (9.2), for any € > 0, there is a § > 0, such that condition
\u|r2(r,) < 0 implies |z|p2g,) < €. Equation (9.1) is said to be globally input-to-state
L?-stable if conditions (9.2) and v € L*(R,) imply that any mild solution of (9.1) is
in L?(R,).

Corollary 3.3 implies

Corollary 9.2. If conditions (3.1) and (7.4) hold, then equation (9.1) is input-to-
state L*-stable.

Moreover, if conditions (2.2) and (7.4) hold, then equation (9.1) is globally input-
to-state L*-stable.

10. LINEAR PARTS WITH ONE DELAY

In this section we illustrate our results in the case of equations with one delay in

linear parts. First let us consider the linear equation
(10.1) y(t) = Ay(t —h) (t>0)
where A is a constant n X n-matrix and 0 < h < co. So in the considered case n = h
and the eigenvalues of K are \;(K(z2)) =z — e *")\;(A) since K(z) = zI —e *"A. In
addition,
v(W) = [[Alln and v1(W) = h[|Al[.
According to (4.8), we have the inequality §(K) < 04, where
k
9" (4)
A= = o
kZ:O \/Hdk“(K)
and
d(K) = inf lyi + A (A)e ).

3=1,m; [yl <2]| A
Now Lemma 8.3 and Corollary 8.5 imply

Lemma 10.1. Let equation (10.1) be stable. Then its Green function is subject to

the inequalities

|Gliaryy < ¥ = v/204(1+ [All64) and |Glow.) < Pav/2l|All.

In particular, if A is a normal matrix, then g(A) = 0 and 04 = 1/d(K). Let us

use the following result.
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Lemma 10.2. Let h,ag € (0,00) and aph < w/4. Then
inﬂfg liw + age™"| > ag cos 2hay.
we

For the proof see [10]. From the latter lemma we get: let all the eigenvalues of A

be real and negative, and

(10.2) hIXj(A)| <m/4 (j=1,...,n).
Then
(10.3) dy= ]irlunn IX;(A)| cos(2hA;(A)),

Due to Lemma 10.1 we get the following result.

Corollary 10.3. Let A be a Hermitian negative definite matriz and (10.2) hold. Then
the Green function of equation (10.1) satisfies the estimates

~ 2 All, ~
|Glr2ry) < Ya = \/~—(1 + Hd~—H)a |Glers) < Yav2||Alln.

da A
Now one can apply Theorem 7.1 and its corollaries to the equation
(10.4) x(t) = Az(t — h) + [Fx|(t).
In particular, Corollary 9.1 implies

Corollary 10.4. Let a causal operator F' continuously map L*(R,) into itself and A

be a negative Hermitian matriz, such that the conditions (10.2) and
q < |X(A)] cos (2hA;(A)) (G =1,...,n)

hold. Then equation (10.4) is absolutely L*-stable in the class of nonlinearities (2.2).
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