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ABSTRACT. In this paper we establish the existence of single and multiple solutions to the

singular discrete boundary value problem

A22(i — 1) + q (@) f1(i, 2(i),y(i)) =0, i € {1,2,...,T},
A?y(i — 1) + q2(@) f2(i, 2(2), y(i)) = 0,
z(0) =2(T+1) =y(0) =y(T' +1) =0,

where nonlinear term f% (i, x,y) may be singular at (z,y) = (0,0), k =1,2.
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1. INTRODUCTION

In this paper we establish the existence of single and multiple solutions to the
singular discrete boundary value problem
A2z (i — 1) + qi(i) f1 (i, 2(i),y(i) = 0, i € {1,2,..., T},
(1.1) A?y(i — 1) + q2(i) f2(i, 2(i), (i) = 0,
z(0)=2(T+1)=y(0) =y(T'+1) =0,
where nonlinearity term fi (i, z,y) may be singular at (0,0), k =1,2. T € {1,2,...},
N={1,...,T}, N" ={0,1,...,T+1} and z(i) : N* — (0,00), y(i) : NT — (0, 00).
Throughout this paper we will assume f;, : N x ([0,00)*\{0}) — (0,00) is
continuous, k£ =1,2. (O = (0,0)).
Remark 1.1. Recall amap f; : N x ([0,00)?\{O}) — (0, 00) is continuous if it is
continuous as a map of the topological space N x ([0, 00)?\{O}) into the topological
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space (0,00), k = 1,2. Throughout this paper the topology on N will be the discrete
topology.

We will let C'(NT,[0,00)*\{O}) denote the class of maps (z,y) continuous on
N (discrete topology), with norm ||z|| = max;ey+ |2(7)], ||ly|| = max;en+ |y(7)|. By a
solution to (1.1) we mean a (z(i),y(i)) € C(NT,[0,00)*\{O}) such that (z,y) satisfies
(1.1) for i € N and (x,y) satisfies the boundary conditions.

Recently, the singular boundary value problems have been studied extensively.
For details, see, for instance, papers [1,4] and the references therein. However, there
are only few works on singular boundary value problems for differential systems [9].

Agarwal and Regan [2]| considered the singular boundary value problem

{ y'(t) +a®)lg(y(t) + h(y(t)] =0t € (0,1)
y(0) =y(1) =0,

where ¢(t) may be singular at ¢ = 0 or ¢t = 1, nonlinearity g may be singular at y = 0,
h may be superlinear at y = oo. They showed that this problem has twin positive
solutions by using a Lerary-Shauder alternative and a fixed point theorem in cones.
Jiang and Xu [9] studied the singular continuous boundary value problem. They
also showed the existence of single and multiple positive solutions to the singular

continuous boundary value problems.

However, for the discrete case, the works on the existence of single and multiple
solutions to singular discrete boundary value problems for differential systems are

quite rarely seen.

In this paper we only consider existence theorem of single and multiple positive

solutions to singular discrete boundary value problems for differential systems (1.1).

2. PRELIMINARY LEMMAS

In this section, we give out some results which will be need in section 3.
Lemma 2.1.[1] Assume (2 is a relatively subset of a convex set K in a normal
space F. Let A: ) — K be a compact map with p € Q. Then either
(2.1) (A1) A has a fixed point in €2; or
(2.2) (Ag) there is an z € 002 with = AA(z) + (1 — A\)p for some 0 < A < 1.
Remark 2.1. By a map being compact we mean it is continuous with relatively
compact range.

Lemma 2.2. 2] Let £ = (E,|| - ||) be a Banach space and let K C E be a cone
in F, and let || - || be increasing with respect to K. Also, r, R are constants with
0 <r < R. Suppose ® : Qp N K — K(here Qp = {z € E,||z|| < R}) is a continuous,

compact map and assume the conditions

(2.3) r # A\®(x), for A € [0,1) and z € 92, N K
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and
(2.4) |Px|| > ||z||, for x € 00r N K

hold. Then ¢ has a fixed point in K N{z € E:r < ||z|| < R}.
Remark 2.2. In Lemma 2.2 if (2.3) and (2.4) are replaced by

(2.3)* x # AP(x), for A € ]0,1) and z € N N K
and
(2.4)* |®z|| > [|z||, for x € 0Q,. N K

then @ has a fixed point in K N{z € E:r < ||z| < R}.
Lemma 2.3 [6] Let y € C(NT,R) satisfy y(i) >0 fori € N*. If u € C(N*,R)

satisfies
(2.5) A%u(i —1)+y(i) =0, i € N,

u(0) =u(T'+1) =0,
then
(2.6) u(i) > p(i)||ul| for i € N,
here

. o T+1—1 4

(2.7) (i) = mm{ﬁ, T

In this paper, let ||u|| = max;en+ |u(i)|, u(i) € C(NT, R), then E; = (C(N, R), ||

|) is a Banach space. Let
(2.8) Ky ={ue C(N*'[0,400)) : u(i) > pu(i)||ul,i € N*}.

Let B = Ey x By, K = Ky x Ky, and [|2]] = [|(2,y)[| = max{|[z[|, [y[|}, V= =
(x,y) € E. Then (E,| - ||) is a Banach space and K is a cone in E.

3. EXISTENCE PRINCIPLES

Throughout this paper, we make the following hypotheses:
(Hy): qr(i) € C(N,(0,400)),k=1,2.
(Hy): Let fu(i,2,y) < gr(z,y) + hi(z,y) on N x ([0, +00)*\{O}), with
gr. > 0 continuous and nonincreasing on [0, 00)?\{O},
hy > 0 continuous on [0, 00)?, and % nondecreasing on [0,00)*\{O}, k =1, 2.
(Hj3): There exists a constant r > 0 such that

" du hy(r,r) " dv ho(r,r)
Lot = 0 gm0 [ o = 0 e o

where bro = maxien{> 5y jac(§), (T + 1= far(i)} k= 1,2.
(H4): For each constant H > 0 there exists a function 1y continuous on N and
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positive on N such that fi(i,x,y) > @/)g;)(z') fori e N, O < (x,y) < H = (Hy, Hy),
k=1,2.

(Hs): Let fu(i,2,y) = gz, y) + hi(z,y) on N x ([0, +00)*\{O}),

with g, > 0 continuous and nonincreasing on [0,00)2\{O}, hx > 0 continuous on
0, 00)?%, and 2—: nondecreasing on [0,00)*\{O}, k =1, 2.

(Hg): There exists a constant R > r such that

R T
_ h(77.,0) < ZG(UJ)%U)’
Gi1(R, R){1 + P o)} j=1
T+1°
R d N
a0 < G0, 5)a(i),

7%)}

2
920, 757)

j=1

where Z;szl G(0,j) = max;en+ Zle G(i, ), and

=) g i
G(i,j):{ Frl 0<j<i-L,

M) i <j<T+1,

is following boundary value problem’s Green function

—A%u(i—1)=0, i € N,
{ uw(0) =u(T'+ 1) =0.
Here and henceforth, we denote (x1,y1) > (22, y2) ((z1,91) > (22, y2)) if (21 —xa, y1 —
y2) S R—zi-((xl — X2,Y1 — y2) S R—%—)? (R?i- = [07 +OO>2\{O}7R3- = [07 +OO)2).
Further, we say that a vector (z, y) is positive (nonnegative) if (x,y) > (0,0)((z,y) >
(0,0)). The hypothesis (Hs) allows fi(i,x,y) to have singularity at O = (0,0).

For example,

Fili e, y) = [Va2(i) +y2(0)] 7 +y[va2 () + y2(0))™

satisfy (Hs), where 0 < o < +o00, B > 1,7 >0,k =1,2.
We have the following main result:

Theorem 3.1 Let (H;)-(Hj3) hold. Then the problem (1.1) has one positive
solutions (x,y) with ||(z,y)|| <.

Proof. Choose € > 0, € < r with
" du hq(r, ) /T dv ho(r, )
3.1 / — > bio{l + , > byg{l + i
N A N LA CYS LA AR RN o

Let my € {1,2,...} be chosen so that m%) < e, m%) < 757, and let Ny = {mg, mo +
1,... L
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We first show that the following boundary value problem

A%z(i — 1)+ q (i) f1(i,2(i),y(1)) =0, 1 € {1,2,..., T},
(3.2)™ A?y(i — 1) + q2(i) f2(4, 2(i), y(4)) = 0,
2(0)=z(T+1)=y(0)=y(T+1) =1, me Ny,

1

m’m

has a solution (x,,(2), ym (7)) for m € No, (2 (2), ym (7)) > (=

r.

Lyon N and ||(zm, ym)|| <

To show that (3.2)™ has a solution for m € N*, we will deal with the modified

boundary value problem

Alr(i — 1)+ @ ()i, 2(i),y(1) =0, i € {1,2,..., T},
(3.3)™ A%y(i — 1) + qo () Fo (i, 2(7), y(i)) = 0,
2(0)=z(T+1)=y(0)=y(T+1) =21, me Ny,

where
. . 1 . . 1
Fl(l,ﬂf, y) = fl(Zv max{x, E}? max{()? y})a F2(Zu xay> = f2(17 max{m, 0}7 max{y, E})

Let O = Q, x Q, where Q, = {x € E, : ||z|| < r}. Let A:Q; — E be defined by

(3.4) AG(i),y(0)) =(32 GG D () F G () ) + -
> Gl D) Fa () ) + )

From the definition of A, we know that
(Az)(i) = Z G, ) (1) (5, 2(7), y(5)) + 754
(Ay)(@) =

(3.5)

MHII

G(Z,j)q2(j)F2(j,S(Z(j),y(j)) + %7

1

J

then A : Q; — E is continuous and completely continuous.

We first show
1
(3.6) (x,y) # NA(z,y) + (1 — )\)E for A € (0,1), (x,y) € 09 N K.
Suppose this is false, namely that there exist a A € (0,1) and (z,y) € 0Q; N K with
(z,y) = M(z,y) + (1 — A)=. Then we have

(i) = MAz)(d) + (1 = Ny,
&0) {mnszmw+u—M%,
that is
—A%x(i — 1) = Aq1 (1) F1 (i, 2(4), y(7)), i € {1 T}
(3.8) —A%y(i — 1) = A2 (2) Fo (4, z(7), y (7)),
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Since ||(z,y)|| = max{||z|, ||y||} = r, without loss of generality, we assume that
]l = 7.

Since A?z(i — 1) < 0 on N and z(i) > - on N¥, there exists io € N with
Ax(i) > 0on [0,i9) = {0,1,...,50 — 1}, Az(i) <O0on [ig, T+ 1) = {ip,i0+ 1,...,T}
and z(ig) = ||z|| = r. Therefore

o(i) ~ = > (i)l — | > (i) — |,
then
O

Also notice that

Fy(i,2(i),y(@) = fu(i, 2(2), y(2)) < g1(2(i), y(@)) + ha(2(i), y(i)), i € N,
then for z € N, we have

hi(2(2),y(2))
91(x(2),y(2))

We sum the inequation (3.9) from i 4+ 1(i < ig) to ig to obtain

(3.9) —A%z(z — 1) < gi(2(2), y(2){1 + tai(2).

(3.10) Ax(i) < Am(zo)+{1+ } Z o (z 2 (2),
z=i+1
since Az(ig) < 0, then we have
Aali) < (14 20, ali 41,00 3 el i <
Ax(1)

_{+

}qu ,i<’i0.

g1(z(i+1),0) S

Since g1(z(i +1),0) < g1(u,0) < g1(x(4),0) for (x(i +1),0) > (u,0) > (x(4),0)
when ¢ < ig, then we have

x(i+1)
(3.11) / du

, 1< io,
0) 91(%0) S
and then we sum the above from 0 to ig — 1 to obtain
(312)  f5 s < {14 BEDY STy (2) = {14+ IS0 gy (i),

Similarly, if we sum the inequation (3.9) from ¢y to i(i > i) to obtain

—Az(i) < —Ax(ipg — 1) +{1+ }Z 2))qi(z), 1 > o,
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since Az(ig — 1) > 0, then we have

CAax(i) < {1+ Zlg ;%ql e
le.,
e Zi((:g};qmz), P>
so we have
Y _du S
. /:v(i+1) g1(u,0) ~ st =~ ), 1 = o,

and then we sum the above from iy to T to obtain
(3.14)
hi(r,r hy(r,r
Ji gt <L+ S s, s a(z) = {1+ §5) S, (T + L= Dai(0).

Now (3.12), (3.14) imply

" du hq(r, )
3.15 —— < {1+ ———=}byo.
319 [t = 0 e
If we assume that ||y|| = r, we have also

" dv ho(r, )
3.16 — 1+ b
(310 [ o =0

This contradicts (3.1) and consequently (3.6) is true.
Now Lemma 2.1 imply A has a fixed point (2,,,(7), ym (7)) € Qu, ie. = < [z, Y| <

r (note if ||(xy, ym)|| = r, then following essentially the same argument from (3.9)-
(3.16) will yield a contradiction). It follows from the fact (2, ym) > (5, =), we can
obtain (x,,(), ym (7)) is a solution of (3.2)™ too.

Next we obtain a sharper lower bound on z,,, namely we will show that there exist
constant C > 0 independent on m (k = 1,2), with x,,(7) > Cypu(3), ym (i) > Copu(t)

for i € N*, where p(7) is as in Lemma 2.3.

To see this, notice (H,) guarantees the existence of a function P () continuous
on Ntand positive on N with fi(i,2,y) > ¥ (3) (k = 1,2) for (i,z,y) € N X (0,7]2.

Since G(j,§) > G(i, j) > p(i)G(j,4), i,j € N*, then for i € N*

G, ) ()Y ()

[M] =

(3.17) (i)

v
S

+
1

<.
Il

Cy
T+1

v
SIH

Z (. ) (NP () > p(i)Cr >
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(3.18) Y (1) G(i, 1)@V (5)

v
Sl

+

M-

1

J

Cy
T+1’

\Y
SIH

Z G, N (NP () = (@) Cy >

where Cy = 217, G(j, f)an(D)er” (7). Co = 327, Gl faa()er” ().

The Arzela-Ascoli theorem guarantees the existence of subsequence N C Np,
and z(i) € C(N*,[0,+00)) with z,, — x in C(N*,[0,+00)) as m — oo through Ny,
y(i) € C(NT,[0,+00)) with y,, — y in C(NT,[0,+00)) as m — oo through Nj.
Then (z,,ym) is converging uniformly on N* to (z,y) as m — +oo, for m € Nj.
Also, we have z(0) = (T +1) = y(0) = y(T+ 1) = limy,—yoo = = 0 and ||(z,y)|| < r

for i € N*. In particular x(i) > u(i)C, > T+1, y(i) > p(i)Cy > ch1 on N.

Fix i € N and we obtain —A2x,,(i — 1) = A(z,(i) — (i — 1)) = Az, (i) —
Arp,(i—1) =2y (i+1) = 22,(0) +2pm(i—1) = 2(i+1) = 22() +2(i—1) = A%z(i—1)
fori € N,m € Ny, m — oo, k= 1,2, and fp(i, 2,,(2), ym (7)) — [fr(i,2(7),y(7)) for
1€ N,me N, m— oo, k=1,2.

Thus
A%z(i — 1)+ ¢ (i) f1(i, 2(i),y(1)) = 0, i € {1,2,...,T},
A?y(i — 1) + ¢o(0) fold, 2(i), y(i)) =
2(0) = z(T + 1) = y(0) = y(T 1)
Finally it is easy to see that max{||z|,||y||} < r (note if ||z|| = r or ||y = r,

then following essentially the same argument from (3.9)—(3.16) will yield a contradic-
tion again). Thus we have proved that problem (1.1) has one solution (z(i),y(i)) €
C(N*,[0,400)*\ {O}) and 0 < [|(2(i), y(i))]| < r.

Theorem 3.2. Let (H;) — (Hs)and (Hs), (Hg) hold, then (1.1) has a solution
(z,y) € C(NT,[0,+00)*\ {O}) with r < ||(z,y)|| < Ron N.

Proof Choose e > 0, € < r such that (3.1) hold. Let mqy € {1,2,---} be chosen
= {mg,mp + 1,...}. First we will show that

so tha T

the follovvlng boundary value problem

A?x(i — 1)+ @ (i) f1 (i, 2(i),y(1)) = 0, i € {1,2,...,T},
(3.2)™ A?y(i — 1) + q2(i) f2(i, 2(i), (i) = 0,
2(0)=z(T+1)=y(0)=y(T'+1) =21, me Ny,

has a solution (2, (), ym (i) for ecach m € Ny with (2,(2), ym (7)) > (£, L) on N and
r <@, ym) | < R.
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To show that (3.2)™ has a solution for each m € Ny, we will deal with the

mondified boundary value problem

A2z(i — 1) 4+ ¢ () Fy (3, 2(i), y(i)) = 0, i € {1,2,..., T},
(3.3)" A?y(i — 1) + go(1) Fo (4, x(4), y(4)) = 0,
2(0)=z(T+1)=y(0)=y(T+1) =L, me N,
where F; and F5 are as in Theorem 3.1.
Fixed m € Ny, Let A: K — FE be defined by
319 AG6).9l) = (3 GlAnGAG. )90 +
3 Gli D) i o), 5()) + ),

1

then A : K — FE is continuous and completely continuous.
Moreover, we have
A Az)(i — 1) + (@) Fi(i,2(i),y(1)) = 0, i € {1,2,..., T},
A*(Ay)(i — 1) + g2 (i) Fa(i, (i), y(4)) = 0,
(Az)(0) = (Az)(T + 1) = (Ay)(0) = (Ay)(T + 1) = ., m € No.
This imples that A%(Az)(i—1) <0, A%(Ay)(i—1) < 0,47 € N, and (Az)(i) >
(Ay)(i) = ;.

Consequently, we have (from Lemma 2.3)

1
m’

(A)(i) ~ — > ()| Az~ |,

thus

1

(Az)()) = — + p(i) (| Az]| = —) = p(i)||Az]l, i € N7

L
m
Similarly, we have

(Ay)(i) = u(i)l|Ayll, i € N7
and so A: K — K. Let Qy = Qg x Qg where Qr = {z € E; : ||z|| < R}.
We first show

(3.20) (x,y) # AA(z,y) for A € (0,1), (z,y) € 0 N K,

where ) is defined above. Suppose this is false, namely that there exist a A € [0,1)
and (z,y) € 0Q; N K with (x,y) = AA(z,y). Then we have

(i) = MAx)(9),
(3.21) { y(i) = A(Ay)(i),
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that is

—A%z(i — 1) = A1 (1) F1 (4, 2(i), (i), i € N,
(3.22) —A%y(i — 1) = Aqa (i) Fa (i, 2(3), y (i),
2(0) =x(T+1)=y(0) =y(T'+1) =2, m e N,.

Since |[(z,y)|| = max{||z|,|ly||} = 7, without loss of generality, we assume that
|z|| = r. Since A%z(i —1) < 0 on N and z(i) > 2 on N7, there exists iy € N with
Ax(i) > 0on [0,i9) = {0,1,...,50 — 1}, Az(i) <O0on [ig, T+ 1) = {ip,io+ 1,...,T}
and z(ip) = ||z|| = 7.

Therefore

then

Also notice that

Fy (i, 2(0), y(2)) < gr(2(2), y (i) + hi(2(2), y(4)), fori e N, k=1,2.

then for z € N, we have
(3.23) CA%(z— 1) < gu(o(2) p(2) {1 4 LEEVED

we sum the inequation (3.23) from i + 1(i < i) to iy to obtain

(3.24) Ax(i) < Ax(io) + {1 + } Z e 2))q(2).
z=i+1
Since Ax(ig) < 0, then we have
A(i) < {1+ i 4 1), 0) EO: (), i <
>~ gl(T’, T) a1 ) Rt q1 ) 0

ie.

_ fel) i < i

gl(:c(i+1),0) Rt 7 )

since g1(x(i +1),0) < g1(u,0) < g1(x(i), 0) for (z(i + 1),0) = (u,0) = (2(i),0) when
1 < ig, then we have

x(i+1)
(3.25) / du_ 4

o) 91(u,0) it

,’L<Z(]

and then we sum the above from 0 to ig — 1 to obtain

(826) i gy < {1+ g M N (=) = {1+ g il ian(d).
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Similarly, if we sum the inequation (3.23) from iy to i(i > ig) to obtain

—Ax(i) < Am<20—1)+{1+ }Z 2)ai(2), i > o,
since Az (ig — 1) > 0, then we have
—A:c()<{1+h( Zéh 121
g1(r,r) — y U2 1o,
ie.,
—Az(i) hi(r,r) | < L
— = <1+ — 2), 1> 1,
G (x(w’ 0) { 7 (T, 7,) } Z:Zio Q1( ) 0
so we have
3.27 / < 1+ a(2), i >,
( ) 2(i41) 91(% O) { } Z 1 0

and then we sum the above from iy to T to obtain

" du
3.28 _— —_
p2s) [ < (i)
m 1=10 2=10 1=10
Now (3.26), (3.28) imply
" du hy(r,r)
3.29 <{l+ b1o.
529 |t = 0 e
If we assume that ||y|| = r, we have also
" dv ho(r, 1)
3.30 / <1+ bag.
(3:30) C w00 = U

This contradicts (3.1) and consequently (3.20) is true.

Next we will show
(3.31) Az, y)|| = [[(x,y)]| for (z,y) € 00 N K.

To see this let (z,y) € 00y () K such that ||(z,y)|| = R. Without loss of generality,
we assume that ||z]| = R. Also since (z,y) € Qs () K then

2(i) > p(i)|2()] = u())R > Tﬁ > mi
y(i) > p(i)lly()]| = p() R > Tf > mi Vie N

Thus

By (i, (1), y(0) = fui, 2(0), y (@) = gi( (i), y(0) + hi(2(2),y(0)) Vi€ N, k=1,2,
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so we have (from (Hs))

= 366 t)FG () G)+2
d N h (2(5), y(5))

. 0). &
#}Zemqlo) - R= |z,

j=1
if we assume that ||y|| = R, we have also (Ay)(c) > R = |ly||. Thus |(A(z,y))| >
R =||(z,y)| for (z,y) € 0% K.
Now Lemma 2.2 implies A has a fixed point (2,,(7), ym(i)) € K N (Q \ ), i
r < |[(@m (@), ym (D)) < R. Clearly, ||(zm(2), ym ()| 7 7.
Consequently (3.3)™ has solution (z,,(%), Y, (7)) with

3:32) (@) m() 2 (o) fori € N and 7 < e, < B

which shows that (3.2)™ has a positive solution (z,,(7), ym(7)).

By the same way above, (z,,(7), y,(i)) have subsequences Njof Ny, with (x,,(7),
Ym (7)) converging uniformly on NT to (z(i),y(i)) as m — +oo through Nj.

Also, (2(0), y(0)) = («(T"+ 1), y(T'+ 1)) = (0,0). It is easy to show that
(z(i),y(i1)) € C(NT,[0,+00)?\ {O}) is apositive solution of (1.1) and r < ||(z,y)| <
R. Thus the proof Theorem 3.2 is complete.

Theorem 3.3. Let (H;)-(Hg) hold, then (1.1) have two positive solutions
(zx (i), yr(i)) € C(N',[0,400)*\ {O}) with (x4 (7),yx(i)) > (0,0) for each i € N,
k=12, and 0 < [|(21(2), y2 ()] <7 < [[(22(0), y2(2))[| < R.

Proof. The existence of (z1,y;) follows from Theorem 3.1 and the existence of

(x2,y2) follows from Theorem 3.2.

4. AN EXAMPLE

Example 4.1. Consider the singular discrete boundary value problem

A?x(i — 1) +6[(v/2?(i) + y2(1)) " +1(V22() + y2(1))’] = 0, i € N
(4.1) A?y(i — 1) +6[(v/22(i) + y2(0) ™ +v(Va*(i) + y*(i))°] = 0,
2(0) = z(T +1) =y(0) =y(T'+ 1) =0,
witha >0, 8> 1, v= (%)‘”5 is such that
2 ot

su —
T(T+1)(a+ 1)] ce(o,foo)(l + ot

(4.2) <]
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hold, then (4.1) have two positive solutions (xx (), yx(7)) (k = 1,2) with
0 < (1 (D), yn () <7 < [[(22(i), y2(D)) | < RV i € N.
To see this, we will apply Theorem 3.3 with g(i) = 4,
gr(@(2),y(2)) = gr(2(2), y (1)) = (V&2(@) + 2(4) "7,
hi(2(0), y(1)) = hi(2(2), y(5)) = v(V22(2) + y2(2))° (k = 1,2).
Clearly (Hy), (Hs), (Hy) and (Hjs) hold. Also note,

TT 1
bko—max{ZzézT+1—z (T + )5,k:1,2,

2
i=ig
1 ,r,a—i-l
{1+’;;§:: }/ an(w0) {1+ ffgf: }Jo ga( 0 ) et l1l4roth
Since (4.2) implies there exists 7 > 0 such that
2 ,,,oz-i—l
5<| ),
TT+1)(a+1) 1+r
Consequently (Hj) holds.
Finally, notice that (since 5 > 1)
2\ a+1
A Rh(R DN 1+(\([>RR i
— 400 _ W1 — 00 —_— )&
(R R)( 7 (5 0)) V2(T+1)
R 2)*Rotl
lim - = lim (\/_)R i 0,
R (R R)(1 4+ 20Dy A L ()
YTH1

so there exists R > r with (Hg) holding.

Thus all the conditions of Theorem 3.3 are satisfied so existence is guaranteed.

Remark 4.1: If 3 < 1, since supc€(07+oo)(1+iiﬁ) 00, then 4.2 is automatically

satisfied.
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